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EDITOR’S INTRODUCTION 


Courses in the Mathematics of Finance (or Investment) hâve of 
recent years become a recognized unit of collegiate instruction in 
mathematics. A considérable number of well-organized textbooks 
designed for such courses are already on the market. There is a 
very definite feeling among the teachers of this subject, however, 
that ail hitherto existing texts suffer from a serious fault: They are 
ail burdened with a mass of formulas and rules which not only 
impose a severe strain on the memory of the student, but (and this 
is pedagogically far worse) they lead almost inevitably to mere 
mechanical substitution and to a lack of understanding of the 
fundamental principles and a conséquent absence of any real 
power of analysis. Some teachers hâve perhaps felt that such a 
mass of formulas is inévitable, that it is inhérent in the enormous 
variety of applications of simple and compound interest and dis¬ 
count. 

The présent text proves, however, that such is not the case. One 
of its most gratifying features lies in the fact that the authors hâve 
succeeded in showing how ali the varied standard types of pro- 
blems that arise in the mathematics of finance can be solved by the 
application of a small number of fundamental formulas and their 
simple transformations. This is a gain that will, I feel confident, 
profoundly affect the future teaching of this subject. It places the 
emphasis of the instruction where it should be, on a thorough un¬ 
derstanding of principles. The latter once mastered, the rest is 
eomparatively easy; without such mastery, however, any apparent 
success attained in the teaching of this subject is sure to be to a 
large extent illusory. 

The feature above referred to will recommend the présent text to 
every conscientious teacher who has the real welfare of his students 
at heart. He will find, on examining the text further, that the 
authors hâve succeeded in so organizing their material that, after 
niastering certain fundamental principles in the first chapter, the 
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student is led gradually from simple applications to the more com¬ 
plété — another obviously désirable feature. 

Finally, he will find a wealth of carefully graded problexns that 
are real, taken from actual business transactions. 

J. W. Young 
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AUTHORS’ PREFACE 


The outstanding features of this book are the following: 

(a) General formulas are derived for the values of single sums 
of money, annuities certain, life annuities, and life insurances. 

(b) Line diagrams are extensively used as an aid to the analysis 
of problems. 

(c) Solutions of many typical examples are given in the text. 

(d) The best method of computation is shown in the solution 
of examples. 

(e) The exercises are chosen to illustrate practical problems of 
business. 

(/) An excellent collection of tables is given, and 

(g) The articles are so arranged as to make lesson assignments 
convenient, and an abridged course easily planned. 

The authors hâve found, from their expérience in teaching the 
éléments of the mathematics of finance, that students learn to 
dérivé ard to use general formulas for the values of annuities 
certain, life annuities, and life insurances as easily as they learn 
to dérivé and to use spécial formulas. The verbal statements 
which are given for most of these formulas are helpful to some 
students both in memorizing and in using them. Since the number 
of these general formulas is small, students are able to solve ail 
problems in finance by the use of only a few principles. A good 
illustration of the advantage of the general formula is afforded by 
formula (1), Chapter IV, for the value of any life annuity based 
on a single life. By means of this formula, the values of ordinary, 
deferred, and forbome life annuities immédiate and life annuities 
due can be written at once. The use of a small number of gen¬ 
eral principles permits also a greater amount of attention to‘ the 
practical applications than is usually given in an elementary text. 

The authors wish to express their appréciation of the kindness 
of Prof. C. H. Forsyth of Dartmouth College, who read the book 
in manuscript and made helpful suggestions and criticisms. They 
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are also indebted to Mr. J. C. Rietz, actuary of the Midland 
Mutual Life Insurance Company, and to Mr. H. C. Fetsch, 
actuary of the Ohio State Life Insurance Company, for their 
assistance in the préparation of the manuscript, Chapters IV and 
V. Prof. J. W. Glover of the University of Michigan, and his pub- 
lisher, George Wahr, hâve kindly permitted the authors to include 
partions of his Tables of Applied Maihematics in Finance, Insur¬ 
ance and Statistics, a book which is invariable to a student of these 
subjects. 
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MATHEMATICS OF FINANCE:- 


CHAPTER I • ' 


• . •• • •• ••• 


INTEREST AND DISCOUNT 

1. The problem of finding the value of a sum of money. If a 

principal of $100 is.invested for one year at 6% simple interest, the 
amount of the investment at the end of the year is $106. If $106 
is the amount of ap investment for one year at 6% simple interest, 
the value of the investment at the beginning of the year is $100. 
These simple examples from arithmetic illustrate a problem whose 
solution is of primary importance in the mathematics of finance. 
If the value of a sum of money is known at a given time, this 
problem is to find its value at any other time. If nt dénotés the 
number of years, called the term in years, between the given time 
and the time at which the value is to be found, and if S "dénotés 
the larger and P the smaller of the values at the two times, then 
the problem may be stated in the form : to find S when P and n are 
given and to find P when S and n are given. S is calle d the amount 
or t he acc umi dated value of P for n years and P is caQèd the présent 
value or the discounted value of S for n years. The operation by 
which S is found is called accumulaling ; that by which P is found 
is called discounting. The accumulating operation increases the 
value of a sum of money, the discounting operation decreases its 
value. These operations are based on the fundamental assump- 
tion that money is constantly productive. 

The value found by accumulating or discounting a given sum of 
money dépends on the rate as well as on the term n. The rate may 
be either an interest rate or a discount rate. In this chapter four 
methods of accumulating and four methods of discounting are 
presented. These methods are based on the principles of simple 
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interest, simple discount, compound interest, and compound dis¬ 
count. The primary importance of these operations .lies in the 
fact that by means of them the équations needed to find the un- 
knowns in various types of problems in the éléments of finance can 
be readily determined. A thorough mastery of them is essential. 
Befprê-presenting.-tHem it is necessary to define interest and dis- 
couhi;‘and IntefeSt'atid discount rates. This is done in Art. 2. 


" 2.' ïntèrést aiid" discount ; interest and discount rates. In 
the numerical examples in Art. 1, P is $100, S is $106, n is 1, and 
S — P is $6 ; this différence, $6, is called the interest on $100 for 
one year and also the discount on $106 for one year. In general 
S — P is called the interest on P for n years and the discount on S 
for n years. When S — P represents the interest on P, it will be 
denoted by l ; when it represents the discount it will be 
denoted by D. That is, 


Interest on P = I = S — P = D = discount on S. 


Interest and discount rates are defined with respect to some 
definite period of time. In practice the period chosen is a year or 
a part of a year. The interest rate per period is the number by 
which any sum must be multiplied to find the interest on it for the 
period ; the discount rate per period is the number by which any 
sum must be multiplied to find the discount on it for the period. 
If $1 is taken for the sum, these définitions beeome : 

The interest rate per period equals in numerical value the interest on 
$1 for the period; the discount rate per period equals in numerical 
value the discount on $1 for the period. 

In the above examples the interest rate per year is and the 
discount rate per year is 

An interest or a discount rate may be expressed as a per cent, as 
a décimal fraction, or as a common fraction. For example, 6% 
= .06 = yfo-. In computations the décimal fraction form is 
usually the more convenient ; in some cases, however, the common 
fraction form may be used to advantage. In verbal statements 
the per cent form is genèrally employed. 
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EXERCISES 


1. The interest on $100 for one year is $4.25. Find the interest rate as a 
per cent, as a décimal fraction, and as a common fraction. 

Ans. 4J%; .0425; jfo, 

2 . The discount on $130 for one year is $5.20. Find the discount rate as a 
per cent, as a décimal fraction, as a common fraction. Ans. 4%; .04; y&j. 

3 . If $325 at simple interest amounts in one year to $347.75, express the 
interest rate in each of the three ways. Ans. 7%; .07 ; y&j. 

4 . If P = $125, S = $132.50, and n =* 1, find the interest and discount 
rates as common fractions. Ans. ^ 

5 . The présent value of $125, due in one year, is $117.98. Find the interest 
and discount rates each to four décimais. 1 Ans. .0595 ; .0562. 


3. Simple interest formulas. In defining a simple interest rate, 
one year is the period chosen. If i dénotés the simple interest 
rate per year, then, by Art. 2, Pria the simple interest on P for one 

year. In general, if I représenta the simple interest on P for n 

years, the value of 7 is defined by / P 

I = Pni . J ‘ (1) 


This équation shows that I varies as P, n, and i. 

By Art. 2 , S = P + I. Replacing I by Pni gives 

”"S = fà 4- ni) 

L V- 3 P -t 

or, solving for P, P = 


r(n > ) 


(1 + ni) 


( 2 ) 

(2') 


Formulas (2) and (2') may be stated verbally in the form : To find 
the amounl of any sum for n years at the simple interest rate i, mulli- 
ply this sum by 1 + ni ; to find the présent value of any sum due in 
n years at the simple interest rate i, divide this sum by I + ni. 


EXERCISES 

1. Find the simple interest on $125.65 at 4^% for l year, for i, year, for i 
year. What is the amount in each case? 

2 . Find the simple interest on $250 at 5\% for 9 months. What is the 
amount? Ans. $10.31 ; $260.31. 

1 The phrase "to four décimais’’ uhould be interpreted to mean to the nearest 
digit in the fourth décimal place. 
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3 . If $325.50 amounted to $345.03 in 1 year at simple interest, find the 
interest rate used. Ans. 6%. 

4 . How long will it take $100 to accumulate to $125 at 5% simple interest? 
How long to accumulate to $200? Ans. 5 yeara ; 20 years. 

6. What principal invested at 5|% will amount to $1235.50 in 1 year and 
9 months? Ans. $1122.54. 

6. Find the présent value of a non-interest-bearing note for $1100 due in 
9 months, if a simple interest rate of 6% is used. Ans. $1052.63. 

7 . Same as Exercise 6 except that the note bears simple interest at 5%. 

Ans. $1092.11. 

8 . How long will it take any sum P to accumulate to 2 P at a simple interest 
rate i? 

4. Simple discount formulas. In defining a simple discount' 
rate, one year is the period usually chosen. If d dénotés the simple 
discount rate per year, then, by Art. 2, Sd is the simple discount 
od S for one year. In general, if D représenta the simple discount 
on S for n years, the value of Z) is defined by 



D = Snd 

(3) 

This équation shows that D varies as S, n, and d, 

By Art. 2, P = S — D. Replacing D by Snd gives 



î 

1 

ri 

CO 

II 

(4) 

or, solving for S, 

s — p 

(1 ~nd) 

(40 


Formulas (4) and (4') may be stated verbally in the form : To find 
the présent value of any sum due in n years at the simple discount rate 
d y multiply this sum by (1 — nd ) ; to find the amount of any sum for n 
years at the simple discount rate dy divide this sum by (1 — nd). 

m EXERCISES 

1. Find the simple discount on $150.60 at 4J% for 1 year, for £ year, for i 
year. What is the présent value in each case? 

2. Find the simple discount on $250 at 5£% for 9 months. What is the 
présent value? Ans. $10.31 ; $239.69. 

3. If the présent value of $125 due in 1 year is $118.75, find the discount 
rate used. Ans. 5%. 
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4. The présent value of $200 is $192.50. If the rate of discount is 5%, find 
the time in months for which the discount is calculated. Ans. 9 months. 

6. What 8ura discounted at 5j% for 1 year and 9 months has a présent 
value of $1235.50? Ans. $1373.73. 

6. If a wholesaler gives a discount of 15% and 10% off the list price, find the 
équivalent simple discount rate. Ans. 23.5%. 

7. Same as Exercise 6, except that an additional discount of 2% for cash is 
allowed. 

S 

8 . How long will it take any sum S to become ^ at a simple discount rate d ? 

A 

How long to become zéro? 


6. Computation of simple interest and simple discount, exact 
and ordinary. In formulas (1) and (3) for computing simple inter- 
est and simple discount, n represents the number of years in the 
terni. In business transactions n is usually equal to or less than 
unity. When the number of months in the term is given, n is 
found by dividing this number by 12. When the number of days 
in the term is given, n is found by dividing this number by the 
number of days in a year. In some transactions a year is regarded 
as made up of twelve months of thirty days each or 360 days ; in 
others, of twelve calendar months or 365 days. These two ways of 
regarding a year lead to two values for n for any definite number of 


days 6, namely, 


_b 

360 


and 


b 

365 


When n in formulas (1) and (3) is 


replaced by 


b 

365’ 


they become 


PU D = Sbd 
365’ 365 


and the values of I and D so determined are called exact simple 
interest and exact simple discouni for a term of b days. W r hen n is 


replaced by 


b 

360 


the formulas become 


T = D = 

360’ 360 


and the values of I and D so determined are called ordinary simple 
interest and ordinary simple discount for a term of b days. 
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Excellent tables giving the ordinary and exact interest. and dis¬ 
count when P = S = 1 hâve been constructed for values of b 
ranging from 1 to 360 or 365 and for various values of i and d. 
Such tables greatly facilitate the computation of simple interest 
and simple discount. 

There is variation in practice, even among banks, as to when 
the exact or the ordinary formulas are used in determining interest 
or discount. 

In short-term loans made by banks ordinary simple discount is 
frequently used. In such cases the borrower executes a note for 
a stated amount which does not bear interest and the bank im- 
mediately discounts this note at a quoted rate. For example, if 
the rate quoted is 7% and the note states that the borrower is to 
pay S100 to the bank at the end of one year, the bank gives the 
borrower 100 — 7 = $93. The amount deducted from the face of 
the note in such cases, here $7, is sometimes spoken of as interest 
in advance ; it is in reality, however, the discount on the face of 
the note. 

Exact simple discount is used by the Fédéral Reserve banks in 
rediscounting notes presented by those banks which are members 
of the Fédéral Reserve System. 

Exact simple interest is customarily used by banks which pay 
interest on daily balances. 

Ordinary simple interest is used by banks on money loaned by 
them on demand notes. 

When the term during which interest or discount is to be com- 
puted is stated in days, b has a unique value in the above formulas. 
For this reason banks are more and more adopting the practice of 
stating the term in days. When the term is the interval between 
two given dates, the value of 6 dépends usually on whether calendar 
months or months of thirty days are used in its détermination. 
When calendar months are used, b is the exact number of days 
between the two dates. This exact number may be found by add- 
ing the number of days in each month between the given dates or 
by use of-Table II, which gives the number of each day of the year. 
When thirty-day months are used, the number of days can be found 
by the method presented in arithmetic. By Table II the exact 
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number of days from November 22, 1923, to February 10, 1924, is 
39 + 41 = 80 days. When thirty-day months are used, the num¬ 
ber of days between these two dates is found as follows : 


Yxar 

Month 

Dit 

1924 

2 

10 

1923 

11 

22 


2 18 = 60 + 18 = 78 days. 


In general if bi dénotés the number of days in any term when calen- 
dar months are used and 62 the number when thirty-day months 
are used, then bi may be greater than, equal to, or less than 6 j. 
There are four possible values for n when 61 and bi are different, 

namely, In the first of these, calendar months 

are used in determining both the numerator and the denominator ; 
in the second, thirty-day months are used in determining both. 
The last two do not possess this uniformity. Financial institu¬ 
tions ordinarily use A- when calculating interest on accounts 


receivable and on accounts payable. In transactions not 
365 

involving financial institutions, such as those between individuals, 


62 


360 


is frequently used. 


EXERCISES* 


1. Find the number of days from November 22,1923, to March 10,1924, by 
calendar months and by thirty-day months. Ans. 109 ; 108. 

2 . A note dated February 5, 1923 is due in 90 days. Find its date of 
maturity. If it is due in 3 months, find its date of maturity. 

Ans. May 6 ; May 5. 

S. A note dated March 30 is paid September 5. Find the time in days for 
which the interest on this note is calculated, first, if 30-day months are used, 
and second, if the exact number of days are used. Ans. 155 ; 159. 

4 . In some states a note which falls due on Sunday or a holiday is legally 
payable on the next business day, the interest or discount being computed to 
the day of payment. In one of these states a note due in 30 days is given to 


* In these exercises use the ordinary simple interest and discount formulas and 
the exact number of days between dates unless otherwise specified. 
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a bank on August 4. If September 3 falls on Sunday, for how many days will 
the discount be calculated ; for how many days if September 4 is Labor Day ? 

Ans. 31; 32. 

6. A note, dated January 3,1920, fell due in 90 days. What was the date 
of maturity? It was discounted by a bank on February 1. For how many 
days was the discount calculated? Ans. April 2 ; 61. 

6. A note was given to a bank on March 30 for 90 days. On April 5 it was 
rediscounted by a Fédéral Reserve bank. Find the number of days for which 
each discount was calculated. When was the note due? 

Ans. 90 ; 84 ; June 28. 

7. Find the ordinary simple interest on a note, dated January 12,1923, for 
$1250.75 at6% for 108 days. When was itdue? Ans. $22.51; April 30,1923. 

8. Find the numbers to fill the blanks, using the ordinary simple interest 
formula: 


P 

i 

Term 

s 

1250 


65 days 

1265 

1250 

.0425 


1350 

1000 

.045 

25 days 



.04375 

60 days 

1250 

750.50 


195 days 

785.25 

65.35 

.05 


71.55 

75.25 

.05 

151 days 



.035 

12 days 

65.15 


9 . On August 3, 1924, A gave B a note for $500. It was paid March 2, 
1925. Find the ordinary simple interest due if 30-day months and a 6% interest 
rate are used. Ans. $17.42. 

10 . A note for $100 due in 30 days bore interest at 8% from date of maturity. 
The note was paid 58 days after its date of issue. Find the ordinary simple 
interest due. Ans. $.62. 

11. A note for $100 due in 30 days is given to a bank which at once dis¬ 
counts it at 7 %. How much does the maker of the note receive for it? 

Ans. $99.42. 

12 . A note dated January 31, 1923, and due in 30 days is discounted bv a 
bank on February 15. If the face of the note is $150 and it bears 6% interesfc 
from date, how much does the holder of the note receive for it if the bank’s rate 
of discount is 7.%? Ans. $150.31. 
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13 . A non-interest-bearing note for $100 was sold for $98.9^, 50 days before 
it was due. Find the rate of discount correct to four décimais. Ans. .0756. 

14 . A note for $1275 was dated July 3. It bore interest at 6% from date 
and was due in 90 days. It was discounted August 31. If the holder of the 
note received $1282.35, find the rate of discount correct to four décimais. 

Ans. .1057. 

15. Find the face of a note which was due in 30 days, bore 6% interest, and 
which when discounted by a bank on the day it was made at 7 % yielded the 
holder $126.76. Ans. $126.87. 

16 . The holder of a non-interest-bearing note dated January 15, 1921, and 
due in 6 months discounted it at a bank on March 1 at 7%. The bank's dis¬ 
count on the note was $85.36. What was the face of the note? 

Ans. $3227.90. 

17. Solve Exercise 16 on the hypothesis that the note bore 6% simple interest 
from its date of issue. Ans. $3133.88. 

18 . A note for $125 due in 50 days bore simple interest at 7% from date of 
issue. It was discounted 35 days before its date of maturity. Find the 
bank’s rate of discount, correct to four décimais, if the holder of the note 
received $125.30. Ans. .0750. 

19 . A note for $450, which bore simple interest from date and which was due 
in 30 days, was discounted 20 dayB before maturity at 1\%. If the proceeds 
of the note was $450.37, find to four décimais the note’s rate of interest. 

Ans. .0600. 

20 . A certain bank pays 2% exact simple interest on daily balances of even 
hundreds when they amount to $1000 or more. On a day that a man’s balance 
was $1250.67 find his interest crédit. 

21. A bank book showed the following balances for the first six days of 
February : 

Feb. 1, $ 875.35 Feb. 4, $2635.28 

Feb. 2, 1872.38 Feb. 5, 3625.24 

Feb. 3, 1555.80 Feb. 6, 2732.86 

If the bank pays 1|% exact simple interest on daily balances on even hundreds 
when they are $500 or more, find the interest crédit for each day. 

22 . Find the numbers to fill the blanks : 


n 


Term 

Obdinary Sim- 

Exact Simple 

r 

i 

ple Interest 

Interest 

1256.35 

.05 

100 days 



675.27 

.055 

60 days 



2367.85 

.0475 

108 days 
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23 . A Fédéral Reserve bank bought a $1000 non-interestrbearing note 20 
days before it was due. Find the purchase price of the note if exact simple 
discount at 4J% was used. Ans. $997.67. 

24 . A note for $1000 due in 60 days from date of issue with interest at 5% 
was bought by a Fédéral Reserve bank 25 days before its maturity. Find the 
purchase price of the note if exact simple discount at 4J% was used. 

Ans. $1005.39. 

25 . A non-interest-bearing note for $12,000 due in 30 days was purchased 
by a bank on its day of issue. It was rediscounted by a Fédéral Reserve bank 
20 days before it was due. Find each purchase price if ordinary simple dis¬ 
count at 7% was used in the first transaction and exact simple discount at 4£% 
in the second. 

26 . A note dated January 10,1922, for $750 bore 7% interest from date and 
was due in 90 days. It was discounted by a bank at 7J% on February 1 and 
by a Fédéral Reserve bank on February 15 at 5|%. How much did the bank 
pay for the note and how much did it receive from the Reserve bank, if ordinary 
simple discount was used in the first transaction and exact simple discount 
in the second? Ans. $752.32; $756.83. 

27 . A note for $175, due in 30 days, bore 5% interest. It was discounted 
the day it was made at 7% by a bank which rediscounted it the same day at 
b\% with a Fédéral Reserve bank. Find the ordinary simple discount in- 
volved in the first transaction and the exact simple discount in the second. 

Ans. $1.03; $.76. 

28. A note for $1000 bearing interest at 7% fell due in 90 days. It was dis¬ 
counted by a bank at 5J% on the day it was made, and rediscounted on the 
same day by a Fédéral Reserve bank at the same rate. How much did the 
bank gain by the transaction if it uses ordinary simple discount and the 
Fédéral Reserve bank uses exact simple discount? Ans. $.19. 

29. If I 0 représenta the ordinary simple interest on P at rate t for a term n 
and I e représente the exact simple interest for the same P, i, and n, show that 

lo = ff h 
le = vi Io 

30 . Use the formulas in Exercise 29 to check the résulte in Exercise 22. 

31 . Dérivé formulas analogous to those in Exercise 29 for ordinary simple 
discount and exact simple discount. 

6. Problems based on the simple interest and the simple dis¬ 
count formulas. The simple interest formulas 


I = Pni 

0) 

S = P(1 + ni) 

(2) 
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contain five letters, and when the values of three are known, the 
values of the other two can be found by solving équations (1) and 
(2) simultaneously for them. The problem of finding I and S 
when P, n, and i are given is the one of most frequent occurrence 
among problems of this type. When these formulas are used in 
business transactions, the terra n is usually one year or less. 

The simple discount formulas 

D = Snd (3) 

P = S(1 — nd) (4) 

lead to the solution of analogous problems in discount. Here also 
the term is usually one year or less in business transactions. An 
important exception is found in the straight line or simple discount 
method of computing dépréciation (Art. 62, Chapter III). 

Additional problems can be solved by using any two or more of 
the équations (1), (2), (3), and (4). An important one of this type 
relates to corresponding rates. The simple inter est rate i and the 
simple discount rate d are said to be corresponding for a given value 
of n when each leads to the same accumulated value, S, of P in n years. 
Equating the values of S given by formulas (2) and (4), and divid- 
ing by P, gives the following équation connecting the correspond- 


ing rates i and d : 

1 + ni = —±— 

1 — nd 

(5) 

or, solving for d, 

d - i 

(5') 

1 + ni 

or, solving for i , 

1 

1 

fH 

il 

(5") 


Equations (5') and (5") show that, when i and d are corresponding 
rates, d is the présent value of i for n years at the simple interest 
rate i, and i is the amount of d for n years at the simple discount 
rate d. In particular, when n = 1, d = yA corresponds to i 
= T g- ÏT and « = A corresponds to d = y^. This is as would be 
expected, as the borrower of a dollar may pay for the use of it d 
dollars at the beginning of the term or i dollars at the end of the 
term. Clearly, then, d is the discounted value of i and i is the 
accumulated value of d. 
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EXERCISES 

1. Find the présent value of $500 due in 9 months without interest if the 
discount rate is 5% ; if the interest rate is 5% ; if the discount rate is 5J% ; if 
the interest rate is 5£%. 

2 . Find the accumulated value of $125 for 1 year and 3 months, if the 
interest rate is 6% ; find the accumulated value, if the discount rate is 6%. 

S. Show that if i and d are corresponding and n = 1, 

(a) i = —= d + (P + cP + • • • 

1 — d 

(b) d = -i— = i - i» + i*- 

1 + t 

4. If d is 4j% and P = $100, find S if n = 1 ; find the corresponding i. 

5 . Find the numbere to fill the blanks, i and d being corresponding rates : 


d 

i 

n (years) 

.04 


1 

.04 




.06 

£ 


.07 

1 

.05 


1 


6. Find the nùmbers to fill the blanks, i and d being corresponding rates : 


P 

i 

S 

d 

n (yeare) 

100 


103 


i 


.035 

112 


1 

125 

.045 



i 



118 

.035 

i 

135 

.06 

140 




.05 

125 

.0475 


110 

.05 


.0475 


120 


126 

.045 


175 



.055 

1 
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7. If a bank discounts a 30-day note at 7%, find the corresponding simple 
interest rate eamed by the bank. Use a year of 360 days. 

8. Same as Exercise 7 except that the note is a 60-day note ; a 90-day note. 

9. The interest on $56.75 for one year is $4.25; find the corresponding 
interest and discount rates correct to four décimais. Ans. .0697; .0749. 

10. The discount on $56.75 for 6 months is $2.10; find the corresponding 
simple interest and discount rates correct to four décimais. 

Ans. .0769; .0740. 

11. A mortgage note for $1000 due in 1 year is executed in favor of a second 
mortgage loan company. The company discounts the face of the note at 7% 
and in addition charges a commission of 10% on the face of the note for making 
the loan. Find the simple interest rate eamed by the company. 

12. Solve S = P( 1 -f- ni) for each of the four letters. 

13. Solve P = S(1 — nd) for each of the four letters. 

14. Show that the following relations hold where i and d are corresponding 
rates for a term of n years : 

(a) Pi = Sd 

(b) S = —= P(1 + ni) 

1 — nd 

(c) P = = 5(1 - nd) 

1 + ni 

State verbally the properties of corresponding rates expressed by relations 

(a) and (c). 

15. The accumulated value of P for n years may be found by using the 
interest rate or the discount rate ; the présent value of S, by using either the 
interest rate or the discount rate. Verify these statements by the use of 

(b) and (c) of Exercise 14. 

7. Graphs of the simple interest and the simple discount formu¬ 
las. When P and i are given, équations (1) and (2) are of the first 
degree and hence hâve straight lfnes for their graphs. Similarly, 
when S and d are given, équations (3) and (4) hâve straight-line 
graphs. Figure 1 shows the graphs of S = P( 1 + ni) for P = 1, 
i = .04, .05, and .06, and of P = <S(1 — nd) for S = 1, d = .04, .05, 
and .06 with respect to the axes ON and OA. The values of I and 
D are represented by the distances from 0' N'. For example, MP\ 
represents the amount and MiPi the simple interest on $1 for 10 
years at 4% simple interest, and MPî represents the présent value 
and P 2 M 1 the simple discount on $1 for 10 years at 4% simple dis¬ 
count. 
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It may be noted that the graphs of S = P(1 + ni) when S aiul » 
are given and of P = S(1 — tut) when P and d an' given are not 
straight Unes, since the équations are of the second degree in tho 
other letters. In these cases the graphs are hyperbolas. 

EXERCISES 

1. Construct the graph of S = P(1 + ni) if P — 200 and i — 4|%. 

2. Construct the graph of P = S(1 — nd) if S — 1000 and d - 10%. 

3. Construct the graph of S ■= P(1.+ ni) if S — 100 and » “ 5%. 

8. Compound interest; compound discount. In computing 

simple interest or simple discount, the principal on which interest 
or discount is computed is constant during the term. In comput¬ 
ing compound interest, the principal on which interest is computed 
is increased by the amount of the interest payment each timo the 
interest due is paid during the term. The compound inter est, 
S — P, for the term n on an original principal P, is tho total 
amount of interest computed in this way. Similarly, in comput¬ 
ing compound discount, the principal on which discount is oom- 
puted is decreased by the amount of the discount payment each 
time the discount due is paid during the term, and the compound 
discount, S — P, for the term n on S, is the total amount of dis¬ 
count computed in this way. 

In compound interest or discount, the interest or discount pay¬ 
aient» are converted into principal annually, semi-annually, 
quarterly, or at some other periodic interval, the intcrval betwocn 
successive conversions being called a conversion period. The 
number of conversion periods per year will be denoted by m, and 
the interest rate and the discount rate per conversion period will 

be denoted by Î- and respectively. It follows that j is m timos 
tn m 

the interest rate per conversion period and/ is m times the discount 
rate per period. The number, j, is called the nominal interest rate 
per year, and the number, /, the nominal discount rate per year, 
since in business transactions it is customary to quota or naine 
these rates with the number of conversions rather than the rates 
per conversion period. When m = 1, the nominal interest rate, 


Digitized by Google 


Original from 

UNIVER5ITY OF CALIFORNIA 



16 


MATHEMATICS OF FINANCE 


j, is called the effective interest rate and is denoted by i. Likewise 
when m = 1, the nominal discount rate, /, is called the effective 
discount rate and is denoted by d. For example, a nominal inter¬ 
est rate of 6% converted quarterly means an interest rate of 1£% 
per quarter year, while an effective interest rate of 6% means an 
interest rate of 6% per year. A nominal interest rate, j, converted 
m times per year is sometimes denoted by the symbol, j Wt and a 
nominal discount rate, /, converted m times per year, by f w . Nu- 
merieal rates may be denoted more conveniently by enclosing 
them within parenthèses. For example, ( j = .06, m = 4) dénotés 
a nominal interest rate of 6% converted four times per year. 

It should be noted that the nom'nal rates per year are not the 
rates per year as defined in Art. 2 except when m is unity. For 
example, at (; = .06, m = 2), SI amounts to $1.03 in a half year 
and this amounts to 1.03 + 1.03 (.03)= $1.0609 in another half 
year, so that the total interest eamed on $1 in one year is $.0609 
and the rate per year is 6.09%. Two compound interest rates 
with different conversion periods which lead to the same amount 
of P in one year are said to be corresponding. In the example 
given 6% converted semi-annually corresponds to 6.09% con¬ 
verted annually ; in other words, the nominal rate (j = .06, m = 2) 
corresponds to the effective rate i = .0609. A general définition 
of corresponding rates and a method for determining them will be 
given in Art. 13. 

If an investment is of such a nature that the interest or discount 
payments cannot be used to change the principal as they are in 
compound interest or compound discount, these payments may be 
put into other investments. When they are put into invest- 
ments having the same conversion periods and the same rate per 
period as the original investment, the total amount of interest or 
discount realized is the same as that given by compound interest 
or compound discount. When, however, the payments of interest 
or discount are put into investments bearing rates differing from 
that of the original investment, the results are not the same in 
general. The compound interest and discount formulas are de- 
veloped in the next two articles. The more general case involving 
different interest rates will be considered in Art. 31, Chapter II. 
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9. Compound interest formulas. By Art. 8, 1 at the beginning 

of any interest conversion period. amounts to 1 + — at the end of 

m 

the period, and hence A at the beginning amounts to A ( 1 + — ) 

v m' 

at the end. It fôllows that 

P amounts to Pf 1 +—) in one conversion period, 

\ m) 

P amounts to P^l + ^ in two conversion periods 
[ ,OT p 0 + i) at the beginning of the second period amounts to 

P 0 + £) ■ ( 1 + m) at the end- Here A = P 0 + £)] 

P amounts to P^l + ^ in three conversion periods 


P amounts to P^l 4- —^ in mn conversion periods, that 
is, in n years. Hence, when mn is an integer 


S = 


= p ( 1+ £ 


mn 


or, solving for P, 


P = 


M 


mn 


= s ( i+ £r 


( 6 ) 

( 6 ') 


In the dérivation of formulas (6) and (6') mn is an integer ; these 
formulas, however, détermine positive values for S and P when 
mn is not an integer. For example, when P = 1, j = .06, m = 2, 
n = {, formula (6) gives S = 1.0148892 approximately. In ail 
cases, whether mn is intégral or fractional, the positive value of 
S determined by (6) is called the amount or accumulated value of 
P for n years, and the positive value of P determined by (6') is 
called the présent or discounted value of S due in n years. 

It should be noted that formula (6'), just as formula (2'), Art. 3, 
for discounting S, does not involve explicitly a rate of discount. 
Formula (2') involves a simple interest rate, while formula (6') 
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involves a compound interest rate. In Art. 6 it was seen that there 
is a definite simple discount rate which corresponds to a given 
simple interest rate. Likewise in Art. 13, it will be seen that there 
is a definite compound discount rate which corresponds to a given 
compound interest rate. 



then formulas (6) and (6') can be written 

S = Pv^™ 1 
P = Sv mn 

If ^1 + be called an accumulation factor and v be called a 

discount factor, formulas (6) and (6') may be stated verbally in the 
form : To find the amount of any sum for n years, or mn periods at 
the nominal rate j converted m times per year, mxdtiply this sum b y 
the appropricde accumulation factor raised to the power mn; to find 
the présent value of any sum due in n years multiply this sum by the 
discount factor to the same power. If m = 1, the accumulation 
factor is (l + i), and the discount factor is (1 + i)~ l . 

Table III gives values of intégral powers of the accumulation 
factor correct to eight décimais. Table IV gives values of inté¬ 
gral powers of the discount factor. Table VIII gives the values 
of fractional powers of the accumulation factor. Values of powers 
not found in these tables can be computed by use of logarithms. 

Formulas (6) and (6') may be combined into a single formula 
by writing V in place of S or P on the left, and A in place of P or S 
on the right, and by writing t for both n and — n. This single 
formula is 

(7) 

In formula (7), t is positive when the amount or accumulated value 
of A is to be found and négative when its présent or discounted 
value is to be found. In other words, if A représenta the value of a 
sum of money at a given time, formula (7) détermines its value t 


( 6 ) 

( 6 ') 
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years later than this time when t is positive and its value t years 
earlier when t is négative. 

Problems based on formula (7) can be visualized by the use of 
a diagram. In the following diagram each section of the line 
représente a half year : 

j-1-1-1-1-1-1-1-1 

B O C 

The point 0 dénotés any given time, any point to the right of O a 
later time, any point to the left of 0 an earlier time. By formula 
(7) the value at C of $100 at O is 100 (1.03) 4 = $109.27 if (j = .06, 
m = 2), and the value at B of $100 at O is 100 (1.03) -4 = $88.85 if 
the same rate is used. In the first instance t = 2; in the second 
f = - 2. 

In ail similar diagrams in this book each point is associated with 
a defini te time. Any point to the right of a fixed point O dénotés a 
later time than that associated with 0; any point to the left 
dénotés an earlier time. 

If I dénotés the compound interest on P for n years, and D 
dénotés the compound discount on S for n years, then by formulas 
(6) and (6') 

/= S-/> = />[(!+if-1] (8) 

D = S - P = S[l —(l + ^) _mn ] (9) 

In computing interest on P for a term n when mn is not intégral, 
it is customary in many transactions to compute the compound 
interest on P for the term n' where mn ' is the largest number of 
conversion periods contained in the term n and to add the simple 
interest on the amount of P at that time for the term n — n' ; in 
computing discount on S for a term n when mn is not intégral, it is 
likewise customary to compute the compound discount on S for 
the term n" where mn" is the smallest number of conversion periods 
containing the term n and to add the simple interest on the présent 
value of S at that time for the term n" — n. 
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Ex ample 1. Find the amount of $1000 for a term of 4 years and 3 months 
at (j = .06, m = 2). 

Solution by Logàrithms. By formula (6) 

S = 1000 (1.03)-^ log 1.03 = 0.012837 

= $1285.63 log 1000 = 3.000000 

log ( 1 . 03 )^ = 0.109115 
log S = 3.109115 

Exercise 1. Compute S by use of Tables III and VIII. [Hint. (1.03)^' = 
(1.03)8(1-03)*.] 

Exercise 2. Solve Example 1 by finding the amount of $1000 for 4 years 
at compound interest, and then finding the amount of this sum for 3 months 
at 6% simple interest. 

Example 2. Find the présent value of $1000 due in 2 years and 3 months 
at (j = .06, m = 4). 

Solution. By formula (6') 

P = 1000 (1.015)“» 

= $874.59 (Table IV). 

Exercise. Compute P by use of logàrithms. 

Example 3. Find the amount of $1000 for a term of 35 years at ( j = .06, 
m = 4). 

Solution. By formula (6) 

S = 1000 (1.015) 140 = 1000 (1.015) 70 (1.015) 70 
= $8039.81 

EXERCISES 

1. Find, without using the tables, the compound intereet on $100 at 
(j = .05, m = 2) if n = 2. 

2 . Same as Exercise 1 except that (j = .06, m =* 4) and n = 1. 

3. Interpret the foliowing : 

(a) V = 1000 (1 + .03)"* when m = 2, 

(b) V = 1000 (1 + .02) 8 when m = 4. 

4. Use Tables III and TV to find the values of 

(a) (1.025) 10 (c) (1.01125)* (e) (1.0275)-*° 

(5) (1.035) 28 (d) (1.0275)-i°° (/) (1.0125)“*° 

Give at Ieast two interprétations for each expression, using appropriate values 
for j, m, and n. 
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5 . In the following diagram each section of the line représenta a half year : 
the point O dénotés any given time ; any point to the right of O, a later time ; 
any point to the Ieft of 0, an earlier time. 

I-«- 1 -'-1-«-1-*-1-«- 1 -«- 1 —-1 

B CODE 

If (j = .06, m = 2), what value does $100 at 0 hâve at B; at C; at D; 
at E ? What is the value of t in each case if formula (7) is used? 

6 . Find the numbers to fill the blanks : 


s 

P 

D 

I 

3 

m 

n 


125.00 



.05 

4 

6 


62.50 



.07 

2 

4à 

917.28 




.06 

1 

2} 

815.25 




.05 

4 

3 


7. Find the amount of $1200 for 4j years, using first the compound interest 
rate (j = .05, m = 2) for the whole term ; second, this compound interest rate 
for the first four years, and then the simple interest rate, .05, for one fourth of 
a year. Ans. $1480.25; $1480.36. 

8. Find the présent value of $1200 due in 4^ years, using first the compound 
interest rate (j = .05, m = 2) for the whole term; second, this compound 
interest rate for 4£ years, and then the simple interest rate, .05, for one fourth 
of a year. Ans. $972.81 ; $972.88. 

9. Evaluate (1.03) m , using Table III and the identity,* 

(1.03) 1 * = (1.03) 61 (1.03)“ 

10 . Evaluate (1.03)" 120 , using Table IV and the identity 

(1.03)~ lî0 = (1.03)~*° (1.03)"*° 

11 . Evaluate 100(1.04)^, using Tables III and VIII. 

12. Evaluate (1.025)^ = (1.025)-* U.025)*, using Tables IV and VIII. 

♦ In calculating powers of (1 + i) not found in the table, due regard should be 
given to the error involved in the product. If n représenta the exponent, it can be 
shown by methods established in the calcul us that the error is a minimum for even 
values of n if 

n n 

d + t)» = d 4- i)2(l + i)2 is usedi 
and for odd values of n if 

w— 1 n - 1-1 

(1 + î)*=(l + t) 2 (1 + i) 2 is uscd. 
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10. Compound discount formulas. By Art. 8, 1 at the begin- 

ning of any discount conversion period discounts to ( 1 — —^ at 

V m/ 

the end of the period, and hence A at the beginning discounts to 

A[ 1 — ) at the end. It follows that 

V m' 

S discounts to S ^1 — ^ in one period, 

S discounts to in two periods, 


S discounts to S 



mn 


in mn periods, that is, in 


n years. Hence, when mn is an integer, 




( f \ mn 

l ~ü 


or, solving for S, S = 


, s = —f_ = pfi-ly TO * 

_ f_y ,n ' m 


( 10 ) 

(îoo 


In the dérivation of formulas (10) and (100 rnn is an integer ; these 
formulas, however, détermine positive values for P and S when mn 
is not an integer. For example, when S = 1, / = .06, m = 2, 
n = -J, formula (10) gives P = 0.9848859 approximately. In ail 
cases, whether mn is intégral or fractional, the positive value of 
P determined by (10) is called the -présent or discounted, value of S 
due in n years, and the positive value of S determined by (100 is 
called the amount or accumidated value of P for n years. 

A discussion of the compound discount formulas may now be 
given which is entirely analogous to that given in Art. 9 of the com¬ 
pound interest formulas. This will not be given, however, since 
most of the transactions in finance are based on the principles of 
compound interest rather than on those of compound discount. 
An important application of the compound discount formula is 
found in the constant percentage or compound discount method of 
computing dépréciation (Art. 63, Chapter III). 
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EXERCISES 

1. Find the value at the end of 5 years of a house which cost $6000 and 
which depreciated 3% each year. Use formula (10). Ans. $5152.40. 

2 . If the cost of a house was $6000 and its value at the end of 5 years was 
$5250, find the compound discount rate, /, if m = 1. 

3 . Solve formula (10) for each of the lettera involved in it except m. 

11. Graphs of the compound interest and compound discount 
formulas. When P, j, and m are known, formula (6) expresses the 
relation between S and n, and when S, f, and m are known, formula 
(10) expresses that between P and n. The graphs of the corre- 
sponding simple interest and simple discount relations were found 
in Art. 7 to be straight Unes. The graphs of these relations, how- 
ever, are not straight Unes since the variable n occurs as an expo- 
nent ; they are exponential curves. 

Table III may be used in constructing graphs of the compound 
interest formula. In constructing graphs of the compound dis¬ 
count formula a table of corresponding values for P and n must be 
computed. Figure 2 shows the graphs of 

S = P( 1 + i-'T" for P = m = 1, and 2- = .03, .04, .05, .06, 

.07, and .08 and of P — sfl — for S = m = 1 and — = .04, 

\ m/ m 

.05, .06, .10, .15, and .20 with respect to the axes ON, OA. The 

values of the compound interest I are represented by the vertical 

segments above O'N' and those of the compound discount D, by 

the vertical segments between O'N 1 and the discount curves. For 

example, MP X represents the amount and M X P X the compound 

interest on 1 for 10 years at an interest rate of 3% per year and MP 2 

représenta the présent value and P 2 M\ the compound discount 

on 1 for 10 years at a discount rate of 4% per year. 
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The values of P used in constructing the compound discount 
graphs shown in Figure 2 are given in the following table : 

P =(!-/)" 


n 

/ = .04 

f = .05 

/ =.06 

/ = .10 

/ = .15 

/ = .20 

B 

.9600 

.9500 

.9400 

.9000 

.8500 

.8000 

2 

.9216 

.9025 

.8836 

.8100 

.7225 

■V G- 

3 

.8847 

.8573 

.8306 

.7290 

.6141 

.5120 

4 

.8493 

.8145 

.7807 

.6561 

.5220 

.4096 

5 

.8153 

.7738 • 

.7339 

.5905 

.4437 

.3277 

6 

.7827 

.7351 

.6899 

.5314 

.3772 

.2621 

IB 

.7514 

.6983 

.6485 

.4783 

.3206 

.2097 

8 

.7214 

.6634 

.6096 

.4305 

.2725 

.1678 

9 

.6925 

.6303 

.5730 

| 

Km 

.2370 

.1342 

10 

.6648 

.5987 

.5386 

.3487 

.1969 

.1074 

11 

.6382 

.5688 

.5063 

.3138 

.1673 

- 

.0859 

12 

.6127 

.5403 

.4759 

.2824 

.1422 

.0687 

13 

.5882 

.5133 

.4474 

.2452 

.1209 

.0550 

14 

.5646 

.4877 

.4205 

.2288 

.1028 

.0440 


The graphs in Figure 3 show the amounts of $100 at 6% simple 
intereat and at (j = .06, m = 1) compound interest for ternis rang- 
ing from 0 to 25 years. These graphs show that the amounts at 
compound interest exceed those at simple interest for ail terms 
greater than unity. For terms less than unity the amounts at 
simple interest exceed those at compound interest, as is seen in 
Figure 4. 
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The values of S used in constructing the graphs in Figure 4 are 
given in the following table where P = 100, j — .06, and m = 1 
and i = .06 : 


Term in Months 

COMPOtTND AllOUNT 

Simple àmount 

* 0 

100.00 

100.00 

i 

100.49 

100.50 

2 

100.98 

101.00 

3 

101.47 

101.50 

4 

101.96 

102.00 

5 

102.46 

102.50 

6 

102.96 

103.00 

7 

103.46 

103.50 

8 

103.96 

104.00 

9 

104.47 

104.50 

10 

104.98 

105.00 

11 

105.49 

105.50 

12 

106.00 

106.00 


On account of the small scale used, the two graphs in Figure 3 seem 
to coincide for the range 0 to 1 year. In Figure 4 a sufficiently 
large scale is used to show the graphs distinct for this range. 

EXERCISES 

1. Construct the graph of S = p(l + Î-V* if P = 100, i = 4%, and m = 1. 

\ Tri/ m 

2. Construct the graph oï P — s(l — ÎV" if S = 100, î = 8%, and m = 1. 

\ mj m 

5. Construct the graph of S = P^l + if S = 110, P = 100, and m = 1. 

4. Construct the graphs of (a) P = (1 — .06)" and (b) P = (1 — n .06). 

6. On a large scale construct the graphs of the two équations in Exercise 4 
for values of n by months for the first year. For what value of n do the curves 
intersect? 
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12. Problems based on the compound interest formulas. 

compound interest formulas (Art. 9), 


s - p ( 1+ iT 

'-w+ïr-'] 


The 


( 6 ) 

( 8 ) 


contain six letters, and when four are known, the other two can be 
found by _so jv ing the two équations simultaneously for them. 
The solutions of these équations can be accomplished by the pro¬ 
cesses learned in elementary algebra together with the additional 
process of taking the logarithm of both members of an équation. 
Some of the computations that arise may be performed most easily 
by means of the fundamental opérations of arithmetic, some by 
means of tables, and some by means of computing machines. 
The computations to be performed should be noted carefully 
before choosing the means to be used. 

In Art. 9 some examples hâve been solved in which S or P is the 
unknown. In this article some examples will be solved in which 
n or j is the unknown. 


Ex ample 1. Find the term required for $1000 to amount to $3290.64 at 
U = .06, m = 4). 

Solution. Formula (6) becomes, on dividing both members by 1000, 

3.29064 = (1.016)** 


Taking logarithme of both members and solving for n gives 

log 3.29064 = 0.517280 
4 log 1.015 0.025864 


20 yeara 


Exercise 1. Find the value of n by use of Table III. 

Exercise 2. By taking logarithms of both members of formula (6) and 
solving for n show that 

n 


loe S — Iok P 


m 


■„ 6 (i + i ) 


Ex ample 2. Find the time required for any sum to double itself at 
U = -06, m = 1). 

O 

Solution. In this example = 2, and formula (6) becomes 2 = (1.06)". 


Taking logarithms of both members and solving for n gives 


log 2 _ 0.301030 
log 1.06 0.025306 


11.89 yeara 
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Exercise. Find n by use of Table III. 

Example 3. If $450 amounts to $576.04 in 5 yeare, find j if m = 2. 
Solution. By formula ( 6 ) 576.04 = 450 ^1 + 0 

Taking logarithme and solving for log ^1 + 0 gives 

log (l + I) = lQg - 576 - 04 10 ~ Ip g 450 = 0.000724 

1+ î = 1.025 
j - .05 

Exercise 1. Find j by means of Table III. 

Exercise 2. By taking Iogarithms of both membera of formula (6) and 

solving for log ( 1 + show that log (l + ~ log ^ 

\ m) \ rnj mn 

Exercise 3. By dividing both membera of formula (6) by F and solving for 

, show that 



EXERCISES 

1. Find the numbers to fill the blanks. 



2 . The sum of $100 is placed in a building and loan company to the crédit 
of a child at the time of its birth. If the company’s rate of interest is (j = .04, 
m = 4), how much will be due the child when it becomes 21 yeare old? 
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3. Would it be more to the advantage of a capitalist to lo&n money at 
(j = .0575, m = 4) or at (j =*06, m == 1)? 

4. The sum of 32000 is placed in a savings bank whose interest rate is 
(j = .045, m =» 4). At the end of 3 yeara $1000 is withdrawn. Find the 
amount in the bank S ye&rs from the date the deposit was made. 

5. The sum of $1000 is deposited in a savings bank whose rate is (j — -05, 
m = 2). If at the end of 4 yeara $500 is withdrawn and $600 at the end of an 
additions! 6 yeara, find the value of the account 15 yeara from the date of the 
deposit. 

6. A willed $4939.38 to a library. The will provided that the legacy be 
invested until it amounted to $10,000, and thereafter the income on this 
amount be used to purchase books. The legacy waa invested at (j — .055, 
m =2). In how many yeara did it accumulate to $10,000? If the $10,000 
is invested at 5^% with semi-annual payments of interest, and if the firet 
interest payment each year is invested at 5% simple interest for six months, 
how much is available at the end of each year for the purchase of b^çks? 

Ans, là ye ara; $556.88. 

7. A buys a house for $5600, pays one-half in cash and gives a mortgage 
note bearing the rate (j — .065, m - 2) for the balance. If at the end of 
4 yeara he pays $3000, how much will be due on the note at the end of 5 addi- 
tional yeara? Ans. $848.75. 

8. Find the amount to which $2500 will accumulate in 4J yeara at (j - .05, 
m = 2), first by using the compound interest formula for the whole terrn, and 
second by using this formula for the largest intégral value of mn contained 
in the terrn and the simple interest formula for the remaining part. What 
is the différence between the two amounts? Why d'oes the second method 
give the larger amount? Ans. $3096.57; $3096.77. 

9. To wha.t amount will $1000 accumulate in yeara if it is invested at 
(j = .055, m = 2) ? Solve in two ways as in Exercise 8. 

10. Discount $3000 due in 2 yeara and 2 months at (j — ,06, m - 4) by 
methods analogous to thoBe used in Exercise 8. Ans. $2636.83 ; $2636.90. 

11. Find the présent value of $3500 for 3 yeara and 5 months at (3' — .06, 
m =* 2) by each of the two methods of Exercise 10. 

12. Find the nominal interest rate j at which $1000 will amount to $1590.55 
in 10 yeara if m = 2 ; if m =* 4. 

13. If a war savings stamp was sold in the month of January, 1918, for $4.12, 
show that at (j = .04, m = 4) the stamp was worth $5.00 January 1, 1923. 

14. A treasury savings certificate was sold January 5, 1924, for $800. It 
is redeemable at $1000 in five yeara. Find j if m = 4. 

16. If the population of a certain city increased from 100,000 to 150,000 in 
10 yeara, and if it is assumed that the population increased according to the 
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compound interest law, find the annual rate of increase on the assumption 

that this rate was constant. 

« 

13. Corresponding rates. The définitions of corresponding 
rates given in Arts. 6 and 8 may be generalized as foliows : Any 
two rates are said to be corresponding for a given value of n when each 
leads to the same accumulated value of P in n years. By means 
of this définition and the accumulation formulas, the équation 
connecting any two corresponding rates can be written at once. 
For example, the équation connecting the interest rate j converted 
m times per year and its corresponding effective rate, i, for n 

years is P(1 + i) n = P(l + —) ; dividing both members of 

V TtlJ 

this équation by P and extracting the nth root gives 

1 + i =( 1+ iT ™ 


Solving for j and writing j {m) in place of j to show the number of 
conversions, gives 

j\m) — m[(l + iÿ" — 1] (110 

It may be noted that in this case the corresponding rates, i and j, 
are independent of n. Table IX gives the values of j m correspond¬ 
ing to various values of i and m, and Table III may be used to 
find the values of i corresponding to various values of j and m. 

In a similar way if the interest rate j' converted m' times per 
year corresponds to the interest rate j” converted m" times per 
year, the définition leads to the équation 


(^r-o+sr 


A few examples will now be solved to illustrate further the 
method of finding the rate corresponding to a given rate. 

Example 1. Find the interest rate; converted quarterly which corresponds 
to an interest rate of 6% converted annually. 

Solution. Equating accumulated values of P for n years, dividing by P, 
and extracting the nth root lead to 

(l+i)‘-1.06 

Solving, using Table VIII, j = .0587 approximately. 
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Example 2. Find the interest rate, i, converted annually which corresponds 
to an interest rate of 6% converted quarterly. 

Solution. Equating accumulated values leads to 


1 + i = 1.015 4 

i = .0614 approximately. (Table III) 

Example 3. Find the discount rate f converted semi-annually which cor¬ 
responds to an interest rate of 6% converted quarterly. 

Solution. Equating accumulated values leads to 



= (1.015) 4 


/ =* .0587 approximately. 


(Table IV) 


Example 4. Find the effective discount rate d which corresponds to the 
nominal discount rate (J = .08, m = 2). 

Solution. Equating accumulated values leads to 

1 - d = (1 - .04)* 
d = .0784 


Corresponding rates are useful in comparing investments bear- 
ing different rates. 


EXERCISES 


1. Use the following table to find the values of i corresponding to j = .06, 
m = 1, 2, 3, 4, 6, 12, 365, 1000, and oo : 


m 

—( i+ £r 

i 

1.06000000 

2 

1.06090000 

3 

1.06120800 

4 

1.06136355 

6 

1.06152015 

12 

1.06167781 

365 

1.06183130 

1000 

1.06183462 

OO 

1.06183654 
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Verify the first six values of (1 + i) by use of Table III, and the next two by 
use of the binomial formula. (The value of 1 + i when oo is here included 
for the sake of completeness. See Art. 14 for a discussion of this case.) 

2. Find the numbers to fill the blanks, using the formulas for correspondmg 
rates : 


i(m) 

i 

m 

d 

/(m) 

.05 


4 





2 

.04 



.03 

4 





2 


.035 


3. 


Find the numbers to fill the blanks, using the formula 




j ' 

m' 

j" 

m" 

.05 

2 


4 

.05 

2 


1 


1 

.06 

2 


4 

.07 

12 


Express verbally each of these four problems, using the solutions obtained. 
Notice that if m' > m", then f < j". 

\ 

4. If the effective intereat rate of income from an investment is 5%, find the 
two équivalent nominal rates if m = 2 in one case and m = 4 in the other. 

6 . Find the présent value of $1239 due in 2 yeara if (j = .05, m = 1). 

6 . Find the discounted value of $1239 due in 2 years if the effective rate of 
discount is 4.7618%. 

7. Show that two rates are corresponding for a given value of n when each 
jeads to the same discounted value of S in n yeare. Why do Exercises 5 and 6 
hâve the same answerî 

8 . Show by use of Exercise 7 that an effective rate of interest of 5% corre¬ 
sponds to an effective rate of discount of 4.7618%. 

9. Find the discount rate converted quarterly which corresponds to (j = .05, 
m = 2 ). 

10. What effective interest rate corresponds to a discount rate of (/*= .05, 
m = 2 )? 
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11. Find the numbers to fill the blanks where j and f are rates correspond- 
ing to i = rfo or d = r Jg. 


m 

3 

/ 

i 

.06000000 

.05660377 

2 

.05912603 

.05742828 

3 

.05883847 


4 

.05869538 

.05784655 

6 

.05855287 


12 

.05841061 


365 

.05827356 


1000 

.05827061 

.05826721 

GO 

.05826891 

.05826891 


14. The interest and discount formulas when m becomes infi¬ 
nité. When the interest rate, j, remains constant and the number 

of conversion periods, m, increases, the value of (l + —^ also 

V tu/ 

increases. An illustration of this for j = .06 and m = 1, 2, 3, 4, 
6, 12, 365, 1000, oo has been given in Exercise 1, Art. 13. This 

exercise shows further that as m increases from 1 to 1000, [ 1 -f — ) 

\ ml 

increases from 1.06 to 1.06183462 approximately, and this compar- 

atively small increase in f 1 + —\ suggests that as m increases be- 

V mJ 

yond limit, f 1 -f —approaches some definite number as a limiting 
\ m/ 

value. It may be readily seen, in fact, that the limiting value of 
f 1 -h —^ when m becomes infinité, written L m _ > _ co fl+— ^ » 
is e», where e, the base of the Napierian logarithms, has the approx- 
imate value 2.71828183. The expression, ( 1 + , may be written 

\ 772 / 


Ln the form 


. -•/ 


and from this it follows that 
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W«(l + ^) -W»(i+^) 

= (l + ^ *, where 35 = y 

= e’, since, by définition, L z ^ a0 ^1 -f iy = e 

In like manner it can be shown that L m ^, x ^1 — i'j' = e -/ 

Hence, when m becomes infinité, the compound interest and com- 
pound discount formulas can be written in the for ma respectively : 

S = Pe’ n (6i) 

P = Se~ fn (10i) 

When j or fia given and m becomes infinité, the interest or dis¬ 
count is said to be converted continu ôusly, at this interest or dis¬ 
count rate. When interest or discount is converted continuously, 
it follows, from Art. 13, that the relations connecting the corre- 
sponding rates i, j and the corresponding rates d, f are 

1 + i = e> and 1 - d = e~ f 

If j and / are given, these équations détermine the values of i and 
d. The value of i is the largest amount of interest that can be 
eamed on $1 in one year at a fixed rate j and a variable m which 
increases without limit. Likewise the value of d is the largest 
amount of discount on fl in one year at a fixed rate /, and a vari¬ 
able m which increases without limit. If i and d are given, these 
équations détermine the corresponding values of j and / when the 
number of conversions per year becomes infinité. These values 
of j and f are denoted by S and 5' respectively and they are called 
the force of interest and the force of discount which correspond to 
the given effective rates i and d. Using 5 and 5' in place of j and /, 
the above relations beeome 

e s = 1 -f i and e~ & ' = 1 — d 

from which S •= loge (1 + i) and 5' = — log e (1 — d) 

When i and d are corresponding effective rates, they satisfy the 

relation 1 -f i = —-—On substituting the values of 1 + i and 

1 — d 

1 — d in terms of Ô and 5', this relation becomes 
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It foDow? thaï Vhe-n i and c arc coiTCsporidirig effective rate? thaï 
5 = S' (Rxerâae 11. An.. 3 S'.. 

Since the force of imeresi.. À. t? ihc value ci j whon rr, tvswmcs 
infini té thaï correspond? to a civon effective mtere?! rate •;.. il fol- 

a 

lows from the relarion j = m[ l -f- ;' m — V;. v forrmila 11 h thaï 

5 = L m ^ m m-Kl -+■ ô* — 1]- Equa.ung thj? value of i to thaï 
given above gives 

S = h , > « m[(l + j)" — 1]= lo?< 1.1 + 0 

Example 1. Find tbe amount of $1000 for 10 yoars at a nominal rate of 
4% converted continuoosly. 

Solution. By formula (60 

S = 1000 e* log t .434**4 

= S1491.S3 loge* - .17:1718 

log 1000 - 3.000000 
log S -3.173718 

Example 2. Find the effective interest rate which coritwponds to the force 
of interest of 6%. 

Solution. By the formula 

e 5 =* 1 + » 

e -o« - 1 + i 

Taking logarithms, log, 0 (1 + 1 ) — .06 logio e - (.06)(.431201) 

- .02605 
1 +i - 1.0618 

t = .0618 

Example 3. Find the force of interest which corresponds to an dToHlvn 
interest rate of 6%. 

Solution. By the formula e* = 1 + t 

e 6 = 1.06 

Taking logarithms, S log e = log 1.06 

a = !ï>k A_m - (.02r>m)(2.mr,Hr,) 

log e 

=» .05813 (Hw. Exwiw! Il, Art. 16.) 

Exercise. Show that m [d + .06; m — 1) - .0582631 
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EXERCISES * 

1. Find the amount of $1000 at 6 % for 1 year if the interest is converted 
continuousiy. Ans. $1061.84. 

2. Same as Exercise 1, except that the rate is 4|%. 

8 . What sum will amount to $1000 in one year at 4 \% converted continu- 
ously. Ans. $956.00. 

4. Find the force of interest correct to 4 décimais corresponding to an 
effective rate of 4%, of 4J%, of 5%. Ans. .0392; .0440; .0487. 

5. Find the effective rate of interest correct to 4 décimais corresponding to 
a force of interest of 4%, of 4|%, of 5%. Ans. .0408; .0460; .0512. 

6 . Find the rate converted continuously which corresponds to (j = .06, 
m = 1), to (j = .06, m = 2), to j = .06, m = 4). Ans. .0582; .0591 ; .0596. 

7. What is the discount on $1000 for 1 year at (J = .07, m oo). 

Ans. $67.60. 

8 . Find the force of discount correct to 4 décimais corresponding to an 
effective rate of discount of 4%, of 5%, and of 6 %. Ans. .0408; .0513; .0618. 

9. Interpret the following table : 


n 

1 + .06 n 

(1 + .06)- 

e 04 - 

0 

1.0000 

1.0000 

1.0000 

A 

1.0050 

1.0049 

1.0050 

A 

1.0100 

1.0098 

1.0101 

A 

1.0150 

1.0147 

1.0152 

A 

1.0200 

1.0196 

1.0202 

A 

1.0250 

1.0246 

1.0353 

À 

1.0300 

1.0296 

1.0305 

TT 

1.0350 

1.0346 

1.0356 

A 

1.0400 

1.0396 

1.0408 

A 

1.0450 

1.0447 

1.0460 

« 

1.0500 

1.0498 

1.0513 

T* 

1.0550 

1.0549 

1.0565 

H 

1.0600 

1.0600 

1.0618 


Verify the entries for 71=^. 
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10. The foilowing inequalities hold for the amounts of P for n years : 

n > 1, Pe in > P< 1 + i) n > P( 1 + ni) 

n < 1, Pe ,n > P(1 + ni) > P(1 + i) n 

n = 1, Pe- > P(1 + ni) = P(1 + i)* 

Verify for P = 1, i =* .06, and n = 10, fi, and 1. 

11. Show that the inequalities in Exercise 10 are spécial cases of the foilow¬ 
ing inequalities : 

n > I, Pe'" > P(l+ i)*" > P(1 + nj ) 
m \ mf 

n < 1, Pc»" > P(1 + nj) >P( 1 + L\ mn 

m \ m/ 

n = i-, Pe'» > P(1 + nj) = p( 1 + A"" 

16. The value of a set of sums. By the value at a given tirae 
of a set containing just one sum is meant the accumulated or dis- 
counted value of the sum to that time. By the value at a given 
time of a set containing more than one sum is meant the sum of the 
values of the separate sums of the set at that time. In the pre- 
ceding articles interest and discount formulas hâve been developed 
for finding the value at any given time of one sum due at another 
time. By application of these formulas to the separate sums of 
any set the expression for the value of the set at a given time can 
be e&sily written. The work of computing the value of an expres¬ 
sion of this kind may be rather laborious when the number of sums 
in the set is large. The study of methods of computing is im¬ 
portant in ail work in the mathematics of finance and it is espe- 
cially important in finding the values of sets of sums, particularly 
of those sets which occur frequently in finance. Some sets of 
frequent occurrence consist of equal sums at periodic intervals 
during a definite term, as the dividend on bonds. Such sets are 
called annuities certain, and methods for finding their values are 
given in Chapter II. Other sets of frequent occurrence consist of 
sums at periodic intervals during a term not definitely known, as a 
pension payable during the life of some person. Sets of this type 
are called contingent annuities, and methods for finding their 
values are given in Chapter IV. 

In writing the expression for the value of a set of sums it is 
necessary to know the formula to be used with each sum. The 
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compound interest formula is the one generally sandioned by business 
practice and, except when otherwise stated, it mil be assumed in what 
follows. 

In finding the values at two or raore times of a given set of sums 
by the compound interest formula, use will frequently be made of 
the foliowing 

Theorem I. If V a represents the value at a given time of a set of 
sums, and V t represents the value of the set t years later than the 
given time, if t is positive, and t years earlier, if t is negatite, 


Proof : Let A dénoté any sum of the set when it is due and A e 
represent its value at the given time where t' is the number of years 
from the time A is due to the given time. If t' is positive, A t 
represents the amount of A for t! years; if t' is négative, A e 
represents the présent value of A due in t' years. If A e+t repre¬ 
sents the value of A, t' -f t years from the time it.is due, then by 
formula (7) 


- K 1 +i) 


i \m(f+0 


= A(l • (i + 1) by a x+v = a* • a v 

= A^l + by formula (7) 


It follows that the theorem is true for each sum of the set, and 
hence it is true for the set as a whole. This theorem is also true 
when the compound discount formula at a fixed rate is used, but it 
is not true in general when the simple interest or simple discount 
formula is used. 

So far in finding expressions for the value at a given time of a set 
of one or more sums the same rate has been assumed for the entire 
time during which the value of each sum is found. More general 
expressions for the value at a given time of a set of sums can be 
found by resolving the term, during which the value of each sum 
is found, into parts and using different rates with the separate 
parts. A case which is sometimes useful is that in which the 
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entire range over which values are to be found is divided into 
parts, each part having a constant interest rate for ail sums whose 
values dépend on it. For exaraple, the amount of $100 for 10 
years at (j = .06, m = 2) during the first five years and at (j = .07, 
m = 2) during the last five is 100(1.03) 10 (1.035) 10 . The above 
theorem can be extended to this case by using the appropriate 
interest rate for each part of the range. 

# 

EXERCISES 

The diagram below, each section of which représenta one year, shows a set 
of sums: / 

A B C D E 

i-1- \ ■ — i - \ 

100 200 100 150 

1. Find the value of this set at E at (/ = -06, m = 1). Ans. $635.81. 

2. Find the value of this set at A at (j = .06, m = 1), first by discounting 
$635.81 for four years, second by summing the discounted values at A of tho 
separate sums. Ans. $503.62. 

S. Find the value of this set at C at (j = .06, m = 1), first by discounting 
$835.81 for two years, second by aceumulating $503.62 for two years, third by 
summing the values at C of the separate sums. 

4. Find the value of the set at E, using a simple interest rate of 6%. 

Ans. $631.90. 

5. Find the value of this set at A, using a simple interest rate of 6%. Show 
that this value at A cannot be found by discounting $631.00 for four years 
at the simple interest rate of 6%. Ans. $505.08. 

6. Find the value of the set at A if (j = .05, m = 2) for the first two years 
and (j = .06, m = 2) for the last two years. 

16. Sets of sums having equal values. Equation of value. 
The équations needed to find the unknowns in solving problems 
in the mathematics of finance are usually gotten by equating the 
values of two sets of sums at a definite time. As seen in Art. 15, 
the expressions for values of the sets are found by use of the formu¬ 
las for aceumulating or discounting a single sum, and hence the 
aceumulating and discounting operations are of primary impor¬ 
tance in determining équations (Art. 1). Each of the interest 
or discount formulas expresses equality in value between the sums 
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S and P in the sense that each has the same value at a given time. 
For example, S = -f- — ^ States that the value of P when 


accumulated for n years at the interest rate j converted m times 
per year is S. In these formulas each set consista of a single sum. 
More general formulas or équations arise when the number of 
sums in one or both of the sets is greater than one. In ail of these 
équations there are involved sums of money, rates, and terms of 
years, so that an unknown may be a sum of money, a rate, or a 
term of years. 

In writing an équation expressing equality in value between 
two sets of sums, use may be made of the following 


Theorem H. — If two sets of sums are equal in value at a known 
time, they are also equal at any other time t years f rom the knoum time 
when the compound interest formula at a nominal interest rate j con- 
verted m times per year is used in finding values. 

If V 0 is the value of either set at the known time, it follows from 
Theorem I that the value of either set t years from this time is Vt 

where Vt = V 0 ( 1 + ; hence Theorem II is true. This 

\ ml 


theorem is also true when the compound discount formula is used, 
but it is not true for every value of n when the simple interest or 
simple discount formula is used. By virtue of this theorem it is 
permissible to select that time for equating the values of two sets 
of sums which leads to the simplest équation in the unknown to be 
found. Theorem II is also true for the spécial case considered at 
the end of Art. 15. 

Equations of value which arise in elementary finance usually 
hâve a single sum for one of the two sets. Some examples based 
on sets of sums having equal values at a known time will now be 
solved. 


Example 1. A debt of 85000 is to be paid in instalments, including prin¬ 
cipal and interest, as follows: $1000 at the end of one year, 81500 at the end 
of two, 82000 at the end of three, and the balance at the end of four years. 
Find the last payment if unpaid principal accumulâtes at (j = .06, m = 1). 

The diagram AB, each section of which représenta one year, shows the 
two sets of sums having equal values; the set above the line représenta the 
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debt, the set below the line the payments on the debt or the crédits. The 
last payment is denoted by x* In this diagram A dénotés the présent tirne; 
points to the right of A dénoté later times. 

5000 C 

A\ --- 1 - 1 - 1 -« B 

1000 1500 2000 X 

Solution. The two sets of sums shown in the diagram hâve equal values 
at A and hence, by Theorem II, they hâve equal values at any other time. 
Equating values at B , that is, at the time the last payment is made, gives 
x + 2000(1.06)+ 1500(1.06)* + 1000(1.06)* = 5000(1.06) 4 

Solving, using Table III, x = $1315.97 

Exercise 1. Find x by equating values at A. 

Exercise 2. Find x by equating values at C . 

Exercise 3. Find x by computing, as in arithmetic, the unpaid principal 
of the debt just after each payment is made. This work may be arranged in a 
table or schedule as follows : 


Year 

Principal at 
Beginnino op 
Year 

Interest at 
(j = .06, m = 1) 

Payment at 
End op Year 

Principal 

Repaid 

1 

5000.00 

300.00 

1000.00 

700.00 

2 

4300.00 




3 





4 




1 ~ 


Example 2. A debt of $5000 is to be paid in ten equal semi-annual instal- 
ments, including principal and interest, the firet to be paid at the end of six 
months. Find the amount of each inst&lment if unpaid principal accumulâtes 
at (j = .06, m = 2). 

The diagram AB , each section of which représenta a half year, shows the two 
sets of sums h&ving equal values. Each instalment is denoted by x . 

5000 

A' -*-♦-*-♦- 1 - 1 - 1 - 1 - 1 - 1 B 

xxxxxxxxxx 

* Diagrams of this kind may be helpful to the leamer in epeci/ying both known 
and unknown data. 
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Solution. Equating values at A gives 

X (rÔ3 + (LÔ3)* + " ' + (LÔ3)*®) = 5000 

Solving, using Table IV : 

x = $586.15 

Exercise 1. Find x by equating values at B. 

Exercise 2. Check the value found for x by constructing a schedule 
similar to that in Exercise 3, Example 1. 

Exercise 3. Find the sum 

1.03 (1.03)* (1.03)» 

by use of the formula for summing a géométrie progression. 

Example 3. Two non-interest-bearing notes, one for $100 due in one year, 
the other for $200 due in two years, are bought for $264.06. Find the inter¬ 
est rate i converted annually for which the purchase price has the same value 
as the two notes. 


Solution. Equating the présent value of the notes to 264.06 gives 
200 , 100 


+ 


= 264.06 


(1 + i) 2 ' 1 + 

Solving, i = .08 

Exercise 1. Check the value found for i by constructing a schedule. 

Exercise 2. Solve Example 3, if a discount rate, d, converted annually, is 
used in place of the interest rate, i. , 


Ex ample 4. Three non-interest-bearing notes, one for $233.35 due in 3 
months, one for $234.17 due in 6 months, and one for $182.48 due in 9 months, 
are to be retired by a single payment equal in amount to the sum of three 
notes. On the basis of 6% simple discount when should this payment of $650 
be made if its présent value equals the sum of the présent values of the three 
notes? 

The diagram AB shows the two sets of sums having equal values; n is the 
unknown time. 

650 

■- n -> c 

Al -1-♦- : -1 B 

233.35 234.17 182.48 


Solution. Equating values at A gives 
650[1 — (.06)nJ= 233.35(1 —(.06)41 + 234.17(1 — (.06)41+ 182.48(1 -(.06)}]. 
Solving, n — .48 years, approximately. 
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Exercise 1. Solve Example 4 on the basis of 6% simple interest. 

Exercise 2. Solve Example 4 on the basis of (j = .06, m = 1). 

Exercise 3. Solve Example 4, if the two sets of sums hâve equal values 
at C. 

It should be noted that the resuit found in Example 4 is inde- 
pendent of the discount rate used. When the same method is 
applied to a set of sums & due in ni years, S 2 due in n% years, and 
so on, and to their sum Si -f- & ••• there résulta 

n _ »Sini -f S 2 fh + ••• 

+ S% + ••• 

This formula gives a satisfactory means for finding the time at 
which the payment of a set of sums may be replaced by a single 
payment equal in value to their sum in case the numbers ni, ru, ••• 
dénoté short terms, each one year or less. 

In the simple examples just solved, the unknown in each of the 
first two is a sum of money, in the third it is a rate, and in the 
fourth, a terni of years. The method used to set up the équations 
is the same, however, in each case. Before giving other illustra¬ 
tions of this fundamental process, methods will be given for find¬ 
ing the values of sets of sums which occur at periodic intervals 
âuring a definite term of years, that is, of annuities certain. This 
is done in Chapter II. 

EXERCISES 

1. A man offers to sell his home for $8500 cash or for $1000 cash, $2000 at 
the end of the first, $3000 at the end of the second, and $3600 at the end of the 
third year. On an interest basis of ( j = .06, m = 1), how much better from 
the standpoint of the buyer is the cash price at the time of sale, at the end of 
the third year ? Ans. $79.41. $94.58. 

2. A washing machine is bought on the instalment plan for $160. The 
contract of sale calls for a cash payment of $20, and 10 monthly payments of 
$14 each, the first of which is to be made one month from date of sale. Find 
the cash price on the day of sale if 6% simple discount is used. Ans. $156.15. 

3. A farm was purchased for $12,000, $3000 of which was paid in cash. The 
balance was paid in four equal annual instalments which began one year from 
date of purchdse. On the basis of (j = .05, m = 2), find the amount of each 
instalment. Check by constructing a schedule. Ans. $2541.79. 
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4. The cost of a piano is $450 cash or $125 cash and $125 at the end of 3, 6, 
and 9 months. On the basis of 6 % simple discount, how much better from the 
standpoint of the buyer is the cash price on the day of sale ? Ans. $38.75. 

6 . A man rents a house for $600 per year payable in advance. What 
monthly rent payable in advance is équivalent at the beginning of the year to 
this annual rent? Use a 6 % simple interest rate. Ans. $51.33. 

6 . The sum of $585 paid at the end of one year will retire two non-interest- 
bearing notes, one for $300 due in 2 years, and the other for $350 due in 3 
yeara. If m = 1, find the interest rate correct to four décimal places. 

Ans. j = .0712. 

7. A owes B the sum of $500. In partial payment À gives B a note drawn 
by C for $300 due in one year without interest, and agréés to pay the balance 
in two equal annual instalraents, the first of which is to be paid one year after 
the note matures. If an interest rate of 0 = ,05, m = 2) is used, find the 
amount of each payment. Ans. $121.28. 

8 . A owes B $15,000. One year from date A pays B $3000, and at the end 
of the second year $4000. À then agréés to pay the balance in four equal 
semi-annual instalments, the first of which is to be paid 6 months after the 
$4000 payment was made. On the basis of (j = .06, m = 2) find the amount 
of each instalment. Check by constructing a schedule. Ans. $2609.54. 

9. A man owes two non-interest-bearing notes, one for $150 due in 2 months, 
and one for $300 due in 3 months. When must the sum of $445 be paid if its 
présent value equals that of the two sums? When must the sum of $450 be 
paid? Use a simple discount rate of 7%. Which resuit is independent of the 
rate? 

10. Four non-interest-bearing notes, one for $125 due in 60 days, one for 
$100 due in 90 days, one for $75 due in 30 days, and one $125 due in 10 days, are 
retired by a single payment. If this payment is $425 and is the équivalent of 
the four notes at the présent time, when must it be made? If the payment is 
$430, when must it be made? Use a 5% simple discount rate. 

The following exercises hâve référencé to the diagram given below in which 
each section représenta 6 months. 

AB C D E F 6 

i- 1 -i- 1 -1-■-1, 

11. Show that: 

(a) $100 at A, $150 at C, and $200 at D compose a set of sums which is 
équivalent to a set consisting of the single sum of $487.22 at G, if (j = .04, 
m = 2 ). 

(b) The value at B of each set in 11 (a) is $441.29. 

(c) The values of the two sets in 11 (a) are equal at F. 

(d) The values of the two sets in 11 (a) are not equal at B on the baais of 4% 
simple interest, or simple discount. 
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12. Show that : 

(а) A set of $100 at B and $150 at D is équivalent to a set consisting of the 
single sum $265.50 at E on the basis of 6% simple interest. 

(б) On a basis of 6% simple interest, the two sets in 12 (a) are not équivalent 
at F. Find the simple interest rate at which the two sets in 12 (a) are 
équivalent at F. 

13. If a set of sums consisting of $100 at B and $400 at E is équivalent to a 
single sum $492.7754 at D, find j if m = 2. 

14. How long after A must the sum of $600 be paid if the set consisting of 
this single sum is équivalent at A to a set consisting of $300 at C, $200 at E } 
and $100 at F . Use a simple discount rate d. Interpret the canceilation of d. 

15. Same as Exercise 14 except that the two sets are équivalent at O , and a 
simple interest rate of i is used. Interpret the canceilation of the i. 

16. Same as Exercise 14 except that the first set consists of the single sum 
of $650. 

17. If a set of sums consisting of x at B and y at D is équivalent to a set z at 
E on the basis of a simple interest rate i, show that they are not équivalent at C 
unless x and y satisfy the équation y ■ (2 + i)x. 
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ANNUITIES CERTAIN 

17. Annuities. An annuity is a set of sums, usually equal in 
value, paid at periodic intervals. The word annuity implies that 
the interval is one year; but, as used, the interval may be any 
fractional or intégral multiple of a year. The value of each sum is 
called the rent, the interval between successive sums the rent period, 
and the time between the beginning of the first rent period and the 
end of the last, the terni of the annuity. The sum of the rent pay- 
ments in one year is called the annual rent. 

Annuities are classified with respect to their terms. When the 
terni is defini te, the annuity is called an annuity certain; when 
the term becomes infinité, it is called a perpetuity. When the term 
is indefinite, depending on some contingency such as the life of a 
person who receives the rent, the annuity is called a contingent 
annuity. The weekly wages of workmen, the monthly rentals 
on property, the semi-annual taxes on real estate, the annual 
interest payments on a sum of money each for a fixed term are 
illustrations of annuities certain. 

Annuities are classified also with respect to the time in the rent 
period when the rent is paid. When the rent is paid at the begin- 
ing of its period, the annuity is called an annuity due; when paid 
at the end of its period, the annuity is called an annuity immédiate, 
or more briefly an annuity. 

Classifications of annuities based on the times when their terms 
begin, and on the value of the rent, will be given in Arts. 27 and 
32 respectively. In what follows in this chapter the word annuity 
will mean an annuity certain. 

In. this chapter the fundamental formulas for finding the values 
of annuities certain are developed, and methods of solving problcms 
based on these formulas are discussed. In deriving these formulas, 
use is made of the formula for summing a géométrie progression. 

48 
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EXERCISES 

1. If, in a géométrie progression, the first term is represented by a, the last 
term by Z, the constant ratio by c, the number of terms by n, and the sum by «, 
show that 

t = GC*” 1 


What does this formula become if c < 1 and n oo ? 

2. Given the géométrie progression 

1 , i, — to n terms 

Find the last term and the sum of the terms when n = 10. Find the sum 
when n oo. 

8. If the first term is 1, the constant ratio, 1 + .06, and the number of terms, 
6 , find the sum. 

4. Same as Exercise 3, except that the number of terms is n. 

6 . If o = 1, c = (1.05)“ l , andn =* 4, find s. 

6 . If a — 1, c =(1 + i)“S an( în = 10, show that 8 — * 10 . 

t 

7. If, in an arithmetric progression, the first term is represented by a, the 
last term by Z, the common différence by d, the number of terms by n, and the 
sum by s, show that 

l = a +(n - 1 )d 
8 a (g + l)n 
2 

18. The value of an annuity at the end of its term. In this 
chapter R dénotés the rent, n the number of years in the term, and 
r the number of years in the rent period of any annuity or of any 
annuity due. Unless otherwise stated, the compound interest 
formula at the rate j converted m times per year is used in finding 
values.. 

The value of any annuity at the end of its term, often called 
the amount of the annuity, will be denoted by F n . In this article 
the formula for the amount of an annuity is derived by the use of 
the compound interest formula and the formula for finding the sum 
of a géométrie progression. The dérivation is given for two simple 
and important spécial cases which occur frequently in practice 
and then for the general case. 

Case 1. The interest and the rent are paid annually; that is, 
m = r = 1. In this case there are n rent periods in the term of 
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the annuity, and one interest conversion period in each rent period, 
so that the successive rent payments, beginning with the first, are 
accumulated for n — 1, n — 2, — 1, 0 interest conversion periods. 
By formula (6), Chapter I, the values of the rent payments at the 
end of the term are J?(l + t') n_1 , R( 1 + i) n ~ 2 , —, R(l + i), and R. 
Hence 

V n = R[ 1 +(1 + t)+( 1 + i) 2 + - +(1 + *)- f ] 

The right-hand member is a géométrie progression, having R for 
the first term, (1 + i) for the ratio, and n for the number of terms. 
Summing this progression gives 

y, = B (1 + ■•)■- 1 

l 

Case 2. The interest and the rent are paid m times per year; 
that is, mr = 1. In this case there are mn rent periods in the term 
of the annuity and one interest conversion period in each rent 
period, so that the successive rent payments, beginning with the 
first, are accumulated for mn — 1, mn — 2, — 1, 0 interest con¬ 
version periods. By formula (6), Chapter I, the values of the 
rent payments at the end of the term are 

R(l+L\ mn -\ R(l+iY -, fifl+Â and R. 

\ mJ \ mJ \ m) 

Hence 

■ +£)+(' + £y + -+( i +dr 1 ] 

The right-hand member is a géométrie progression, having R for 
the first term, ^1 + —^ for the ratio, and mn for the number 
of terms. Summing this progression gives 



m 

General Case. The interest and the rent may be paid at the same or 
different times, and ™ is an integer. In this case there are ” rent pe- 
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riods in the term of the annuity and mr interest conversion periods in 
each rent period, so that the successive rent payments, beginning 

with the first, are accumulated for 1^, mr^-— 2^, —, 

mr, 0 interest conversion periods. By formula (6), Chapter I, 
the values of the rent payments at the end of the term are 

r (. 1+ LT q ~' } - R ( 1+ i) < ^ R { i+ LY™ iR - 

Hence 

- B b +(» +£T +C 1 +LT’- - +( l +£f®' ,) ] 

The right-hand member is a géométrie progression having R for the 

first term, f 1 + —^ for the ratio and - for the number of 
V mr r 

terms. Summing this progression gives 



In the dérivation of formula (1), - is an integer; the formula, 
however, détermines a positive value for V„ when - is not an 


integer. In the applications in elementary finance - is usually 
intégral. r 

Formula (1) may be stated verbally in the form : To find the 
value of an annuity at the end of ils term divide the compound interest 
on R for the annuity term by the compound interest on 1 for one rent 
period. 


Example. If $100 are deposited at the end of each half ycar in a bank 
which pays 5%converted semi-annually, find the amount of the deposits at the 
end of 5 years. 


Solution. 


By formula (1) 

7 , = 100 


1.026»» - 1 


.026 
*1120.34 


(Table III) 
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EXERCISES 

1. Find the sum of the géométrie progression 

*■ 0+00+i)' (>+£)• 

Evaluate this sum if j = .06 and m =■ 2. 

2. Find the sum of the géométrie progression 

0+f> (*+f)’ 

Compute the value of this sum by use of Table I. 

3. The following diagram, each section of which dénotés three months, 
représenta the annuity having 72 = 25, w=3, r = J: 

■ i i i t *_i_a_ 


25 25 252525 25 2525 25 25 2525 

Show that the amount of thia annuity at (j “ .06, m = 4) ia given by 
7, - 25[1 + 1.015 +(1.015)* + - +(1.015)»]; 
that the amount at (j = .06, m * 2 ) is given by 

V» = 25[1 +(1.03)* + 1.03 + ••• + (1.03)V] 

Compute the value of 7* in each case by use of the formula for the sum of a 
géométrie progression, and by use of Tables III and VIII. t 

Ans. 326.03 ; 325.83 

4. The following diagram, each section of which dénotés three months, 
représenta the annuity having 72 = 50, n=3, r = J: 


50 50 50 


50 


50 


Show that the amount of this annuity at (j = .06, m = 4) is given by 
7a = 50[1 +(1.015)* +(1.015) 4 + ••• +(1.015) 10 ]; 
that the amount at ( j ■■ .06, m * 2) is given by 

7. - 5011 + 1.03 +(1.03)* + +(1.03)*]. 

Compute the value of 7i in each case by use of the formula for the sum of a 
géométrie progression, and by use of Table III. 

6 . By formula (1) find the amount of an annuity having 72 = 300, n = 10, 
and r = J at (j = .05, m = 4). Ans. 15446.87 

6 . By formula (1) find the amount of an annuity having 72 = 1200, n = 10, 

and r = 1 at (j = .05, m * 2). Ans. 15137.57 

7 . By formula (1) find the amount of an annuity having 72 = 100, n - 10 , 
r = ^ at (j = .05, m = 4). 
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8 . The following diagram, each section of whieh dénotés one year, représenta 
the annuity having R = 100, n = 5, and r = 1 : 

I-1-1-1-1-1 

100 100 JOO 100 100 

Show that the amount of this annuity at 5% simple interest is 
100[1.00 + 1.05 + 1.10 + 1.15 + 1.201; 
that the amount of this annuity at (j = .05, m = 1) is 

100(1 + 1.05 +(1.05)* +(1.05)* +(1.05) 4 1 
Compute the value of each of these amounts ; use the formula for the sum of an 
arithmetic progression in the first instance, that for a géométrie progression 
in the second. Ans. 550 ; 552.56 

9. At the simple interest rate i, show that the amount of the annuity whose 
rent is R, terni n yeare, and rent period r y cars is 



19. The value of an annuity at the beginning of its term. The 

value of an annuity at the beginning of its term, often called the 
présent value of the annuity, will be denoted by F e . The formula 
for the présent value of an annuity can be derived by the method 
used in Art. 18 for deriving the formula for the amount. It can be 
derived more briefly, however, by applying Theorem I, Art. 15, 
Chapter I, to the value of F». By this theorem F„ is F» dis- 

counted for n years ; that is, F„ = F„^l + . Hence, using 

the value of F« given by formula (1), 



Formula (2) may be stated verbally in the form : To find the 
value of an annuity at the beginning of its term divide the compound 
discount on R for the annuity term by the compound inter est on 1 for 
one rent period. 

Example. Find the présent value of an annuity whose rent is $20, term is 
3 years, and rent period is 1 month, at (j = .06, m = 1). 
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Solution. By formula (2) 

F. = 20 LzUjg. 

1.06* - 1 


20 SÜ ^ablealVandVIII) 


EXERCISES 

1. The following diagram, each section of which dénotés 6 months, repré¬ 
sente the annuity having R = 50, n = 3, and r = 4 : 

h- - -1- 1 -1- 1 -1 

50 50 50 50 50 50 

Show that the présent value of this annuity at (j = -06, m = 2) is given by 
Vo = 50[(1.03) _1 +(1.03)-» + ... +(1.03)-* +(1.03)”*]; 
that the présent value of this annuity at ( j = .06, m = 4) ie given by 
Vo - 501(1.015)“* + (1.015)” 4 + - +(1.015)“ 10 +(1.015)““) 
Coinpute the value of Vo in each case by use of the formula for the sum of 
& géométrie progression, and by use of Table IV. • 

Ans. 270.86 ; 270.66 

2. By formula (2) find the présent value of the annuity having R = 100, 
n = 5, and r *= J at (j = .05, m = 2) ; at (j = .05, m = 1). 

3. Show that the présent value of the annuity of Exercise 1, at the simple 
discount rate d =* .06 is 

50[.97 + .94 + .91 + .88 + .85 + .82) ; 
that the présent value at thé compound discount rate (/ = .06, tn = 1) is 
50[(.94)* + .94 +(.94)* +(.94)* +(.94)* +(94)*) 

Compute the présent value of each. Use the formula for the sum of an arith- 
metic progression in the first instance, that for the sum of a géométrie pro¬ 
gression in the second. Ans. 268.50 ; 269.59 


20. Annuity tables. Notation. When R = r = 1, F» is de- 
noted by and V 0 is denoted by o^. When R = r = \ V n \a 

denoted by and V 0 is denoted by • That is, 8^ dénotés 
the amount and dénotés the présent value of an annuity whose 
rent is 1 payable annually for n years, and dénotés the amount 

and dénotés the présent value of an annuity whose rent is — 
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payable p times per year for n years. In each of these annuities 
the annual rent is 1. 

When m is gréa ter than 1, the interest rate j converted m times 
per year may be indicated by writing (m) to the upper left of the 
symbol, and j to the lower right ; when m is 1, it is omitted and j 
may be replaced by i* For example, 

w s roi oc dénotés the amount of an annnity whose rent is 1 pay¬ 
able annually for 10 years at (j = .06, m = 4) ; 
dénotés the amount of an annuity whose rent is -J- pay¬ 
able quarterly for 10 years at (j = .06, m = 1) ; 
dénotés the présent value of an annuity whose rent is 1 
payable annually for 10 years at (j = .06, m = 1). 


By formulas (1) and (2) and the notation just given it follows 
that 

_ (i + *>• - i 


s ü]i~ 


(ll) , L=Si±SL 


I q + ï) n -1 n ) o(P ) = i 1 -q + *•)- 

nlt „ 1 


«u 


i 


q + ty - 1 
1 ... 


P 


(2i) 


q+tp-i 


Putting n = - in (li) gives Sj-, = ^ ^ putting n = 1 in 

P il' * 

(b) gives = -- l — 


(1 + iÿ - 1 


. Hence, using formula (11'), Art. 


13, Chapter I, 






Table V gives the values, correct to eight décimais, of for 
values of i and intégral values of n which occur frequently in 
practice; Table VI gives analogous values of a^,. It may be 


* The notation here used is that of Glover in Tables of Applied Mathemalics in 
Finance, Insurance and Statistics (Part I, page 3), published by George Wahr, 
Ann Arbor, Michigan. 
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readily verified that — = — + i. Table VII gives the reciprocals 

°n\i %!< 

of the numbers in Table VI, that is, the values of —• Table X 

<** 1 * 

gives the values of for certain intégral values of p. 

The tables just cited will be referred to as annuity tables. 


EXERCISES 

1 . Interpret the meaning of the following symbols ; draw a diagram in each 
case: 


w 5 *mo6 

W ««Sa. 

(b) 10a mo6 

(e) 

(c) 40 ^ 



2 . By use of Tables V, VI, VII, and X find the values of the following : 
(a) 5*55105 W ^ 


(6) 10a Tmo25 

(«) 

*I0T.03 


°251.045 

« 

*201.005 


21. New forms of the values of V» and V„. Formulas (1) and 
(2) can be put into forms well suited to computations with annuity 
tables by dividing numerator and denominator of the right-hand 

members by — and then using formulas (li) and (2i). This gives 
m 



1 

V n = R—& 

s ^\l 

Ira 

(3), V 0 = R 

S mr]— 

ira 

(4) 
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Formula (3) may be stated verbally in the form : To find the 

amourit of an annuity of renl R, term n, and rent period r, ai the 

rate j converted m times per year, divide the amount of an annuity 

• 

of rent R, term mn, and rent period 1 ai the annual rate, —, bu the 

m 

amount of an annüity of rent 1, term mr and rent period 1 at the 

annual rate —. 

m 

Formula (4) may be stated in an analogous form ; this is left as 
an exercise. 

When mr = 1, formulas (3) and (4) become, since = 1, 
v » = R^i (30, V a = 



When mr = -, formulas (3) and (4) become, since — = ps w 
by formula (1 3 ) 


r» 



(3») 

(4*) 


Formulas (1), (2), (3), and (4) should be thoroughly mastered. 
Formulas (3) and (4) are adapted to computations based on annu¬ 
ity tables ; formulas (1) and (2) are adapted to computations other 
than those based on annuity tables. 


Examfle 1. If $100 are deposited at the end of each half year in a bank 
which pays 5% converted semi-annually, find the amount of the deposite at 
the end of 5 years. (See Example, Art. 18.) 

Solution. By formula (3i) 

V t = 100 8^025 

$1120.34 (Table V) 

Example 2. Find the présent value of an annuity whose rent is $20, 
term is 3 years, and rent period is 1 month, at (j = .06, m = 1). (See Ex¬ 
ample, Art. 19.) 

Solution. By formula (4 a ) 

F. = 240 0^ .cm 

= 240 (2.67301195) • (1.0272107) (Tables VI and X) 

= $658.98 


Digitized by Go o 


Original from 

UNIVERSITY OF CALIFORNIA 



58 


MATHEMATICS OF FINANCE 


EXERCISES 

1. Write the expressions for F„ and Vo by use of formulas (1) and (2), 

divide numerator and denominator by 3-, and Write these résulta in the fonns 

m 

given by formulas (3) and (4), for each of the following : 


R 

n 

r 

i 

m 

100 

10 

i 

.06 

4 

100 

10 

i 

.06 

2 


2. Flnd V» and Vo at (j = .06, m =» 4), for each of the following : 


Tables V and VI 
Tables V, VI, and VII 
Tables V, VI, and X 

3. Write ihe expressions for the values of Vn and Va, in the forma beat 
Buited for computations, for each of the following : 


R 

n 

r 

i 

m 

100 

10 

i 

.055 

4 

100 

10 

i 

.06 

4 

10 

5 

i 

.05 

2 

10 

5 

À 

.05 

12 

25 

2i 

A 

.05 

4 

25 

1 

7 

A 

.04 

1 


R 

n 

r 

100 

2 

i 

10 

8 

i 

1 

2 

A 


22. Another dérivation of the formulas for the values of V n and 

V 0 . The interest payments on R for n years at the rate i payable 
annually constitute an annuity of rent Ri and term n. The value 
of this annuity at the end of its term at the annual rate i is repre- 
sented by iV n and the value at the beginning of its term by iV 0 . 
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It follows that, at this interest rate, the amount of R for n years is 
R + iV n ] likewise the présent value of R due in n years is 
R — iV 0 . The line diagram, AB, may be used to illustrate these 
statements : 

/?- T - n years ->- 

/{ i-1-1 • • • i-1 B 


Ri 


Ri 


Ri 


Ri 

R 


In this diagram the R above is the original investment and the set 
of su ms below is the retum on this investment, so that the set below 
has the saine value at any time as the R above. 

Equating the values of these sets at B and A gives respectively 

R + iV u = R( 1 + 0“ from which V n = R (1 + ~ * , 

l 

R{ 1 + 0— + iV 0 = R from which F» = R^zJL±1Ï2 


R 


An analogous treatment of the annuity composed of the interest 
payments on R for n years at the rate j payable m times per year 
leads to the équations 

( 1 + LY* - 1 

R + 2- V u = R(l + î -) nn from which V n = R- -^-, 

m \ m/ 

m 

zKT 

L 

m 

In general the compound interest amounts at the end of each r 
years on R for n years at the rate j converted m times per year, as 
given by formula (8), Art. 9, Chapter I, constitute an annuity, 

when — is an integer, of rent 4* — ^ — 1 J, term n, and rent 

period r. An analogous treatment of this annuity at the rate j 
converted m times per year leads to the general équations 


( 1+1 ) 
V . m) 


+ î- V 0 = R from which V 0 = R 


m 
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from which 


F. = R 


tîJhi 

o+r - 1 


< 1+ ir + [( 1+ iT- 1 ] v ‘ = B 


from which 


V 0 = R 


o+r - 1 


a) 


( 2 ) 


It may be noted that the dérivations in this article do not use the 
formula for summing a géométrie progression. 


EXERCISES. 

1. In the diagram each section of the line représenta one year: 

1 

A i-1-1- 1 -1- 1 - 

,06 .06 .06 .06 ,06 06 

1 

An investment of 1 5s made at A at (j ' = .06, m = 1). The retum on this 
investment is an annuity of .06 whose term is 6 years and in addition, 1 at B . 
Equating the values of the investment and of the return on the investment at B 
and at A gives respectively 

(1.06)- - 1 + .06 s n „ or 

1 -(1.06)- + or 

2. By the use of a diagram similar to that in Exercise 1 show that 

(! + •')-'-i+”a< 

1- ( 1 + i) --H V| ,°, t—a+il— 


o- - S r 


23. Relations connecting and a^. The relations given in 
this article are of service in computation. 

By Theorem I, s„n = a„u(l + i) n 


By formula (li), 


„ _(1 +0"-l 

s »]l-:- 

l 
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Solving each of these équations for (1 + *)" and equating the ré¬ 
sulta gives 

l + .‘v, 

«SU 

Dividing both members of this équation by gives the relation 

(5) 


1 1 . - 

— = — + î 


®nlt Sjj-li 


Relation (5) shows that the reciprocal of %x, is the reciprocal of 
Sjpo plus t, and that the reciprocal of s^, is the reciprocal of a*|, ( 

minus i. S in ce i can be subtracted easily from —L- it follows that 

°nn 

one table (Table VII) suffices for both — and — • 

O’Hli «nU 

To find the value of by means of Table V use may be made 
of the relation Ss^ r07 = $sno 7 (1.07) 3 4- 83107 . This relation may 
be readily verified by substituting the values of « 53107 , Ssno 7 , and 
s 3L07 given by formula (li). It may be derived by direct reasoning 
as follows : the annuity whose amount, S 53 X 07 , is to be found can be 
resolved into two annuities, one composed of the first 50 rent pay- 
ments and the other composed of the last three. The value of the 
first of these annuities at the end of 50 years is represented by 
and hence, by Theorem I, its value at the end of 53 years is 
85 ^ 07 ( 1 .07) 3 . The value of the second annuity at the end of its 
term is represented by 8 noj . It follows that = 850 x 07 ( 1 . 07 )* 
-f % 07 - This same method of reasoning leads directly to the 


general relations 

8 »+»,l< = (1 + *0"* 4- «sqi, ..... (6) 

a »+f»,U = (1 + *') "* + a n^l . 00 


When n and ni are found in the annuity tables but n 4- Wi is not, 
these relations can be used to compute the amount and the présent 
value of an annuity whose term is outside the range of the table. 
For example, (1.06)-*° 4- <%xIn deriving formu¬ 

las ( 6 ) and (7) the annuity whose term is n 4- ni years is resolved 
into two annuities whose ternis are n and ni years. Resolving a 
given annuity into two or more components is frequently of service 
in computations. 
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When «i is 1, formulas (6) and (7) take the spécial forms, 
since = 1 and a^ t = — — , 

^ = *,< (1 + 0 + 1 ( 6 ') 
a*. = <W 1+0-1 (7') 

These spécial formulas may be used in constructing tables of 
and For example, when n is 1, formula (6') détermines 

then when n is 2, it détermines and so on. If is computed 
from formula (3i), then, when n is 49, formula (7') détermines 
then when n is 48, it détermines and so on. In computing 
these tables by this process checks by direct computation should 
be made every 10 years or so to avoid errors. 


EXERCISES 


1. Verify by use of Tables V and VI that s no6 and satisfy the équation 


°S106 *5106 


+ .06 


2. Verify that = -î- + i by substituting a-,, = - — — and 


(1 +»)" — ! 


'il* 


3. Each section of the lines représenta one year in the following diagrams : * 





(1) Show that the sets of sums represented by these diagrams are équivalent 
at the interest rate » by showing that each is équivalent to 1 at A. 

• Insert “1” under last i in diagram (a). 
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(2) Show that the value at B of the set of auras represented by diagram (a) is 
t + 1, and by diagram (6) 

°âl« 

(3) Equate the résulta in (2) and show that -î— — ——f- i. 

°eii ®ïii 

4. Show that; 

(a) 8jn< = 8jlt (1 + i)* + 8s1 , = 8jli (1 + i)* + 8alt = s„(l +0+1 

w «iW. = «si* » +0+1 =(l + 0» + « >ni 

« - «,1, + a,!, (1 +0- = «*< + <%!, Cl + *0- = (1 + 0^X1 + 0- - 

®ïij +(1 + O" 1 

(O a**™ -(«Î1I + Ut* + 0-' = «ü, + (1 + 0- ( * +1J 

5. Find the value of 

(a) 8rrro „ (Tables III and V) 

(^“imos (Tables IV and VI) 

(c) 

* 1171-08 

24. Graphs of s^u and Each of the formulas for the values 
of and involves three letters and when one of these letters 
is given, each formula expresses a relation between the other two. 
These relations can be represented graphically. 

Figure 5 shows the graphs of and a n14 for i = .04 and n = 0, 
1, 2 ••• 14. . Tables V and VI were used in constructing them. 

It may be noted that the slope of the graph increases as n 
increases and that the slope of the a^, graph decreases as n in¬ 
creases. 

Figure 6 shows the graphs of and a n]i for n = 15 and t = 
.005, .01, 015 - .07. 

It may be noted that the segments of the graphs in Figure 6 
which lie between adjacent values of i given in Tables V and VI 
are nearly straight lines. 

Corresponding graphs of the more general functions V n , V„ may 
also be constructed ; when mr is different from one, it is necessary, 
however, to compute tables of values of V n , V a for assigned values 
of n or of i. 
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26. Problems based on the annuity formulas. Problems whose 
solutions are based directly on formulas (1), (2), (3), and (4) hâve 
V n , V 0 , R, n, or j for the unknown; m is given. The processes 
needed to find these unknowns are similar to those used in Art. 12, 
Chapter I, in solving problems based on the compound interest 
formula except when the interest rate is the unknown. In Arts 
18, 19, and 21 some examples hâve been given in which F„ or V a is 
the unknown. In this article some examples will be solved in 
which R or n is the unknown. The détermination of the interest 
rate will be treated in Art. 26. 

Ex ample 1. A man désirés to accumulate $4000 in 12 years by investing 
equal amounts at the end of each year. Find the annual investment if he can 
realize 4% converted quarterly. 

Solution. By formula (3) 

4000 = R 8 Æm 
*41.01 

Solving, R « 4000*g| 01 —— 

*451.01 

- 4000(4.060401) (.01633384) 

= 1265.29 

Example 2. An investment of $5000, bearing 4% payable annually is to be 
used, principal and interest, to repair a building at the end of each 5 years 
for 30 years. If the same ajpount is spent each time repairs are made, find 
this amount. 

Solution. By formula (4) 

6000 = 

Solving, R = 5000 —-— 

a 30104 

= 5000(5.41632256) (.0578301) 

= $1566.13 

Exercise. Check the value of R by constructing a schedule showing the 
outstanding principal at the end of each 5 years. 

Ex ample 3. What payment made at the end of each six months for 3 years 
will discharge a debt of $1200 at (j = .06, m ■* 1). 
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Solution. By formula (4) 
1200 = 


Solving,* R = 1200*^- 

a n.o6 

. 1200-1.(1 + •<»»*. =i 

°yi.06 - 06 

- 20000(.37410981) (.02066302) 

- $221.20 


(Tables Vil and VIII) 


Exercise. Solve Example 3 by use of formula 2. 

Example 4. If instalments of $300 including principal and interest are 
paid at tbe end of each six months on a debt of $5000 bearing 6% payable 
semi-annually, find how many instalments are needed before the principal of 
the debt is less than $300. Also find the payaient necessary to extinguish 
the debt at the end of the next six months. 


Solution. By formula (2) 

5000 

Solving, 1.03** 

2 n 

This resuit indicates that 23 instalments of $300 each are needed to reduce the 
debt to less than $300. Let x be the additional payment at the end of 12 
yeara which extinguishes the debt. Equating the présent value of the fcay- 
ments to 5000 gives 

^ + 300 ^ = 5000 
Solving, x = $136.029 

Exercibe 1. Find x by equating the value of the payments at the time the 
23d instalment is made to the value of the debt at that time. 

Exercibe 2. Find x by constructing a schedule showing the amount of 
the debt after each payment is made. 

Exercise 3. Find 2 n by interpolating in Table VI. (Hint. In this case 
a 25rvo3 = 16.66666667.) 

Exercise 4. Solve = (1 + 0" - 1 f or n j n terms 0 f j anf j { 

• Notice that both interest and annuity tables are used in this computation. 


- 300 1 
= 2 

= J2£2 _ 23 44 

log 1.03 
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EXERCISES 

1. In the following diagram each section of the line représenta six months : 

5000 

i- 1 -1-■-1- - -i-'-1-'-i 

R R R R R R R ,R R R 

Find R if the set of sums consisting of the R’8 is équivalent to that consisting 
of the single sum of 15000. Use (j = .06, m = 2). Ans. $586.15. 

2. Each section of the line représente six months : 

/ 600.69 

-.- fi -^ 

fr-*- 1 -1 • • * I- 1 -f 

100 JO O ' 00 100 JOO 

If 0 = *06, m = 1), find n if the two sets of sums are équivalent. Ans. 11 years. 

3. A savings deposit of $5 is made at the end of each week for 10 years. 
Find the amount of the deposits if ( j = .04, m = 4). Ans. $3192.27. 

4 . A man buys a house for $5500. He pays $500 cash, and agréés to pay 
$60 at the end of each month thereafter until the debt is paid. If the interest 
rate is (j = .06, m = 12), how much will still be due at the end of four years? 
at the end of six years? How many payments will redule the debt to less 
than $60? If the debt is paid in full one month after it is reduced to less than 
$60, find the Iast payment. Ans. $3106.58; $1975.69; 108; $4.12. 

6. The présent value of an annuity of $10 paid at the end of each six months 
for n years at (j = .05, m = 2) is $194.64. Find n, (a) by use of Table I, 
(6) by use of Table VI. Ans. 13.5 years. 

6. The amount of an annuity of $10 paid at the end of each six months 
for n years at (j = .05, m — 2) is $333.16. Find n, (a) by use of Table I, 
(6) by use of Table V. Interpret the meaning of the fractional value of n. 

Ans. 12.27 years. 

7. The rent of a house is $60 a month. If the rent is to be paid at the end 
of each month, find the équivalent annual rent payable at the beginning of the 
year if (j = .06, m = 1). Ans. $697.73. 

8. A debt of $5000 is extinguished in 5 years by equal monthly payments. 
If (j = .06, m = 4) and the payments are made at the end of each month, 
find the amount of each payment. 

9. What is the cash price of a piano which is équivalent to $50 cash and 
monthly payments of $25 thereafter until $500 in ail is paid. Use (j = .08, 
m = 4). Ans. $472.19. 
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10 . Wbat 8um deposited in a savings bank at the end of each month for 
8 years will amount to $1000, if (j = -04, m = 4). Ans. $8.86. 

11. A cash payment of $3500 was made on a farm bought for $10000. What 
payment made at the end of each year for six successive years paid the balance 
in full, if 0 == -055, m = 2)? Ans. $1304.28. 

26. Methods for finding the interest rate. In this problem the 
équation to be solved is gotten by substituting the known values 
of V» or V 0 , n, r, and m into formulas (1) or (2). In practice, the 
value of j determined by one of these équations is usually an irra- 
tional number. There are two methods in common use for solving 
such équations. One of these is the interpolation method; and the 
other is Newton’s method. For the accuracy needed in many 
problème of this type in finance, the interpolation method is préf¬ 
érable. A third method, well suited for solving rate équations, is 
the method of itération,* 

In problems in which interpolation has been used heretofore to 
détermine an unknown approximately, there has been just one in¬ 
terpolation for the unknown and the tables used for interpolating 
hâve been given ; they hâve been logarithmic, interest and annuity 
tables. In problems in finance in which the rate is determined to a 
desired degree of accuracy by the method of interpolation more 
than one interpolation are often needed and the tables used for 
interpolating and for testing the accuracy of any approximation 
must be constructed. In a rate problem based on formula (1) or 
on formula (2), the relation between V» or V 0 and j, gotten by 
substituting the known values of m, n, and r into the one or the 
other of these formulas, can be used to construct such a table of 
values of V» or V a corresponding to assigned values of j. 

Newton’s method consists in replacing j in the équation to be 
solved by j' + h, where j' is any approximation already found and 
h is the correction or error, arranging the resulting équation in 
ascending powers of h , dropping the terms which contain powers of 
h greater than one, and solving for h. Then j' h is a doser 
approximation than j\ By repeating this process the root can 

• Se© papcrs in. Volume XXXII, 1925, of the American MaXhemaXical Monthly 
by C. H. Foraythe, March Number, page 126, and by L. R. Ford, June-July Num¬ 
ber, page 272. 
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be found to any desired degree of accuracy, The initial value of 
j 'is usually gotten by selecting one of two numbers between which 
the root lies in a table constructed as in the method of interpola¬ 
tion, by selecting the approximation found by one interpolation 
in such a table, or by use of some approximation formula. 

By means of a graph the géométrie significance of an interpola¬ 
tion and also of an application of Newton’s process may be seen. 
Let /(x) = k, where k is a constant, be any équation having a root, 
x, between the two numbers a and 6, and let Figure 7 represent 
the graph of y = /(x) from a to & inclusive, MP being the ordinate 
of length k, OD being the abscissa a, and 0E the abscissa b. 



To solve the équation /(x) = k is to find the value of OM. Since 
0M = a + DM, this is équivalent to finding the value of DM. 
In the interpolation method the arc AP B is replaced by the chord 
AB, the given ordinate, MP, takes the position MiC, and DMi 
is found instead of DM. In Newton’s method, if a is the approxi¬ 
mation used, the arc AP B is replaced by ita tangent at A, the given 
ordinate, takes the position M^T, and DM* is found instead of 
DM. When the arc APB is nearly straight both methods give 
excellent approximations. 

The solution by the method of itération of a rate équation in j 
is based on writing the équation in a form j = /(j), where f(j) is a 
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fonction of j whose value, j" = f(j r ), for a given approximate 
value j' of j is a doser approximation to the root than j' ; like- 
wise f(j") is a doser approximation than j". By répétition or 
itération of the process of computing successive values of f(j) 
the root can be fourni to the accuracy desired. The rate équa¬ 
tions which arise in elementary finance can usually be written in 
the form j = f{j) in more than one way. For example, the 

équation 12102 = 1000 -— ^ — can be solved readily for 

J 

either j which occurs in it, and hence it may be written in the 
forms: j = -——; j =(1 — 12.102 — 1. The first 

of »these forms is suited to the method of itération, but the second 
is not. This may be seen by observing the graphs of 

(O y = ~ =^T “ d (2) v ” (1 _ 1X102 ^ ~ l - 

To solve either of the two forms of this rate équation is to find the 
abscissa OM of the point P in which either graph (1) or graph (2), 
Figure 8, is eut by the line y = j. From graph (1) it is seen that 
the first form of the j équation replaces any approximation ON 
by N P, = OMi, which is a doser approximation to OM than ON ; 
from graph (2) it is seen that the second form of the j équation 
replaces the approximation ON by NP 2 = OM 2 which is not as 
good an approximation to OM as ON. Observation of the graph 
of a like form of any rate équation will show if the form is suited 
to the method of itération. 

Some examples will now be solved to illustrate these methods. 

Example 1. An annuity of $100 per year has a value of $2065 at the end 
of 15 yeara at the interest rate i converted armu&lly. Find the interest 
rate i. 

Substitutîng into formula (1) and dividing both members by 100 gives, for 
the équation to be solved, 


- _ 1 = 20. G5 or = 20.65 

Solution bt interpolation. In this case* f) 16 ~ 1 ^ 

IÎ1 ‘ t V 

be used to construct a table of values for interpolation. By Table 4V* 


* 151.04 = 20.02358764 and = 20.78405429. Hence i lies between .04 


Digitized by Google 


• Original from 

UNIVER5ITY OF CALIFORNIA 



ANNUITIES CERTAIN 


73 


and .045. Interpolation from the table 


i 

S I51 i 

gives i ~ 04 

.04 

20.0236 

° .045 - .040 

i 

.045 

20.65 

20.7841 

Solving, i 


.6264 

.7605' 


.0441 


Figure (6) in Art. 24 shows that the graph of s rsil is similarto that in Figure (7). 
It foliows that the root to be found is greater than .0441. By use of a 7-place 
table of logarithme it is found that = 20-660. Hence the root lies 

between .0441 and .0442, so that .0441 is correct to four décimais. Computing 
*151 0441 anc * interpolating from the table 


• 

t 

®nru 

.0441 

20.644 

i 

20.65 

.0442 

20.660 


„■ i - .0441 _ 6 
P .0442 - .0441 16' 

Solving, i = .04413 


It foliows again that the root is greater than .04413. This is seen also from the 
facfc that «^ 044 X 3 = 20.649. The root is less than .04414 since = 

20.650 +. Hence the root lies between .04413 and .04414. 


relation 

i 


s 

8 rcn 

8 TBU 

.04 

20.0236 

.0441 

20.644 

.04413 

20.649 

i 

20.650 

.04414 

20.650+ 

.0442 

20.660 

.045 

20.7841 


c&n be combined into the single table 


Finding the first fîve digits of the root is équivalent to 
constructing this table of pairs of corresponding values 
of and i. The numbers in the first and the last rows 

are the first pair, thbse in the second and the next to the 
last are the second pair, and so on. A similar table can 
be constructed for any rate équation. 


Solution by Newton’s Method. The équation to be solved may be 
written ! 

(1 + t)* - 20.65 i-l=0 

One interpolation shows that the root is .0441 approximately. Replacing i 
by .0441 + h , expanding by the binomial theorem, and dropping powers of h 
higher than the first gives 

(1.0441)“ - 1 - 20.65(.0441) +^15(1.0441)“ - 20.65) h = 0 
On computing by seven-place logarithms, this gives 

h = .000034 or .000035 
i = .044134 or .044135 
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A second application of Newton’s method, using t = .04413 + h, shows that 
h = .000004 or .000005. A seven-place table of logarithins i b not of sufficienfc 
extent to show which of these values of h is correct. 

Ex ample 2. The présent value of an annuity of $1000 per year for twenty 
years is $12102. Find the interest rate i if interest is converted annually. 

Substituting into formula (2) and dividing both members by 1000 gives 
for the équation to be solved, 


1 -(1 + _ 


= 12.102 or 


°W\i 


= 12 . 102 . 


Solution by interpolation. In this case = -— (1 + *)~*° ^ 

used to construct a table of values for interpolation. By means of Table VI 
and a seven-place table of logarithme, the following table of pairs of values of 
a wii and i can be readily computed : 


t 

°2DH 

.05 . 

12.4622 

.0534 

12.1106 

• 

t 

12.1020 

.0535 

12.1005 

.0550 

11.9504 


This table shows that the root lies between .0534 and 
.0535. Another interpolation gives < = .05349. 


Solution by itération. • As seen by the solution by interpolation the root 
î lies between .05 and .055. The équation to be solved can be written in 
the following form, which, by the above discussion, is suited to the method 
of itération : 

i _ 1 -a 
12.102 

Employing this form and using arrows to indicate substitutions, the work can 
be outlined as follows : 


.05 —i 

>- .0515 

.055 — 

-►.0534 


Average 

= .0529 


.053 — 

-►.0532 

.054 — 

-►.0538 


Average 

= .0535 


.0535- 

-►.05349 




EXERCISES 

1. An annuity having R = 10, n = 5, r = ^ h as an amount of $112.30. 
Find L correct to four places of décimais if m = 2. Ans. .0255. 

2. An annuity having R = 100, n = 5, r = J has a présent value of $1700. 

Find - correct to four décimais if m = 4. 

4 

* See paper by Forsythe referred to on page 69. 
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S. An electric washer waa priced at $100 cash or $5 cash and $8.50 at the 
end of each month for twelve months. If m = 12, find ^ correct to five 
décimais, which will make the two prices équivalent. Ans. .01111. 

27. The value of an annuity at any time. Deferred and for- 
borne annuities. An annuity whose term begins ni years after a 
specified time is called a deferred annuity with respect to this time ; 
it is said to be deferred ni years. An annuity whose term begins 
ni years before a specified time is called a forbome annuity; it is 
said to be forbome ni years. Formulas (1), (3) and (2), (4) give 
the values of an annuity at the end and at the beginning of its 
term. 

The expression for the value of a deferred or a forbome annuity 
can be written at once by use of either one of the following methods : 

Method 1. To find the value of an annuity al any time, apply 
Theorem I, Art. 15, Chapter I to V 0 or F*. 

Method 2 . To find the value of an annuity al any time, résolve 
the annuity into the différence or sum of two annuities each of which 
has the beginning or end of its term at the given time, and then find 
the différence or sum of the values of these componenl annuities at 
this time. 

The following line diagram can be used to visualize these two 
methods : 


C, A C? B C 3 



R /?••/? /?••/? /? 


AB represents an annuity of rent R, term n years, and rent period 
r years. The arrows indicate increasing time. The value of this 
annuity at Ci will be denoted by F-»,, at A by V„ , at Cj by F»,, at 
B by V n , and at C 3 by F (n+ni) . 

By Method 1, the value at Ci of the annuity AB deferred ni 
years is given by 

-- - r < i + kr 
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By Method 2, the value at Ci of the annuity AB deferred m 
years can be found by first filling in the missing values of R be- 
tween Ci and A and then subtracting the présent value of the 
annuity C\A from that of the annuity CiB. This gives, using 
formula (4), 




a 


m(n+n{) 


m 


l 

m 




Analogous expressions for the values of the annuity AB at C 2 and 
Cz are given in Exercises 3 and 4 at the end of this article. 

Some examples will now be solved to illustrate these methods. 

Ex ample 1. Find the présent value of an annuity of $100 every six months 
for five years, deferred three years, at (j = .055, m = 2). 

Solution b y method 1. 

F_, = F„ (1.0275)-* 

- 10 ®«nw»( L 0275)-* 

= $734.22 

Solution by method 2. 

F_» = 100(o mo276 - a^,^) 

= $734.22 

Example 2. Find the value of an annuity of $100 every six months for 
five years, forbome eight years, that is, three years after the payments are 
discontinued, at (j = .06, m = 2). 

Solution b y method 1. 

Fs = Fs(1.03)* 

= 10° s mo3 d- 03 )® 

= $1368.85 

Solution by method 2. 

Fg = lOOfsjj^ - s^) 

= $1368.85 

Ex ample 3. Find the value of the annuity in Example 1 if it is forbome 
two years, that is, find ita value at the time of the fourth payment. 

Solution b y method 1. 

F t = F„(1.0275)« 

= 1Q 0 «Hn.0275 • d-0275)* 

= $963.04 
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Solution b y method 2. 

Fi = + 0^0275) 

= $963.04 

Exercises 1-4 which follow refer to the annuity AB diagrammed 
above. 

Exercise 1. Show that 


V- 




By Method 1. 


-mni 


R 


m 


L 

m 


-. . 


i- 

m 


(L- 


= R 




m mni | m 


S—j J 


This resuit shows that the two methods give équivalent results in case of 
a deferred annuity. 

Exercise 2. When R = r = 1, F-n, is denoted by ni | a^ { • w h e n R =r = -» 
F-m ifl denoted by ni | Show by use of the resulfc of Exercise 1, that 

ni 1^4^ “nTnïïi ~ "fhll 
ni I “ni* “ “HTnTl i “nTl i 
Exercise 3. Show that, (n* < n) 

o + r 

/ + «: 


Vn.~ R 


m{n-n i) 

= R - 1 
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Exercise 4. 


Show that 



Exercise 5. Use the résulta of Exercises 1,3, and 4 to show that Methods 
1 and 2 give the same resuit for the value of an annuity at any time. 


EXERCISES 

1. Each section of the following diagram représenta three months : 

C, .A C 2 B C 3 

|- l _t_ ! | I I I |-1 I I | -I »■ I |-' I » | I 1—1—1 

Find the values of the annuity AB at Ci, at Ci, at Ci, (a) at the rate ( j = .045, 
m = 4) ; (b) at the rate (j = .06, m = 12) ; (c) at the rate ( j = .045, m = 2). 
How long is the annuity A B deferred with référencé to Ci ? How long is it 
forbome with référencé to C,, and how long with référencé to C*? 

2. Each section of the following diagram représenta six months : 

1000 c 

A i-1-1- 1 ■ i- 1 -1- 1 -1 B 

100 100 100 100 R R R R 

The set of sums below the line is équivalent to that above it. Find R by 
equating the values of these sets at A ; at C; at B. Use (j = .05, m = 2). 

Ans. $183.03. 

8. Find the values at A and at B of the set of sums, represented by the 
diagram below, where each section of the line représenta one year, at (j = .06, 
m = 2 ). 

yl A, B, B 

I- \ -1-1-1-1-1-^-1-1-1-1-1-1-!-1-I 

25252525252530303030303025252525 

[Résolve the set of sums into the annuity AB whose rent is $25 and the an¬ 
nuity AiBi whose rent is $5]. Ans. $268.29 ; $690.87. 
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4 . A man purchased a house for $6800, paying $1200 cash, and agreeing to 
make monthly patents on the balance. He paid $50 for 65 months, $40 
for 15 months, and $55 for 20 months. What was the amount of the debt 
after the last payment if (j = .06, m = 12)? How many additional $55 
payments will reduce the debt to less than $55 ? If the debt is paid in full 
one month after it is reduced to less than $55, find the last payment. 

Ans. $2821.43 ; 59; $23.33. 

28. The value of an annuity due at any time. In an annuity 
due the rent is paid at the beginning of each rent period ; in an 
annuity it is paid at the end of each rent period. It follows that 
an annuity due of given rent, rent period, and terni, is équivalent to 
an annuity of the same rent, the same rent period, but whose terni 
begins and ends one rent period earlier. A line diagram may be 
used to represent the annuity due and its équivalent annuity : 

Aj A B j B 

i-1-1 . . • ]-1-1 

R R • • • R R 

In this diagram AB représenta an annuity due whose terni begins at 
A and ends at B, and AiBi represents the équivalent annuity whose 
term begins at Ai and ends at Si. The value at a given time of any 
annuity due, AB, is then the value at this time of the annuity Ai Si. 
It follows that the methods in Art. 27 are directly applicable to the 
problem of finding the value at a given time of an annuity due. 

Example 1. Find the présent value of an annuity due having R = 100, 
n = 20, r = § at (j = .06, m = 2). 

In the following diagram * let AB represent this annuity due and A x Bi the 
équivalent annuity. 

Aj A Bj B 

t ---1-- • • • i- 1 -1 

. 100 100 100 • - '100 100 100 

The présent value of the annuity due, AB, is then the value at A of the an¬ 
nuity A\B\. 

Solution bt method 1. 

V i = Vo( 1.03) 

= ioo œ (1.03) 

= $2380.82 

* Delete the 100 under B. 
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Solution bt method 2. 

F* = 100+ 100^ 

= *2380.82 

Example 2. Find the value of the annuity due in Example 1, if it is 
deferred 10 years ; if it is forborne 30 years. 

Solution b y method 1. 

= v 0 (i.03)-« r 3 (* = Va (i.03)« 

- M» «an.« - 100 a^.03 (l.03)« 

= *1318.20 = *14026.86 

Solution bt method 2. 

Fftj = 100 + 100(0^03 — F30^ =* 100(8^03 — S 2H03^ 

= *1318.20 = *14026.86 

The symbole used for the value of an annuity due are the same 
as those for an annuity with the exception that a is replaced by a 
and s by s. For example, représenta the présent value, and 
Sjn the amount of an annuity due of rent 1 payable annually for 
n years. 

Exercise 1. Show that 

a »1i = 1 + °S=TH - «nd 1 + 0 
H], = S nTY]t ~ 1 " «SI* G + 0 

[Use methods 1 and 2, Art. 27.] 

Exebcise 2. Show that 



EXERCISES 

1. Each section of the diagram représente one year: 

B 

I-1-1-!-1-1-1-1-1-1-1. 

J 1 J ! 1 1 1 1 1 1 

Find the value of the annuity due AB at A t and at B, if (j = .06, m = 1). 
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2 . Show that the annuity due AB of annual rent 1 in Exercise 1 is équiva¬ 
lent to the annuity AB of annual rent 1.06 if (j = .06, m = 1). Use this 

fact to show that _ „ 

®moô 8 moa 

a mo6 = a VT,OÔ 

3 . Show that an annuity due of rent R is équivalent to an annuity of rent 

IE ( 1 + î- Y* r , having the same term and rent period if the interest rate j is 
V m) 

converted m times a year. 

4 . What is the annual rent payable in advance which is équivalent to a 
monthly rental of $60 payable at the beginning of each month if (j = .06, 
m — 1)? (See Exercise 7, Art. 25.) Ans. $701.12. 

B. Deposits of $100 were made in a savings bank at the beginning of each 
qu&rter year for 5 years. Find the amount of these deposits at the end 
of 5 years ; at the end of 10 years ; at the time of the last deposit. Use 
(j = .04, m = 4). Ans. $2223.92; $2713.60; $2201.90. 

6. Same as Exercise 5, except that the deposits were made at the beginning 
of each month. Ans. $6649.70; $8213.89; $6627.68. 

29. The value of a perpetuîty. By the définition in Art. 1, 
a perpetuity is an annuity whose term becomes infinité. From 
this définition it follows that the value of a perpetuity at any time 
can be found by making n infinité in the expression for the value 
of an annuity at the given time. The resuit of making n infinité 
in any annuity formula can be written at once by noting that 

=0 and L^^/l + —\ ->-oo and hence that 
V ml _ V ml 




s = — and 
L 
m 


/ 00 . 
m 


For example, when n cc , V 0 = R 


= R 


(l+^T-1 

V m) 

1 


i-s 

m 


( 2 3 ) 


(4 3 ) 




The value of a perpetuity at any time other than the beginning 
of its term can be found by Methods 1 and 2, Art. 11. In apply- 
ing Method 2, the given perpetuity is resolved into the sum or 
différence of a perpetuity and an annuity. 
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Exercise 1. Show that, when n-*-<x>, the value of a perpetuity deferred 
ni years is given by ^ 


-n, 


0+iT- 1 ^ 




Exercise 2. Show that, when n +- oo, the value of a perpetuity forborne 
ni years is given by 

*—>/+4- 


. o + r 

0 +LT - 




En, = R 


R 


m 


8 —i> 

mr \m 


Example 1. Find the présent value of the perpetuity (R = 100, n ac, 

r = 5) at the rate (j = .06, m = 2). 

Solution. By formula (4*) 


V 0 = 100 


1 


.03 b 


nn.03 


100 

.03 


(.08723051)= $290.77 


Exercise. Solve Example 1 by using Vo 


100 


[Formula (2,)] 


(1.03)“ - 1 

Example 2. Find the présent value of the perpetuity (R = 100, n-*-oo, 
r — i) at the rate (j = .06, m = 4). 

Solution. By formula (4*) 

TT" _ 100 1 


.015 b 


100 

.016 


21.015 

(.49627792) = $330.85 


EXERCISES 

1. Find the présent value of an annuity having R = r = 1 at 0" = -06, 
m = 1) if n = 10 ; if n = 100 ; if n = 150 ; if n -»-oo . 

Ans. $7.36; $16.62; $16.66; $16.67. 

2. Find the présent value of a perpetuity whose term is deferred 10 years if 
R = 10 and r = $ at (j — .06, m = 4) ; find the value if the term is forborne 
10 years. Ans. $737.76; $2427.73. 

3. How much could a railroad company affoïd to spend to eliminate a 
dangerous Crossing requiring the attention of two watchmen at $150 a month 
each? Use (j » .05, m = 2). Ans. $72746.32. 
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4 . If (j = .05, m = 2) what is the amount of an endowment which will 
provide a perpetuity of $1000 at the beginning of each year? Ans. $20753.09. 

6. By the terms of a wili an annual perpetuity of $1000 is equally divided 
between two changes. If the first charity receives the entire income until 
it has received its share, find the number of payments it receives and the 
amount of the last payment if (j = .05, m = 2). Ans. 29; $35.48. 

6. Dérivé formula (2|) by use of the formula for the sum of a géométrie 
progression when the number of terme become infinité. 

7. Dérivé formula (2§) by noting that V a is the principal of an investment 
which yields R dollars of interest at the end of each r years. 

[In this type of investment, the principal is not retumed.] 

8. Solve Example 1 above by use of the principle stated in Exercise 7. 


30. The value of a continuous annuity. A continuous annuity 
is one having an infinité number of rent payments each year 
and a fixed annual rent K ; that is, in a continuous annuity 

R — —, and p becomes infinité. In Art. 14, Chapter I, it was 
V 

seen, by equating two expressions for the force of interest, that 

£*-*..£[(1 + i) x - 1] = log.(l -f i). Upon replacing x by £ and i 

m 

by 3- and multiplying by m it foliows from this limit that 

m 

+Q - l]= m Iog.(l + £) 

and hence that 

+ m)' 

By means of these results the value of a continuous annuity at 
any time can be written from the formula for the value of an an¬ 
nuity at that time. For example, 

1 


When p-xc and R = V a = K V mJ 

V 


\—mn 


” log -( 1 + i ) 


(20 


= 


mn 


I m 


W 


iog< ( i+ s) 


(44) 
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When p ->-oo and R = —, V, 

V 


(i+ir-i 


ir ' mJ 

K / i\ 

(10 

mlog -( 1 + is) 




__ n wi 1— 

= Kl .-. 

(3a) 

"> 1+ a 



When K = m = 1 and Fo is denoted by and F» is de- 

noted by s^,. 


Exercise. Show that 

- 1 -(!+<)- 

îog.d + i) 


S 


a SH 


_ (1 + j)n - 1 _ j 
" 1< log.(l 4- i) ô 

Example. Find the présent value of the continuous annuity (K = 100, 
n = 10) at the rate ( j - .06, m = 2). 

Solution. By formula (4 4 ) 


V, - 100(.015) 
-= $754.99 


Q mo3 
logi (1.03) 


EXERCISES 

1. At (j = .06, m = 1) find 7, for each of the following annuities : K = Rp 
= 1000, n = 10, - = p = 2, 12, 52, 365 and for - = p-»-oo. 

T T 

Ans. $13375.62; $13539.46; $13564.82; $13671.60; $13672.38. 

2. Compute the values of 1000 and 1000 ôj^ ^ 

Ans. $7678.31 ; $7678.75. 

31. An extension of the compound interest formula. The 

interest payments on a principal, P, bearing the interest rate j 

Pi 

payable m times per year form an annuity whose rent is — and 

tn 

whose rent period is —. By formula (3) the amount of this annu- 

m 

ity at the rate j converted m times per year is given by 
Pi 

V n =* — 1L s —, ). It follows that the compound amount of P for n 

m nn \m 
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years at the rate j converted m times per year can be written in the 

form, S = P( 1 + — s—, A The two formulas 
V m mn \m / 

s - P { 1 + i 

give the same value for S. In the dérivation of each of these 
formulas, the interest payments bear the same rate as the original 
principal. 

If often happens in business transactions that the interest pay¬ 
ments on P are invested at rates which differ from the rate which 
P yields. In such cases the above formulas are not applicable. 
The method used in getting the second formula is applicable, 
however, to any case. Let P bear the rate j payable m times per 
year. When the interest payments bear the rate j' payable m 
times per year, the formula for S becomes 



When the interest payments bear the rate j ' payable m 'times per 
year the formula for S becomes 

\ ms ®]£ I 

Still more general formulas for S can be gotten by separating 
the interest payments on P into sets of one or more each, and then 
accumulating these sets at different rates by the use of the formulas 
for the amounts of a single sum, an annuity, and a forborne annuity. 
Many interesting formulas can be found in this way. In problems 
in elementary finance these formulas need not be used ; it is better 
to make direct use of the method just stated, by means of which 
they can be written. 

Each of these formulas, when solved for P, gives an analogous 
formula for the présent value of a sum. 
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Exercise 1 . If S « p(l + î- s —. A show that 

V m H™ / 


(l+ls L ) 
\ ™ mn 


s(l — î-a —,A 
V m mn j jn/ 


Exercibe 2. If S = P(1 + i show that 

Example. A J1000 bond bearing 4% payable semi-annually and maturing 
in 5 years at par is bought at its face value. Find the amount of this invest- 
ment at the end of the five years if the buyer can invest the interest payments 
(1) at (j - .04, m - 2); (2) at ( j = .05, m = 2); (3) at (j = .06, m = 4); 
(4) at (j = .05, m = 2) during the first three years and at ( j = .06, m = 2) 
during the last two years. 

Solution. In this example the interest payments on the bond form the 
annuity (R ’= 20, n = 5, r = i). The amount of this annuity 
at (j = .04, m = 2) is V* = 20 02 = 218.99; 

at (j = .05, m - 2) is 7, = 20 a mo25 - 224.07; 

at (j = .06, m = 4) is V , = 20 s mol5 = 229.52; 

afc C' = -06^ m =2 for 2 yrs.) 19 F * = 20 (* 101 . 025 - s nW+ 20s il.O3 = 224.69. 

Hence the afnounta of the investments are (1) 11218.99, (2) $1224.07, 
(3) $1229.52, (4) $1224.69. 

32. The value of a set of annuities. Increasing and decreasing 
annuities. Some transactions in finance involve sets of annuities. 
The value at any given time of a set of annuities can be found by 
adding the values at that time of the separate annuities which 
compose the set. The values of some sets can be found more 
easily, however, by basing the computations on simplified forms 


R R 
R R 
R R 
R R 
R 


R R 
R R 
R 


R R 
R R 
R R 
R 
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of the expressions for the sum of the values of the given sets. The 
line diagrams on page 86, each section of which dénotés r years, 
represent such sets.. 

The terms of the sets in A B ail begin at A ; the terms of those in 
CD ail end at D. In each case the terms of the separate annuities 
are r, 2 r, 3 r, 4 r, 5 r. In general sets of these types, 5 r is replaced 
by n. The separate sets represented by each of these diagrams 
can be combined into a single set by adding vertically. These 
single sets can be represented by the diagrams 

Aj B t Cj D 1 

I -1-1- 1 -1- 1 .1 -1-!- 1 -1-1 

5R 4R 3R 2R R R 2R 3R 4R .5R 


When 5 r is replaced by n the set represented by AiBi is called a 
decreasing annuity of term n, and that represented by CiDi is called 
an increasing annuity of term n. 

In this article simple formulas are found for the values of increas¬ 
ing and decreasing annuities of the kinds illustrated by the above 
diagrams. Symbole for the values of these increasing, and decreas¬ 
ing annuities may be obtained by prefixing the letters I and D to 
the symbols used in the preceding articles. For example, (/s S|< ) 
dénotés the amount at the annual interest rate i of an increasing 
annuity of term n and rent period 1, whose successive rent pay- 
ments are 1, 2, —, n. 

The expression for the présent value of a decreasing annuity, 
obtained by writing the sum of the présent values of the annuities 
which compose it, as illustrated by the diagrams A\Bi and AB, can 
be changed into a simple form. The process is as follows : 


(DVo) = R 


a ^iL |, 

i JL 

\m 


S " 7 1, 


+ 




a ^\ï 


by formula (4), 




R 


8 


*\i 


3_ 

m 
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by formula (2i), 


When mr = 1 


When m = 1, r = 


R 


n 

r 


a —l 

mn r: 
_ jn 

S - il 

^\m 



J 

m 



(DV 0 ) = R 



m 


1 (DVo) = R n 

t 


( 8 ) 

( 8 .) 

(8j) 


Exercise. Find a formula for (DV n ), the amount of a decreasing annuity. 
[Use Théo rem I and formula (8).] 


The expression for the amount of an increasing annuity obtained 
by writing the sum of the amounts of the annuities which compose 
it, as illustrated by the diagrams C,Dt and CD, can be changed 
into a simple form. The process is analogous to that used in 
deriving formula (8). 


(IV„) = R 




+ — k + 


+ 




m 


mr, 

m 

(i+ iy+ (! + iy-+ ... + A + ir*- 

\ ms \ m' \ ms 


by formula (3) 


R 


«—1 1 


3_ 

m 


n 

r 


by formula (li) 


R 


( 1 + £)T + ( 1 + s) 


mr 


+ 



m 
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(1 + —)s—,£ — mn • 

When mr = 1, (IV») = R- - m/ mn]m - (9i) 

L 

m 

When m = 1, r = 1, ( IV .) = R (1 + - n (9 2 ) 

Z 

Exercise 1. Show that (Ja^j) = ^ 

Exercise 2. Find a formula for {IV,). [Use Theorem I and formula (9).] 

The processes used for finding the values of these increasing 
and decreasing annuities can be used for finding the values of 
other sets of annuities. (See Exercise 3, below.) 

EXERCISES 

1. Each section of the following diagram représenta six months : 

A C B 


250 225 200 175 .150 125 100 75 50 25 

Find the value of the decreasing annuity AB at A ; at B; and at C. Use 
(j = .04, m - 2). Ans. *1271.77; *1550.28; *1376.60. 
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2. Each section représenta six months : 


A B 

i---1---1-1-1-'-1- i -1 

10 30 30 40 50 60 70 80 90 100 


Find the values of the increasing annuity AB at B and at A . Use (j = .06, 
m = 2). Ans. *602.60; *448.39. 

3. Show that the présent value at (j = .04, m = 2) of the set of annuities 
having R = 25, r = and n = 5, 7, 9, 11, 13, 15, 17, 19, 21, and 23 is 

K 1 » - wteie ” - <Lœn 

Compute the value of this expression.. Ans. *5133.07. 


4. A bank established a Cbristmas savings club which required that each 
member deposit 5 cents at the end of the first week, 10 cents at the end of the 
second, 15 cents at the end of the third, and so on for 50 weeks, the last pay- 
ment being *2.50. Show that the amount A of this increasing annuity at 4% 
exact simple interest is, where w - 49 weeks, 


A = .05 |(v + 1)+ w + (w - l)+(i0 - 2)+ ••• + 2 + 1]+ 

[(W + l)w + w(w -l)+(»-1)(»- 2) + ... +(3)(2) + (2)(1)1 

(365) (2) 

= (.05) (io + 2)(w + 1) , (.05)(.04)7 r w(w + l)(to + 2) ~| 

2 T (365) (2) L 3 J 

- $63.75 + .80 
= $64.55 
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CHAPTER III 

APPLICATIONS 

33. Introduction. In Chapter I interest and discount formulas,* 
both simple and compound, hâve been derived for finding values of 
a single sum of money, and in Chapter II compound interest for¬ 
mulas hâve been derived for finding values of certain sets of sums, 
namely the annuities certain. Various applications of the formulas 
for a single sum hâve been given ; also a few applications to prob¬ 
lème involving sets of s ums hâve been given. In this chapter 
the applications will be treated more fully and systematically, 
especially those that involve sets of sums. In these applications 
the équations in the unknowns to be found will usually be set up 
by means of the method discussed in Art. 16, Chapter I, that is, by 
equating values of sets of sums. 

In solving many of the problems given in this chapter the fol- 
lowing procedure will be found helpful: (1) specify clearly ail 
sums, rates, and tenus involved, both known and unknown; 
(2) note the sets having equal values ; (3) set up the équations 
by equating values ; (4) solve the équations and perform the com¬ 
putations. When the data are complex a line diagram may be 
used to advantage in visuàlizing the problem. In determining 
the sets having equal values it is advisable to view each problem 
as an actual business transaction. The solutions of the équations 
are based on the same processes that are used in the illustrative 
examples in the text of Chapters I and II. 

The applications are arranged under three headings as follows : 
(1) Debts and Sinking Funds; (2) Investments ; (3) Déprécia¬ 
tion and Capitalized Costs. 
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DEBTS AND SINENG FUNDS , 

34. Methods of paying debts. Unless otherwise stated, the word 
“ debt ” will mean an interest-bearing debt. The interest pay- 
ments on a debt are due at specified times, and the principal of 
the debt may be extinguished by a set of one or more payments. 
The extinction of a debt through a set of payments is called amor- 
tization. A schedule, like that in Example 1, Art. 16, Chapter I, 
which shows the payments on the principal, the interest payments, 
and the unpaid principal in the process of amortizing a debt is 
called an amortization schedule. 

Different methods of amortizing a debt may be readily formu- 
lated by specifying different sets of payments on the principal. 
Those which follow occur frequently in practice and they suffice 
to illustrate the general processes. The unknown to be deter- 
mined may be the set of payments of principal and interest, the 
term, or the rate. Methods for finding the first two of these types 
of unknowns are given in Arts. 35 to 43 inclusive; methods for 

finding an unknown rate are given in Arts. 56 to 60 inclusive. 

\ 

35. The debt is retired in a known time by periodic payments, 
including interest and principal, which are equal in amount. In 

this method the equal payments, including interest and principal, 
constitute an annuity of unknown rent R having a given term n 
and mr = 1. The value of R can be found by solving the équation 
obtained by equating the présent value of this annuity to the origi¬ 
nal principal P ; this gives, 



Example 1. Annuity bonds to the amount of $10,000, bearing interest 
at 5 per cent payable semi-annually, are to be repaid, interest and principal, 
in ten equal semi-annual instalments. Find the amount of each instalment 
and construct an amortization schedule. 

Solution. By the above formula, 

R _ lOOQfl 

°mo25 

= $1142.59 
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AMO RTIZATION SCHEDULE 


Yeab 

Interest 

Period 

Principal at 
Beqinnino or 
Period 

Interest Dde 
at End of 
Period 

Payment of 
Interbst and 
Principal 

Principal 

Repaid 

è 

i 

10,000.00 

250.00 

1142.59 

892.59 

l 

2 

9,107.41 

227.69 

1142.59 

914.90 

U 

3 

8,192.51 

204.81 

1142.59 

937.78 

2 

4 

7,254.73 

181.37 

1142.59 

961.22 

2* 

5 

6,293.51 

157.34 

1142.59 

985.25 

3 

6 

5,308.26 

132.71 

1142.59 

1009.88 

3* 

7 

4,298.38 

107.46 

1142.59 

1035.13 

4 

8 

3,263.25 

81.58 

1142.59 

1061.01 

41 

9 

2,202.24 

55.05 

1142.59 

1087.54 

5 

10 

1,114.70 

27.87 

1142.59 

1114.72 

Totale 

1425.88 

11425-90 

10000.02 


Exercise. Reconstruct the amortization sçhedule above by carrying ail 
the work to milia, using R = 1142.588. 

Example 2. A $10,000 debt is to be paid, interest and principal, in ten 
equal semi-annual instalments. Find the amount of each instalment if the 
unpaid principal beara 5 per cent payable aemi-annually during the firat three 
yeara, and 6 per cent eemi-annually during the laat two years. 

Solution. Equating the value of the instalmenta at the end of three years 
to the value of the debt at the Bame date gives 

^«BT-ras + <W - i 0 » 000 (1025)» 
p _ 11596.934 
10.1048351 
= $1147.66 

Exercise. Construct an amortization schedule for Example 2. (Note 
that the interest rate per half year changes from .025 to .03 at the end of three 
years.) 
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EXERCISES 

1. Annuity bonds to the amount of $25,000 bearing interest at 5J% payable 
annually are to be repaid, interest and principal, in nine equal annual instal¬ 
ments. Find the amount of each instalment and construct an amortization 
schedule. Ans. $3595.99. 

2. A cash payment of $1500 is made on a house sold for $6000. The bal¬ 
ance is to be paid in 10 years by equal semi-annual payments which include 
interest and principal. If unpaid principal bears interest at 6% payable semi- 
annually, find thè semi-annual payment and construct an amortization schedule. 

S. A trust fund of $125,000 is created to provide equal quarterly payments 
for 10 years, at the end of which time the fund is to be exhausted. Find the 
quarterly payment if unexpended portions of the fund bear interest at 5% 
payable quarterly. Ans. $3990.18. 

4 . A balance of $1200 on the purchase price of an automobile is repaid in 
equal instalments, including interest and principal, at the end of each month 
for one year. Find the monthly instalment if the debt bears interest at 12% 
payable monthly. Construct a schedule. Ans. $106.62. 

36. The debt is retired in a known time by periodic payments, 
including interest and principal, which are nearly equal in amount. 
In sonie transactions in which it would be désirable to make equal 
periodic payments of interest and principal the conditions are 
such that it is impossible to do so. For example, in paying a debt 
in a given time represented by bonds of given dénomination it is 
not possible to make equal payments of interest and principal 
since the interest must be paid in full and the payments on the 
principal must be intégral multiples of the rédemption value of 
the bonds. In such cases the method in Art. 35 can be used to 
find the amount of the periodic payment under the assumption that 
this is uniform, and then the différence between this amount and 
the interest due at the end of any period détermines the number 
of bonds that should be retired to make the payments of interest 
and principal nearly equal. 

Example. A debt of $10,000 consisting of 100 bonds of $100 dénomination, 
bearing interest at 5% payable semi-annually, is to be paid, interest and 
principal, in ten semi-annual instalments as nearly equal as possible. Con- 
struct an amortization schedule. 

Solution. If the instalments were equal in value, the amount of each in¬ 
stalment would be $1142.59 by Example 1, Art. 35. The interest due in a 
half year is $250; the différence, 1142.59 — 250 = 892.59, shows that 9 bonds 
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should be retired at this time. The new principal is $10,000 — $900 = $9100 
and the interest due at the end of one year is $227.50 ; the différence, 
1142.59 — 227.50 = 915.09, shows that 9 bonds should be retired at the end 
of one year. Continuing this process gives the following : 

AMORTIZATION SCHEDULE 


Year 

Intbrest 

Period 

Principal 

AT 

Beginninq 
of Pebiod 

Interebt 
Due at End 
of Pebiod 

Number of 
Bonds 
Retired at 
End of 
Period 

Principal 
Repaid AT 
End of 
Period 

Total 
Payment of 
Interest 

' AND 

Principal 

i 

i 

10000 

250.00 

9 

900 

1150.00 

l 

2 

9100 

227.50 

9 

900 

1127.50 

li 

3 

8200 

205.00 

9 

900 

1105.00 

2 

4 

7300 

182.50 

10 

1000 


2è 

5 

6300 

157.50 

10 

1000 


3 

6 

5300 

132.50 

10 

1000 

1132.50 

3J 

7 

4300 

107.50 

10 

1000 

1107.50 

4 

8 

3300 

82.50 

11 

1100 

1182.50 

4* 

9 

2200 

55.00 

11 

1100 

1155.00 

5 

10 

1100 

27.50 

11 

1100 

1127.50 

Totale 

1427.50 

100 

10000 

11427.50 


EXERCISES 

1. A city issues Street improvement bonds to the amount of $25,000 in dé¬ 
nominations of $500, bearing interest at 5\% payable semi-annually. Con- 
struct a schedule showing the number of bonds to be retired éach half year for 
five years in order to make the payments of interest and principal as nearly 
equal as possible. 

2. A $10,000 issue of bonds in dénominations of $1000, bearing interest at 
5% payable semi-annually, is to be retired in eight semi-annual instalments 
as nearly equal as possible. Construct an amortization schedule. 

S. A $100,000 issue of bonds, bearing interest at 6% payable annually and 
- consisting of 250 bonds of $100, 50 bonds of $500, and 50 bonds of $1000, dé¬ 
nomination, is to be retired, interest and principal, in ten annual instalments 
as nearly equal as possible. Construct an amortization schedule. 
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37. The debt is retired by payments, including interest and 
principal, ail of which are equal and known ezcept the last, which 
is equal to or less than the known. payment. In Arts. 35 and 36 
methods of payment of debts are presented in which the number 
of periodic payments of interest and principal is given and the 
problem is to détermine the payments. In the method presented 
in this article a given amount is paid periodically until the debt 
is liquidated, or, as is usually the case, until the unpaid principal 
becomes less than the' given payment ; the problem is to find the 
number of the given payments and the amount of the last pay¬ 
ment. The solution of Example 4, Art. 25, Chapter II shows how 
these quantities can be found. Another illustration is given by the 


Example. , If instalments of $100, including interest and principal, are 
paidat the end of each month on a debt of $10,000, bearing interest at 5% pay- 
Wkle monthly, find how many instalments are needed before the unpaid prin¬ 
cipal is less than $100; also find the amount needed to pay off the balance 
of the debt at the end of the following month. 

Solution. By formula (2), Art. 3, Chapter II, 


Solving, 


10000 



12 n 



log 12 — log 7 
log 12.05 - log 12 


129.6 


This resuit indicates that 129 monthly instalments of $100 each are needed 
to reduce the debt to àn amount less than $100. Let x be the additional 
amount needed at the end of 130 months to extinguish the debt. Equating the 
value of the payments to the value of the debt at the end of 130 months gives 

x + 100 s—, 05 - 100 = îoooof 1 + 

* 3 ° |~12 \ 12 / 

x = $62.90 Tables III and V. 

Exercise 1. Find x by equating the présent value of the payments to 

$ 10 , 000 . 

Exercise 2. What amount is needed to extinguish the debt at the end 
of 129 months? [Discount for one month the value of x found in the above 
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solution ; also solve by equating the value of the payments to that of the debt 
at the end of 129 months.] 

Exercise 3. Find n by interpolation from Table VI. 

This method of paying debts is frequently used in repaying loans 
made by building and loan associations. The number of pay¬ 
ments and the value of the last payment can be found by con- 
structing an amortization schedule, and this is done by the associa¬ 
tion in keeping its accounts. The advantage of the solution given 
above lies in the fact that it requires much less computation than 
is needed to make an amortization schedule. 

EXERCISES 

1. On a $6000 mortgage, bearing interest at 6% payable semi-annually, 
payments of $360 were made at the end of each six months. Find the number 
of payments which will reduce the unpaid principal to less than $360 ; also 
find the amount needed to pay off the remainder of the debt at the end of the 
next six months. Ans. 23; $163.24. 

2 . Same as Exercise 1, except that the interest rate is 7% payable semi- 
annually. 

3 . A trust fund of $100,000 is invested at (j = .05, m => 2). From the 
fund semi-annual payments of $3500 are to be made as long as possible. Find 
the number of full payments and the amount of the last one. 

Ans. 50; $2578.54. 

4 . On a $3000 mortgage payments of $200 are made at the end of each six 
months. If the mortgage bears interest at 7% payable semi-annually during 
the first three years, and at 6% payable semi-annually after three years, find 
the number of payments and the amount of the last payment. 

Ans. 20; $184.65. 

38. The debt is retired by equal known periodic payments on 
the principal. In this method the number of payments is found 
by dividing the principal by the amount of each payment, and 
the interest payment for each period can be readily computed 
since the principal on which interest is computed decreases by a 
known amount each time a payment on the principal is made. 
This method includes the case in which the principal is extinguished 
by a single payment as in an ordinary bond. 

Example. A debt of $10,000, bearing interest at 5% payable semi-annually, 
is retired in 5 years by semi-annual payments of $1000 on the principal. Con- 
struct an amortization schedule. 
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AMORTIZATION SCHEDULE 


Year 

Interest 

Period 

Principal, at 
Beginning of 
Period 

Interest Due 
at End of 
Period 

Payment on 
Principal 

Total 

Payment 

i 

i 

10000 

250 

1000 

1250 

1 

2 

9000 

225 

1000 

1225 

iè 

sa 

8000 

200 

1000 

1200 

2 

sa 

7000 

175 

1000 

1175 

2è 

5 

6000 

150 

1000 

1150 

3 

6 

5000 

125 

1000 

mm 

3i 

7 

4000 

100 

1000 

1100 

4 

8 

3000 

75 

1000 

1075 

4} 

9 

2000 

50 

1000 

1050 

5 

10 

1000 

25 

1000 

1025 


EXERCISES 

1. A city issues 820,000 in bonds of 81000 dénomination, bearing interest 
at 5|% payable semi-annually. If two bonds are retired at the end of each 
hali year, construct a table showing the amortization of the debt. 

2. A farm is purchased for $10,000, one half of which is paid in cash. The 
purchaser agréés to pay $1000 at the end of each year on the unpaid principal 
of the debt. Construct an amortization schedule if the debt hears interest 
at 7% payable annually. 

3. Same as Exercise I, except that the interest rate is 6% payable semi- 
annually. 

39. The debt is retired by payments which may be irregular 
both in amount and in time. An illustration of this method has 
been given in Example 1, Art. 16, Chapter I. Another illustration 
is afforded by the 

Example. A note for $500, issued January 1,1915, stipulated that unpaid 
principal was to bear interest at 6% payable semi-annually and that unpaid 
interest was to bear interest at 8% payable semi-annually. Interest payments 
were made during the first year and a payment of $100, including interest 
and principal, was made January 1, 1918. If no further payments were made, 
find the amount due January 1, 1923. 
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Solution. The interesfc due semi-annually during the first three years 
was $15 and the unpaid principal January 1,1918, just after the $100 payment, 
was 

500 + 15 8^ - 100 = 400 + 15 

The interest due semi-annually during the last five years was .03(400+15 
and the total amount due January 1, 1923 was 

400 + 15 + .03(400 + 15 = (400 + 15 8^) (1 + .03 W ) 

= $630.71 

EXERCISES 

1. Solve the above example if the payment made January 1,1918, was $50. 

2. A note for $500 issued January 1, 1916 stipulated that unpaid principal 
was to bear 6% interest payable semi-annually and that unpaid interest was 
to bear 7% payable semi-annually. Payments on principal and interest 
were made as follows : January 1, 1917, $100; January 1, 1918, $50; 
and July 1, 1920, $200. Find amount due January 1, 1924. Ans. $334.84. 

3. On a debt of $5000 payments of $200 were made at the end of each half 
year for 4 years, after which semi-annual payments of $300 were made until 
the debt was reduced to less than $300. For the first two years the interest 
rate was 7% payable semi-annually ; for the remainder of the term it was 6% 
payable semi-annually. Find the amount of the last payment if it was made 
six months after the debt was reduced to less than $300. Ans. $52.69. 

40. The unpaid principal at any time. The unpaid principal 
at any specified time of a debt paid by instalments which are known 
can evidently be determined by constructing an araortization 
schedule to this time. For example, the achedule for Example 1, 
Art. 35, shows that the unpaid principal just after the sixth instal- 
ment is paid is 14298.38. Two other methods can often be used 
to find the unpaid principal at any time; one of these may be 
c&lled the prospective method, and the other the rétrospective. In 
the prospective method the unpaid principal just after an instal- 
ment is paid is viewed as the value at that time of the subséquent 
instalments of interest and principal. In the rétrospective method 
the unpaid principal just after any instalment is paid is viewed 
as the différence between the value of the original principal at the 
time and that of the prior instalments of interest and principal. 
If P k dénotés the unpaid principal just after the kth instalment, 
an application of these methods to the method of paying debts 
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treated in Art. 35 gives respectively : 



(prospective) 
(rétrospective) ' 


Exercise 1. Compute the right-hand member of each of these expressions 
when k = 6 for Example 1, Art. 35. 

Exercise 2. Compute the unpaid principal in Example 3, Art. 35, at the 
end of the fourth year, by both the prospective and the rétrospective methods. 


EXERCISES 

1. Use the prospective and the rétrospective methods to find the unpaid 
principal at the beginriing of the third year for the annuity bonds in Example 
1, solved in Art. 35. Ans. 85308.26. 

2. Same as Exercise 1, for the example solved in Art. 37. Ans. $7739.39. 

3 . A house is bought for $7800, of which $2000 is paid in cash. On the 
balance which bears interest at 6%, payable semi-annually, payments of $390 
were made at the end of each six months. Immediately after the semi-annual 
payment which reduced the debt to less than $4000 it was refunded. Find 
the amount of the debt when it was refunded. Ans. $3879.26. 

41. Sinking funds. A sinking fund consista of a set of sums 
put aside for the purpose of meeting a future obligation. The 
sums put aside should be productively invested. The future 
obligation is often an instalment on a debt, a sum of money needed 
to restore capital invested, or a sum of money needed to replace 
an article which is subject to dépréciation. In the latter case the 
sinking fund is sometimes called a dépréciation fund. When the 
sums are put aside at periodic intervals, they constitute an annuity 
and the annuity formulas of Chapter II may be used with such 
sinking funds. Unless otherwise stated sinking funds having 
equal periodic payments will be understood in what follows. 

In sinking-fund operations the unknowns are ordinarily the 
sums of money put aside periodically ; the interest rate and the 
term are usually known. When the sums are equal, the value 
of each can be found by solving formula (1) or (3), Chapter II, 
for R. For example, when mr = 1, formula (3) gives 

R = F„ • -L- 

S - rj 

mn \m 
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where V» is the amount to be accumulated by the sinking fund, 
n is the term of years, and j is the nominal interest rate converted 
m times per year. 

The amount V ^ in the sinking fund at the end of years 
(ni < n) can also be found by formula (3). 





Ex ample. A sinking fund ,was created to pay the principal of a loan of 
$100,000 in 5 years by equal semi-annual instalments. If the sinking fund 
accumulâtes at (j = .05, m = 2), ând (1) the semi-annual instalment and 
(2) the amount in the sinking fund at the end of three years. 


Solution. By the above formulas 

R = 100,000 • —-— = $8925.876 
5 m 026 J 

VI = $8925.876 • « mo25 = $57,016.146 

Exercise. Check the values found for R and Fi by completing the fol- 
lowing 


SINKING-FUND SCHEDULE 


Ykab 

Interest 

Pebiod 

Payment to Fund 
at End of Period 

Interest Due on 
Fund at End of 
Period 

Amount in Fund at 
End of Period 

* 

i 

8925.876 


8925.876 

i 

2 

8925.876 

r 223.147 

iiËiSZ&H 

H 

3 

8925.876 

■ 

454.372 

27555.147 

2 

4 

8925.876 



2è 

5 

8925.876 



3 

a 




3è 

7 

8925.876 



4 

8 

8925.876 


J 1 

41 

9 

8925.876 

• 

- “ * 4 

... * - - ' " 

5 

10 

8925.876 
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EXERCISE 


A debtor créâtes a sinking fund to pay the principal of a debt of 86178.75 
by depositing $120 at the end of each tbree months in a savings bank which 
paya 5% converted quarterly. Show that the deposits must be made for 10 
years. Construct a sinking fund schedule. . 


Sinking funds to restore invested capital and to replace articles 
subject to dépréciation are considered in Arts. 47,50, and 64 respec- 
tively. Sinking funds to repay loans are considered in Art. 42. 


42. The sinking-fund method of retiring a debt. In this method 
a sinking fund is created to retire the principal of the debt when 
due ; the interest payments are made separately. When the pay- 
ments into a sinking fund created to meet a debt are made at the 
times of the interest payments on the debt and when the sinking- 
fund payments earn the same interest rate as that borne by the debt, 
the sinking-fund payment plus the interest payment on the debt 
is the same as the periodic payment of interest and principal neces- 
sary to pay the debt (Art. 35). If P dénotés the principal of the 
debt, the sinking-fund payment, found by replacing V n by P in 


p j 

the above formula, is-, and the interest payment is P ■ The 

«H' m 

mn I— 


lw j 7 \ 1 

sum of these two payments is P( --f — j = P -(Formula 

Vs— m / a —| ] 

mn \m 


mn — 


5, Chapter II), which by the method in Art. 35 is the periodic pay¬ 
ment of interest and principal. When,' however, the sinking-fund 
payments bear the rate j' and the debt bears the rate j each pay¬ 
able m times per year, the sinking-fund payment plus the interest 


payment xs P( -h —^ 

Vs —, r m/ 

mn \m 

Example 1. Find the semi-annual payment into a sinking fund which 
accumulâtes at 5% converted semi-annually, necessary to pay a debt of $10,000 
due in 5 years andbearing interest at 5% payable semi-annually. 

Solution.* -By 'Art. 41, the sinking-fund payment, 72, is given by 

R = 10,000 —-— = $892.588 
‘ S m026 

It may be noted that this sinking-fund payment plus the interest payment of 
$250 is $1142.588, as found in Example 1, Art. 35. 
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Exercise 1. Find the amount in the sinking fund just after the sixth 
payment is made. 

Exercise 2. Find the actual indebtedness just after the sixth sinking- 
fund payment is made by deducting the amount found in Exercise 1 from the 
original principal, *10,000. 

Example 2. Solve Example 1 if the sinking-fund payments are accumu- 
lated at 4% converted semi-annually. 

Solution. By Art. 41 the sinking-fund payment is 

R - 10,000 • —— = S913.265 

8 miQ2 

In this case the sinking-fund payment plus the interest payment is $1163.265. 

Exercise 1. Find the amount in the sinking fund just after the sixth pay¬ 
ment is made. 

Exercise 2. Find the actual indebtedness just after the sixth sinking- 
fund payment is made by deducting the amount found in Exercise 1 from the 
original principal $10,000. 

Example 3. The principal of a $10,000 debt bearing interest at 5% payable 
semi-annually is to be paid in two $5000 instalments, the first in 5 years and 
the second in 8 years. Deposits are made semi-annually into a sinking fund 
which pays 4% converted semi-annually, for the purpose of meeting these 
instalments when due. If the deposits are such that the sum of the deposit 
and the interest due at any time is constant, find the amount of each deposit. 

Solution. If R dénotés the semi-annual deposit during the first 5 years, 
then R + 125 is the semi-annual deposit during the last 3 years, since interest 
payments decrease by $125 at the end of 5 years. Equating the amount of 
the deposits to the amount of the instalments gives 

Rs mQ2 + 125 8^ - 5000 + 5000 (1.02)* 

R = $528.04 
R + 125 - $653.04 

EXERCISES 

1. Find the annual payment into a sinking fund which accumulâtes at 
(j = .0â5, m = 1) necessary to pay a debt of $25,000 due in 9 years, and bearing 
intéressât 5J% payable annually. Find also the sum of the annual interest 
on the debt and the sinking-fund payment. (See Ex. 1, Art. 35.) 

Ans. $2220.99; $3595.99. 

2. Same as Exercise 1 except that the sinking fund accumulâtes at 
(j = .045, m = 1). 

3 . Find the quarterly payment into a sinking fund which accumulâtes at 
0* = .04, m = 4) necessary to pay a debt of $100,000 due in 10 years, and 
bearing interest at 6 % payable quarterly. Find also the sum of the interest 
and sinking-fund payments. Ans. $2045.56 ; $3545.56. 
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4 . Find the semi-animal payment into a sinking fund which accumulâtes 
at 0 = -045, m = 2) necessary to pay the principal of the following debts : 

(1) $1000 due in 1 year and bearing interest at 4% payable semi-annually; 

(2) $2000 due in 2 years and bearing interest at 5% payable semi-annually ; 
and (3) $3000 due in three years and bearing interest at 6% payable semi- 
annually. Find also the sums of the interest and sinking-fund payments at 
the end of each Jialf year. 

Ans. $974.21; $1134.21; $1134.21; $1114.21; $1114.21; $1064.21; $1064.21. 

6. Samè as Exercise 4, except that the sinking-fund payments are such 
that the sum of the sinking-fund payments and the interest due at the end 
of each six months is constant. Construct a sinking-fund schedule. 

Ans. $945.26; $945.25; $965.25; $965.25; $1015.25; $1015.25; $1105.25. 

43. Book Values. In keeping accounts connected with the 
payments of debts the unpaid principal of a debt at any entry 
date is often called the Book Value of the debt at that date. When 
a sinking fund is created to meet the debt when due, the book value 
of the debt at each entry date is its original value less the amount 
in the sinking fund. “ Book values ” are also used in connection 
with other items whose values change from entry to entry. For 
example, in Art. 46 the book values of an investment are found 
at different entry dates, and in Art. 62 the book values of an article 
subject to dépréciation are determined. The book values of a 
debt whose principal is paid by means of a sinking fund are illus- 
trated by the 

Example. The principal of a $10,000 debt bearing interest at 5% payable 
semi-annually is to be paid at the end of 5 years by means of equal semi- 
annual deposits into a sinking fund which pays 4% converted semi-annually. 
Construct a schedule showing the book value of the indebtedness at the end 
of each half year. 

Solution. By Example 2, Art. 42, the sinking fund payment is $913.265. 
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SCHEDULE 


Ysab 

Intermt 

Pkriod 

Book Valu* 
of Debt at 
End of Pkjuod 

Payüent to 

SlNKING FUND 
at End of 

PïHlOD 

Lxterxst Du* 
ON FV N D AT 
End or Peiuod 

Amovnt in 
Fund at End 
of Pkkiod 

0 

0 

10000 




è 

1 

9086.735 

913.265 


913.265 

1 

2 

8155.205 

913.265 

18.265 

1S44.795 

lè 

3 

7205.044 

913.265 

36.896 

2794.956 

2 

4 

6235.880 

913.265 

55.899 

3764.120 

2i 

5 

5247.333 

913.265 

75.282 

4752.667 

3 

6 

4329.015 

913.265 

95.053 

5760.985 

3J 

7 

3210.530 

913.265 

115.220 

6789.470 

4 

8 

2161.476 

913.265 

135.789 


4| 

9 

1091.441 

913.265 

156.770 

8908.559 

5 

10 

.005 

913.265 

178.171 

9999.995 


EXERCISES 

1. Construct a schedule showing the book value of the debt at the end of 
each year for Exercise 1, Art. 42. 

2 . Construct a schedule showing the book value of the debt at the end of 
each year for Exercise 2, Art. 42. 

3 . Construct a schedule showing the book value of the total indebtedness 
for Exercise 5, Art. 42. 


INVESTMENTS (BONDS, STOCKS, NOTES, SAVINGS) 

44. The problems of investment. A problem in investment, 
like one in debts, may hâve a sum of money, a term of years, or a 
rate for an unknown. When a sum of money is unknown, it is 
usually the purchase price or value of an investment, the invost- 
ment rate and the term being known. The value of an investment 
under a given rate dépends upon the set of sums which the invest¬ 
ment retums to the investor. The method for finding the value 
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of an investment dépends, then, upon the nature of the retum. 
In Arts. 45 to 54 inclusive various types of retum are considered. 
When a terni of years is unknown, it is frequently the time required 
to pay for an investment bought on the instalment plan. Building 
and Loan Stocks afford a good illustration. This type of problem 
. is treated in Art. 55. The rate, or yield, is frequently unknown 
in problems in investments, debts, and other fields of finance. 
Methods for finding rates are given in Arts. 56 to 60 inclusive. 

A general principle in investments is that the capital invested 
should not be impaired. That is, the amount invested should be 
retumed to the investor for reinvestment during, or at the end of, 
the term of the investment. 

45. The value of an investment whose retum is a sum of money. 
This simple problem h as been treated quite fully in Chapter I. 
It is the problem of finding the présent value of a sum of money 
due at some future time. The discounting of notes by banks 
affords a good illustration. Any one of the four formulas for find¬ 
ing the présent value of a sum may be used to solve problems of 
this type. 

46. The value of an investment whose retum is an annuity of 
fixed rent. Annuity bonds fumish good illustrations of this type 
of retum. They are bonds which are repaid in instalments such 
that the interest due plus the amount paid on the principal or face 
value is constant or as nearly constant as the dénomination of the 
bonds permit. In this article the case is treated in which the in¬ 
stalments are equal; in article 54, the case is treated in which 
the instalments are nearly equal. When the purchase price of a 
bond exceeds its face value by an amount P, the bond is said to be 
bought at a premium P. When the face value of the bond exceeds 
its purchase price by an amount D, the bond is said to be bought 
at a discount D. 

The retum in this type of investment being an annuity, the pur¬ 
chase price is the présent value of the annuity at the interest rate 
desired by the investor. For example, if an annuity of rent R, 

term n years, and rent period — years, is purchased to yield the 


Digitized by 



Original from 

UNIVERSITYOF CALIFORNIA 



APPLICATIONS 


107 


investor j per cent payable m times per year, the purchase price 
V is given by 

V = Ra — j 

mit — 

I m 

Example. Annuity bonds to the amount of $10,000 bearing 5% payable 
semi-annually are to be repaid, interest and principal, in 10 equal semi-annual 
instalments. Find the purchase price to yield the investor 4% converted 
semi-annually. 

Solution. By the example in Art. 35, the debtor makes semi-annual pay- 
ments of $1142.588 for a term of 5 years. These payments constitute the 
retum to the investor ; their présent value at 4% semi-annually gives for the 
purchase price, V — 1142.588 = $10,263.394. In this case the bond 

is purchased at a premium of $263.39. 

Exebcise 1. Solve this example if the bonds are bought to yield 6% pay¬ 
able semi-annually. What is the discount? 

Exercise 2. Solve this example if the bonds are bought to yield 4% pay¬ 
able annually. What is the premium? 

Exercise 3. What is the purchase price of the bonds if bought 3 years 
before they mature, to yield 4% payable semi-annually. What is the purchase 
price if bought 2 years before they mature? 

If the return is composed of two or more annuities, each of 
fixed rent, the value of the investment is the sum of the values of 
the component annuities. 

In investments of this type each payment received from the re¬ 
turn includes both interest on the investment and repayment of 
a portion of the capital invested. The payments on the capital 
may be put into a sinking fund, to restore the capital in¬ 
vested at the end of the term ; this plan is discussed in Art. 47. 
Usually, however, in keeping accounts these payments are de- 
ducted in tum from the capital invested so that the book value 
of the investment changes each time a payment is received, to 
correspond to the purchase price at the time of entry. This 
change in purchase price is illustrated by the above example and 
by Exercise 3. In this method of keeping accounts the payments 
on the capital invested are available for reinvestment as soon as 
they are received. For the above example the following is an 
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INVESTIRENT 8CHEDULE 


Y EAR 

Interebt 

Period 

Book Value 
at Begxnnino 
op Period 

Interebt Due 
on Book Value 
at End of 
Period 

Payment 

ReCEIVED AT 
End of Period 

Amount 
Repaid on 
Capital In- 

VE8TED 


i 

10263.394 

205.268 

1142.588 

937.320 

1 

2 

9326.074 

186.521 

il 

956.067 

u 

3 

8370.007 

167.400 

li 

975.188 

2 

4 

7394.819 

147.896 

il 

994.692 

2è 

S 

6400.127 

128.003 

U 

1014.585 

3 

6 

6385.542 

107.711 

il 

1034.877 

3i 

7 

4350.665 

87.013 

U 

1055.575 

4 

8 

3295.090 

65.902 

il 


4i 

9 

2218.404 

44.368 

il 

1098.220 

5 

10 

1120.184 

22.404 

a 

1120.184 

Totale 

1162.486 

11425.880 

10263.394 


Exercise 4. Construct an investment schedule for Exercise 1. 


When the term of the annuity which constitutes the return 
becomes infinité, that is, when the return is a perpetuity, the pur- 
chase price is the présent value of a perpetuity. When for ex¬ 
ample the rent is R payable m times per year, the purchase price 
of the perpetuity, to yield j payable m times per year is (Art. 29, 
Chapter II) 



m 


EXERCISES 

1. Annuity bonds to the amount of $100,000 bearing interest at 5J% pay¬ 
able quarterly are to repaid, interest and principal, in 40 equal quarterly in- 
stalments. Find the purchase price to yield the investor 6% converted quar¬ 
terly. Construct an investment schedule. Ans. $97733.00. 
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2. In Exercise 1, find the purchase price to yield the investor 6% converted 
semi-annually. 

3. The return on a lease is $1000 at the end of each three months. The 
lease was sold 5 years before the end of its term. Find the purchase price 
to yield the investor 5% converted semi-annually. Ans. $17612.10. 

4. The return on a 99 year lease is $5500 at the end of each six months. 
It is purchased 5 years after it was executed. Find the purchase price to yield 
the investor 6% converted semi-annually. Ans. $182806.69. 

6. Same as Exercise 4, except that the return on the lease is $5500 semi- 
annually for the first 10 years, $6500 semi-annually for the next 10 years, and 
$7000 semi-annually for the remainder (79 years) of its term. 

6 . Solve Exercise 4 if the semi-annual return of $5500 is a perpetuity. 

Ans. $183333.33. 

7. The return on a lease on a storeroom is $150 at the end of each month 
for the first 5 years, and $200 a month for the next 5 years. The lease was 
sold one year after it was executed to yield its owner 8% converted annually. 
Find the sale price. Ans. $13475.49. 


47. The value of an investment whose return is an annuity 
when a sinking fund is created to restore the capital invested. 
If the payments on the capital invested are used to create a sinking 
fund to restore the capital at the end of the investment term in- 
stead of being used to reduce the book value of the investment, 
the amount of the investment may be found by equating the sink- 
ing-fund payaient plus the interest on the investment to the rent 
of the annuity constituting the return. When the sinking-fund 
rate equals the investment rate the interest on the investment 


for the case treated in Art. 46 is V ■ 2- payable m times per year, and 

m 

the sinking-fund payment needed to restore the purchase price V 

in n years is V ■ —— (Art. 41). Hence in this case 

s—1/ 

""Ms 



Digitized by VjUÜ 


Original from 

UNIVERSITYOF CALIFORNIA 



110 


MATHEMATICS OF FINANCE 


When the sinking-fund rate is f converted m times per year, 
the purchase price is determined by the équation 


V- 



+ V-î-= R 
m 





m 


Example. It is estimated that a mine will yield a net return of $10000 
at the end of each year for 20 years, when it will be exhausted. Find the pur¬ 
chase price to yield 10% converted annually on the investment if a sinking 
fund which accumulâtes at 4% converted annually is created to restore the 
capital invested in 20 years? 


Solution. In this example the annual interest payment is V(.l) and the 
annual sinking-fund payment is V --—, so that 


mo4 


Solving, 


V = 


*20104 
10000 10000 


1 


+ V(.l)= 10000 

$74860.50 


*m 04 


+ .1 


.1335818 


EXERCISES 

1. It is estimated that a mine will yield a net return of $1000 at the end 
of each year for 35 years, when it will become exhausted. Find the purchase 
price to yield 8% payable annually on the investment if a sinking fund which 
accumulâtes at 5% converted semi-annually is created to restore the capital 
invested in 35 years. Ans. $10997.57. 

2. It is estimated that a taxicab will yield a net return of $500 at the end 
of each year for 4 years, after which it will be worthless. Find the purchase 
price to yield 10% payable annually on the investment if a sinking fund which 
accumulâtes at 4% converted annually is created to restore the capital invested 
in 4 years. Ans. $1490.36. 

3. It is estimated that the return from an oil well will average $10000 an¬ 
nually for 3 years, after which it will be worthless. Find its value at the time 
of its development if the investment is to pay 8% payable annually and a sink¬ 
ing fund which accumulâtes at 5% converted annually is created to restore 
the capital invested in three years. 
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48. The value at date of issue or at an interest payment date 
of an ordinnry bond. The return is a single sum and an annuity. 
Ordinary bonds furnish the best illustration of this type of return. 
In an ordinary bond a promise is made to pay a specified amount, 
called the rédemption value, at the end of a stated term, and to pay 
interest at periodic intervals during this term on a specified value 
called the face value of the bond. The rédemption value is usually 
the same as the face value ; sometimes, however, to make the bond 
more attractive to buyers the rédemption value is greater than 
the face value. In the former case the bond is said to be redeemed 
at par; in the latter, it is said to be redeemed above par. The 
words “ premium ” and “ discount ” for an ordinary bond are de- 
fined as in the preceding article for an annuity bond ; that is, the 
premium is the purchase price less the face value and the discount 
is the face value less the purchase price. 

The purchase price or value of an investment, whose return is 
an annuity and a single sum, is the présent value of the annuity 
plus the présent value of the single sum under the interest rate 
desired by the investor. For example, in the case of an ordinary 
bond whose 


face value is C 

rédemption value is F 

bond rate is g payable m times per year 

investment rate is j payable m times per year 

term is n years 


the value, V, is 



This formula can be written also in the two forms 



i_(i+i r 

by use of the relation a —, j =-:- 

mn \m J_ 

m 

Chapter II) 


(Formula 2i, 
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To get the second formula from the first, replace ^1 4- 



1 -(!+£)- 

-t --It may be noted that both interest and an- 


m 

nuity tables are needed for the first formula, annuity tables only 
for the second, and interest tables only for the third. Excellent 
bond tables which give’ the values of V for various values of 

3- and n hâve been constructed. 
m 

When F = C, the second form shows that the bond is bought 
at a premium when g > j, and at a discount when g < j. If P 
and D dénoté the premium and discount respectively, then 


P = C 9 -— 3 - 
m 



D = c 3 -—2 

m 



The student is advised against substituting into any one of these 
formulas in finding the value of a bond ; it is better to make direct 
use of the principles needed to write them. These principles are 
seen at once by expressing the formulas verbally. For example, 
by the first formula, the value of a bond at a given investment 
rate equals the présent value of the rédemption value of the bond 
plus the présent value of the annuity composed of the interest 
payments on the bond. These three principles will now be ap- 
plied in tum to solve the 


Example. A 1 10000 bond issued July 1,1923, bearing interest at 5% paya¬ 
ble semi-annually, is to be redeemed at par in 5 years. Find its purchase price 
to yield 4 per cent converted semi-annually. The retura on this investment 
consiste of 1250 interest every half year for 5 years and 810000 at the end of 
5 years'. 

Solution 1. The purchase price of the bond is the présent value at 4% 
converted semi-annually of $10000 due in 5 years plus the présent value at 4% 
converted semi-annually of the interest payments on the bond. That is, 

V = 10000(1.02)--» + 250 02 

= 8203.483 + 2245.646 = $10449.129 
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Solution 2. À $10000 investment for 5 years at 4% payable semi-annually 
would yield for its retum $200 every half year for 5 years and $10000 at the 
end of 5 years. The return on the bond exceeds this return by an annuity 
whose rent is $50, whose terra is 5 years and whose rent period is j year. Hence 
to find the purchase price of the bond the $10000 investment must be increased 
by the présent value of this annuity whose rent is $50. That is, 

V - 10000 + 50 djjj-, 02 

= 10000 + 449.129 = $10449.129 

Solution 3. A $12500 investment for 5 years at 4% payable semi-annually 
would yield for its return $250 every half year and $12500 at the end of 5 years. 
This return exceeds the return on the bond by $2500 due in 5 years. Hence 
to find the purchase price of the bond the $12500 investment must be decreased 
by the présent value of $2500 due in 5 years. That is, 

V = 12500 - 2500(1.02)-“ 

= 12500 - 2050.871 = $10449.129 

EXERCISES 

1. Find the value of the bond in the example above by each of the three 
methods, if the investment rate is (j = 06, m = 2). Ans. $9573.49. 

2. Find the value of the bond in the example above 4 years, 3 years, 2 
years, and 1 year before it matures. 

3. Find the value of the bond in the example above if the rédemption value 
is $11000, the face value remaining at $10000. Ans. $11269.48. 

4. Find the purchase price of a $5000 bond bearing interest at 5 \% payable 
semi-annually, if it is redeemable at par in 10 years, and if the investment 
yields (j = .05, m = 2); if it yields (j = .06, m = 2). Find the premium 
in the first instance and the discount in the second. Ans. $194.86; $185.97. 

6. Same as Exercise 1, except that the terni of the bond is 20 years. 

Ans. $8844.261. 

6. A $20000 bond bears interest at h\% payable semi-annually and ma¬ 
tures at 102 in 5 years. Find the purchase price to yield (j = .05, m = 2) ; 
to yield (j = .06, m = 2). Ans. $20750.08; $19871.13. 

7. A $100000 issue of bonds bearing interest at 5% payable semi-annually, 
and whose term is 10 years, was sold for $106554.19 to yield the purchaser 
(j = .045, m = 2). Find the rédemption value of the issue. 

8. If a sinking fund at the rate (j = .04, m = 2 ) is used to restore the 
premium for the example solved in the text, find the semi-annual deposit. 

Ans. $41.02. 

9. It is estimated that a taxicab will yield a net return of $500 at the end 
of each year for 4 years, at which time it will hâve a scrap value of $100. Find 
the purchase price to yield 8% annually. 
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10. It is estimated that the income of a lumber company in developing a 
tract of wooded land will be S10000 annually for 15 years, at which time pro¬ 
duction will cease and the land will be worth $2500. Find the purchase price 
correct to dollars to yield 10% annually. Ans. $76659. 

49. Investment schedules for ordinary bonds. The usual 

method for keeping accounts for an ordinary bond investment is 
like that used for an annuity bond ; each book value entry is the 
actual value of the bond, at the investment rate, at the time the 
entry is made. These values may be found by application of the 
principles used in solving the example and exercises in Art. 48. 
When a complété schedule is to be constructed, each new book 
value can be found more easily, however, by changing the value 
last entered by an amount which is the différence between the 
interest payment on the bond and the interest payaient on the 
book value. This différence is subtracted each time when the 
purchase price is greater than the rédemption value of the bond, 
and it is added when the purchase price is less than the rédemp¬ 
tion price. In the former instance the book value is said to be 
written off to the rédemption value ; in the latter it is said to be 
written on. The total amount to be written off, to make the book 
value agréé with the rédemption value, is, of course, the purchase 
price less the rédemption value; the total amount to be written 
on, is the rédemption value less the purchase price. In a schedule, 
the separate amounts written off are entered under the heading 
“ For Amortization ” ; the amounts written on are entered under 
the heading “ For Accumulation.” When F = C, the amount amor- 
tized is the premium, and the amount accumulated is the discount. 


Date 

Book Value 

Interést on 
Book Value 
AT 2% 

Dividend 

Heceived 

For Amortiza¬ 
tion of 
Premium 

July 1. 1923 

10449.13 




Jan. 1, 1924 

10408.11 

208.98 

250.00 

41.02 

July 1. 1924 

10366.27 

208.16 

250.00 

41.84 

Jan. 1, 1925 

10323.60 

207.33 

250.00 

42.67 

July 1, 1925 

10280.07 

206.47 

250.00 

43.53 

Jan. 1, 1926 

10235.67 

205.60 

250.00 

44.40 

July 1, 1926 

10190.38 


250.00 

45.29 

Jan. 1. 1927 

10144.19 


250.00 

46.20 

July 1, 1927 

10097.07 

202.88 

250.00 

47.12 

Jan. 1, 1028 

10049.01 

201.94 

250.00 

48.06 

July 1. 1928 

9909.99 

200.98 

250.00 

49.02 
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INYESTMENT SCHEDULE (For Exercise 1, Art. 48) 


Date 

Book Value 

Interebt on 
Book Value 

AT 3% 

Dividend 

Received 

For Accumu¬ 
lation or 
Discount 

July 1, 1923 

9573.49 




Jan. 1, 1924 

9610.69 

- 

287.20 ■ 

250.00 

37.20 

July 1, 1924 

9649.01 

288.32 

250.00 

38.32 

Jan. 1, 1925 

9C88.48 

289.47 

250.00 

39.47 

July 1, 1925 

9729.13 

290.65 

250.00 


Jan. 1, 1926 

9771.00 

291.87 

250.00 

41.87 

July 1, 1926 

9814.13 

293.13 

250.00 

43.13 

Jan. 1, 1927 

9858.55 

294.42 

250.00 

44.42 

July 1, 1927 

9904.31 

295.76 

250.00 

45.76 

Jan. 1, 1928 

9951.44 

297.13 

250.00 

47.13 

July 1, 1928 

9999.98 

298.54 

250.00 

48.54 


EXERCISES 

1. Make investment schedules for Exercise 4, Art. 48, showing the amor- 
tization of the premium in the first instance, and the accumulation of the dis¬ 
count in the Becond. 

2. Make an investment schedule for Exercise 6, Art. 48. 

3. Make a schedule for Exercise 10, Art. 48, showing the book value of the 
investment at the end of each year. 


50. The value of an ordinary bond when a sinking fund is 
created to restore the différence between the rédemption value 
and the purcbase or selüng price. When a bond is purchased at 
a price in excess of the rédemption value, the purchaser can create 
a sinking fund to restore the excess at the time the bond ma¬ 
tures. When the purchase price is less than the rédemption value, 
the seller can create a like sinking fund. When the sinking-fund 
rate equals the investment rate, the sinking-fund payaient for the 
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case treated in Art. 48 is (— — — ^ if F < V. Hence in thia 

V m mf 


case 


(Çg_Yi) s , = v — f 

\m mJ mn \m 


F + 






Solving, V = 


m mn I m »» lm 


1 +^s-,y 


- + 
j tu 


——=F(i ”"+ — a— 

1 V m/ m 


m 






In this case, as would be expected, the purchase price agréés with 
that in Art. 48. 

When the sinking fund rate is f converted m times per year, 
the sinking-fund équation becomes 



The same expression for V would evidently be found if F > V. 

The discussion in this article for the value of an ordinary bond 
is analogous to that given in Art. 47 for an investment whose retura 
is an annuity. A similar discussion can be given to restore the 
capital for each of the more general investments treated in Arts. 
52 to 54 inclusive. Other illustrations of this type of investment 
are given in the exercises below. 


Example. A $10000 bond issued July 1, 1923, bearing interest at 5% pay¬ 
able semi-annually, is to be redeemed at par in 5 years. Find its purchase price 
to yield 4% converted semi-annually if a sinking fund which accumulâtes at 
0 = 035, m = 2) is created to restore the premium. 


Solution. 


Solving, 


In this case the équation in F is 
(250 - .02 F) Sl0)0175 = F - 10000 

r _ 10000 + 250 Snr , 0 , 7S 

1 + .02 s 101 0176 

= $10444.94 (See Example, Art. 48.) 
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EXERCISES 

1. Solve the above example if the sinking fund accumulâtes at (j = .04, 
m = 2). Ans. $10449.13. 

2. A $5000 bond bearing interest at 5\% payable semi-annually, and re- 
deemable at par in 10 years, is bought to yield (j = .05, m = 2). If a sinking 
fund which accumulâtes at (j = .05, m = 2) is established to restore the 
premium, construct the sinking-fund schedule. (See Exercise 4, Art. 48.) 

3. Saine as Exercise 2, except that the sinking fund accumulâtes at 
(j = .045, m = 2). Ans. $5191.89 (purchase price). 

4. If the bond in Exercise 2 is bought to yield (j = .06, m = 2) and a sink¬ 
ing fund which accumulâtes at (j = .06, m = 2) is established to accumulate 
the discount, construct the sinking-fund schedule. (See Exercise 4, Art. 48.) 

Ans. $4814.03. 

5. Same as Exercise 4, except that the sinking fund accumulâtes at 
(j = .055, m = 2). 

6. It is estimated that a taxicab will yield a net return of $500 at the end 
of each year for 4 years, at the end of which time the taxicab will hâve a scrap 
value of $100. If a sinking fund which accumulâtes at (j = .04, m = 1) is 
created to restore in 4 years the capital invested less the scrap value, find the 
purchase price to yield 10% annually. (See Exercise 2, Art. 47, and Exercise 
9, Art. 48.) Ans. $1560.55. 

7. It is estimated that the income of a lumber company in developing a 
tract of wooded land will be $10000 annually for 15 years, at which time pro¬ 
duction will cease and the land will be worth $2500. If a sinking fund which 
accumulâtes at (j = .04, m =* 1) is established to restore the capital invested 
less the value of the land, find the purchase price correct to dollars to yield 
10% annually. (See Exercise 10, Art. 48.) Ans. $67526. 


51. The value of a bond purchased between interest payment 
dates. The expression for the value of an ordinary bond or of 
an annuity bond purchased, at date of issue or at an interest-bear- 
ing date, to yield a given interest rate can be used to find the value 
of the bond purchased at any date to yield this interest rate. If 

7' dénotés the value of a bond n\ years (ni < —^ after the date 

at which V was found in Art. 48, then, by Theorem I, Art. 15, 

1 + —^ *. In practice, how- 

m/ 

ever, the simple interest formula is ordinarily used for the frac- 
tional tenn, m, so that 

7' = 7(1 +im) 


Chapter I, it follows that V* = V( 
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Unless otherwise Btated, this formula will be used in what follows 
to find the value of a bond purchased between interest payment 
dates to yield a given interest rate. 

Bonds are often listed or quoted at a given price. The amount 
quoted is usually what must be paid by the purchaser for each 
$100 of face value. For example, a $10000 bond quoted at 105 
can be bought for $10500. In such cases the interest rate earned 
by the purchaser is not ordinarily known, so that the preceding 
formula cannot be applied. When a bond quoted at a certain 
price is sold between interest payment dates, the seller is entitled 
to part of the interest due on the bond at the next interest payment 
date, since he has held the bond during a part of this period. In 
practice, the part he gets is usually the simple interest on the face 
of the bond at the rate named in the bond for the part of the period 
(ni years) during which he holds it. The value by this method 
is said to be the value at a certain 'price and accrued interest. In the 
case of an ordinary bond, as treated in Art. 48, sold at a price P 
and accrued interest this value is given by 

V' = P + Cgni 


Example 1. Find the value of the bond in the example in Art. 48 to yield 
4% semi-annualTy, if purchased October 1, 1925. 

Solotion. By Art. 48, or by the firet schedule in Art. 49, the value of this 
bond July 1,1925, is $10280.07. Hence the purchase price V 7 to yield 0 = -04, 
m = 2) is given by 

V' = 10280.07 (1.01) 

= $10382.87 

Example 2. If the bond in the example in Art. 48 were quoted at 102 on 
October 1, 1925, find its purchas.e price with accrued interest. 

Solution. The price at which it is quoted is $10200, and the accrued 
interest on the bond is $125. Hence the purchase price with accrued interest, 
V', is given by 

Y' = 10200 + 125 
= $10325 


EXERCISES 

1. A $100 bond dated October 15, 1920, bearing interest at 6% payable 
annually, and maturing in 10 years, was purchased January 1, 1924 to yield 
(j = .05, m = 2). Find the purchase price. Ans. $106.52. 

2. Same as Exercise 1, except that the bond is redeemable at 102. 
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3. A $500 bond bearing interest at 5% semi-annually, payable June 15 
and December 15, was purchased on August 1 at 98| and accrued interest. 
Find the purchase price. Ans. $497.57. 

4. A $500 Liberty Bond was purchased at 99—26. If the bond bears 
interest at 4£% payable semi-annually, find the purchase price 23 days before 
an interest date; 23 days after an interest date. Ans. $508.33; $500.42. 

5. A $1000 bond bearing interest at 51% payable semi-annually was pur¬ 
chased at 103L 95 days after an interest date. Find the purchase price. 


62. The value of serial bonds or bonds to be redeemed in equal 
periodic instalments. The retum is that of a set of ordinary bonds 
having equal face values. In an ordinary bond the face value is 
paid in a single instalment. In annuity bonds (Art. 46) the face 
value is paid in instalments at the interest payment dates such that 
the instalment plus the interest is constant or nearly constant. 
In serial bonds the face value is paid in instalments which are equal 
or nearly equal. The values of ail bonds whose face is paid in 
known instalments may evidently be found by summing the values 
of the ordinary bonds composing them. In some important cases, 
however, simpler methods may be employed for computing the 
values of such bonds. In this article methods for finding the 
values of serial bonds whose face value is paid in equal periodic 
instalments are treated. The treatment is given first for a spécial 
case and then for the general case. 

Spécial Case : The value of serial bonds whose face value is paid 
in equal instalments at the interest payment dates. The retum 
in this case consista of the annuity composed of the instalments 
on the bonds and the decreasing annuity composed of the interest 
payments on the instalments. If Ci denoted the amount of each 
instalment the présent value of the annuity composed of them is 
Ci a—and the présent value of the decreasing annuity composed 

mn \m 


of the interest payments is, by Formula (8), Art. 32, Chapter II, 



Hence 


V = C 1 a~ {L + 

mn \m 
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This formula can be written in two other forme, analogous to those 
for an ordinary bond (Art. 48). These are 



The right member of the first involves the values of an annuity, 
and of a decreasing annuity ; that of the second involves the value 
of a decreasing annuity; and that of the third, the value of an 
annuity. In finding the values of serial bonds of this type the 
principles underlying the formulas should be used rather than the 
formulas. These principles are seen at once by expressing the 
formulas verbally. For example, by the last formula the value 

of the bonds equals the amount of mn investments of ^ each 

J 

plus or minus the présent value of an annuity whose rent is the 
différence between an instalment on the bond and the amount 
of one of these investments. These three principles will now be 
applied in tum to solve 


Example 1. Serial bonds to the amount of $10000 bearing interest at 
5% payable semi-annually are to be redeemed in 5 years in ten equal semi- 
annual instalments of $1000 each. Find the value of these bonds to yield 
the purchaser 4% converted semi-annually. 


Solution 1. The présent value of the instalments is 1000 and that 

of the decreasing annuity composed of the interest payments is 25 —— 

.02 


Hence 


F-KTO^+æ 10 
= $10254.354 


Solution 2. If ten $1000 investments are made at 4% payable semi- 
annually for ternis ranging by half years, from J to 5 years, the retum on these 
investments differs from the return on the bonds by the decreasing annuity 
which is the différence between the interest payments on the bonds and those 
on the investments. The rent payments of this decreasing annuity begin 
with $50 and decrease $5 each period. The présent value of the decreasing 
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annuity is then 5 


10 - 


“imoa 


.02 


Hence 


V = 10000 + 5 
= 110254.354 


10 - 


c moa 


.02 


Solütion 3. If ten $1250 investments are made at 4% payable semi- 
annually for terms ranging by half years, from J to 5 yeare, the return on theae 
investments diffère from the return on the bonds by an annuity whieh is the 
différence between the instalments on the bonds and those of the investments. 
The rent of this annuity is 250 and its présent value is 250 Hence 

V = 12500 - 2.50 « WlQ2 
= $10254.354 

Exercise. Find the value of the bond3 in this example to yield 6% 
converted semi-annually. Ans. $9755.034. 

General Case : The value of serial bonds whose face is paid 
in equal periodic instalments at periods of r years , the first instal- 
ment being paid in ni years. The number of instalments is 


n 


(ni - r) 


When ni = r = — this case reduces to the spécial 
r m 

case treated above. Each of the principles used in the spécial 

case may be applied to this general case. If the first twO are used, 

the decreasing annuities must be replaced by sets of annuities of 

the type treated in Exercise 3, Art.'32, Chapter II. The third 

principle may be applied, however, without change. In this 

method, corresponding to each instalment on the bond an invest- 

ment of is made for a term equal to that of the instalment. 
J 

These investments yield the interest payments which the bonds 
yield, so that the différence between the return on the bonds and 


that on the investments is an annuity whose rent is Ci 


^_Çig 


of rent period r, having the first payment in ni years and the last 
in n years. The présent value of this annuity, whose term begins 

— a - ,j 

m ni — r vears, is ilû- 1 -^-—. Hence 


- r years, is (Ci - 

y _ n - (ni - r)C x g j _ Ciff\ 
r j \ 1 j ) 


S ^\k 


— a 


m(n x - r) 


S —. j 

mr \m 
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This method is illustrated by the solution of 

Example 2. A $10000 loan bearing 5% payable semi-annually is to be 
repaid in ten S1000 instalments, the first in 5 years and the others at periodic 
intervals of 2 years. Find the purchase price to yield 4% converted semi- 
annually. 

Solution. If ten investments of 1250 each are made at 4% payable semi- 
annually for terme of 5, 7, 9, . . , 23 years respectively, the interest payaient* 
on them are the same as those on the loan. The return on these ten invest¬ 
ments exceeds that on the loan by an annuity whose rent is $250, rent period 
2 years, first payment in 5 years and last in 23 years. The value of this de- 

ferred annuity (deferred 3 years) is 250 ?W[ 0 * -^510?. Hence 

**102 

V = 12500 - 250 ~ 

S Ï1.03 

- $11026.61 

Exercise. Find the purchase price of the loan to yield 6% converted semi- 
annually. 

The same method applies to the relation of serial bonds which 
are redeemed above par. 


EXERCISES 

1. Solve Example 2 above by use of the resuit found in Exercise 3, Art. 32. 

2. Solve Example 2 above by summing the values of the annuity consisting 
of the ten instalments and of the ten annuities consisting of the interest pay- 
ments on these instalments. 

3. Serial bonds to the amount of $10000 are redeemable in 10 equal annual 
instalments. If the bonds bear interest at 6% payable annually, find the pur¬ 
chase price at date of issue to yield (j = .065, m = 1). Ans. $9783.76. 

4. Serial bonds to the amount of $25000 are redeemable at 102 in ten equal 
semi-annual instalments. If the bonds bear interest at 51% payable semi- 
annually, find the purchase price at date of issue to yield (j = .06, m = 2). 

Ans. $25120.30. 

5. Serial bonds to the amount of $25000 are redeemable at 105 in five equal 
annual instalments, the first rédemption to take place 3 years from date of 
issue. If the bonds bear interest at 6% payable annually, find the purchase 
price at date of issue to yield (j = .055, m = 1). Ans. $26487.96. 

6. Same as Exercise 3, except that the bonds are redeemable in 5 equal 
biennial instalments, the first rédemption to take place 3 years from date of 
issue. 
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63. Investment schedales for instahnent bonds. An invest- 
ment schedule for instalment bonds diffère from a schedule for 
an ordinary bond only in that it provides a column for the rédemp¬ 
tion payments. 

Example. $10000 of serial bonds issued J&nuary 1, 1919, bearing interest 
at 5% payable semi-annually, are redeemed in ten equal semi-animal instal- 
ments of $1000 each. If these bonds are bought to yield the purchaser 6% 
converted semi-annually, construct an investment schedule. 

Solution. By the fixât exercise in Art. 52, the purchase price of these bonds 
is $9755.034. 


INVESTMENT SCHEDULE 


Date 

Book Valu» 

Interest on 
Book Value 
AT 3% 

— 

Diyidend 

Recexvxd 

For Accumu¬ 
lation or 
Discount 

REDEMPTION 

Patmkntb 

Jan. 1, 1919 

9755.034 





July 1, 1919 

8797.685 

292.651 

250 

42.657 

Kl 

Jan. 1, 1920 

7836.616 

263.931 

225 

38.931 

1000 

July 1, 1920 

6871.714 

235.098 

200 

35.098 

1000 

Jan. 1, 1921 

5902.865 


175 

31.151 

1000 

July 1, 1921 

4929.951 

177.086 

150 

27.086 

1000 

Jan. 1, 1922 

3952.850 

147.899 

125 

22.899 

1000 

July 1, 1922 

2971.436 

118.586 

100 

18.586 

1000 

Jan. 1, 1923 

1985.579 

89.143 

75 

14.143 

1000 

July 1, 1923 

995.146 

59.567 

50 

9.567 

1000 

Jan. 1, 1924 

.000 

29.854 

25 

4.854 

1000 


EXERCISES 

1. Construct an investment schedule for Exercise 3, Art. 52. 

2. Construct an investment schedule for Exercise 4, Art. 52. 

3 . Construct an investment schedule for Exercise 6, Art. 52. 
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54. The value of any investment whose retum is known. When 

the return on an investment is different from the types considered 
in the preceding articles, it can always be resolved into sets which 
belong to these types. It is évident, for example, that any retum 
is a set of single sums. Again the retum on any instalment bond 
is composed of sets of returns on ordinary bonds. Often a given 
return can be resolved into sets in two or more ways whose values 
can be computed with about equal ease. In finding the value of • 
any investment whose return is known the aim should be to résolve 
the return into sets such that the computations needed in finding 
their values can be performed with minimum effort. Some il¬ 
lustrations are afforded by the solution of the 

Example. A debt of $10000 consisting of 100 bonds of $100 dénomination 
bearing interest at 5% payable semi-annually is to be paid, principal and inter¬ 
est, in ten semi-annual instalments as nearly equal as possible. Find the 
purchase price of these bonds to yield the investor 4% converted semi-annually. 

The retirement of the bonds in accordance with the solution of the example 
in Art. 36 will be used as a basis for finding the purchase price. 

Solution 1. This solution is based on resolving the retum into three sets 
of the type treated in Art. 53. The first set consista of the first three instal¬ 
ments of $900 each and their interest payments; the second consista of the 
next four instalments of $1000 each and their interest payments; the third 
consista of the last three instalments of $1100 each and their interest payments. 
By Art. 52 the respective values of these sets are : 

3(1125)- 225 a no3 

4(1250)- 250 (a noa - a nm ) 

3(1375)— 275 (a ^.02 “ °7].Ga) 

Adding these gives 

V = 12500 — 275 02 + 25 o^ 02 + 25 o^ 02 

= $10263.69 

Solution 2. This solution is based on resolving the retum into two sets ; 
one consista of the ten instalments on the face of the bonds and the other of 
the interest payments. The value of the first set can be easily found by re¬ 
solving it into an annuity having ten rent payments of $1100 each less an an- 
nuity having seven rent payments of $100 each, less again an annuity having 
three rent payments of $100 each. The value of the second set can be found 
by resolving it into three decreasing annuities analogous to the three annuities 
into which the first set is resolved. Hence 
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v - “"O <W - °™ - 100 “n» + 27 - 50 ( 10 .o?" 1 ” ) 

- 12500 - 275 ^ + 25 ^ + 25 ^ 

= *10263.69 

Solution 3. This solution is based on resolving the return into two sets ; 
one consists of the ten instalments and their interest payments at 4% payable 
semi-annually, the other consists of the différence between the interest pay¬ 
ments on the bond and the interest payments in the first set. The value of 
the first set is 10000 ; that of the second can be found by resolving it into three 
decreasing annuities as in solution 2. Hence 

r = 10000 + 5.60 (î^n») - .50 Ç-^hm) - .50 (l^m) 

- 12500 - 275 aroi M + 25 + 25 

= $10263.69. 


EXERCISES 

1. Construct an investment schedule for the above example. 

2. Solve this example if the investment rate is 6% converted semi-annually. 

Ans. $9746.22. 

3. In Exercise 1, Art. 36, find the purchase price of the bonds at date of 
issue to yield (j = .06, m = 2). 

4 . In Exercise 2, Art. 36, find the purchase price of the bonds at date of 
issue to yield (j ~ .045, m = 2). 

6 . A corporation issues bonds to the amount of $600000 bearing interest 
at 5% payable semi-annually. The bonds are redeemable as follows : $100000 
in 5 years at 100; $200000 in 8 years at 102; $300000 in 11 years at 105. 
Find the purchase price at date of issue to yield (j = .055, m = 2). Con¬ 
struct an investment schedule. Ans. $590029.87. 

55. The number of equal periodic payments needed to purchase 
an investment of known value when the interest rate is given. 
Building and Loan Association Stocks. In the investments treated 
in the preceding articles, the purchase price is determined in a 
lump sum at the time the investment is made. Some investments, 
however, are paid for on the instalment plan. A good illustration 
is afforded by stocks issued by some building and loan associations. 
In such cases the payments are usually equal and periodic and 
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they are accumulated at a specified rate ; the problem is to find 
the number of payments. When the payments accumulate to 
the value of the stock, the stock is said to mature. Stock of given 
value purchased by a set of equal periodic payments will usually 
mature at a time within the period just after the last full payment 
is made. The subscriber to the stock is ordinarily notified, how- 
ever, of its maturity at the end of the next period at which time 
settlement is made. 


Ex ample. A member of a building and loan association pays $1.00 at the 
beginning of each month on a $100 share of stock. Find the number of pay¬ 
ments and time of maturity if the association pays 6% converted monthly. 

Solution. The payments constitute an annuity due of term n years. 
Equating the value of this annuity due just after the last payment is made to 
lOOgivee: 1.005“» - 1 


.005 


‘12*1.005 


100 


By Table Y, = 99.56, and = 101.06. 

Hence 81 payments are needed and the stock matures in 6 years, 8 months, 
and d days. To find d the ordinary simple interest formula may be used; 
100 — 99 56 = 0.44 is the interest on 99.56 for d days. This gives 

.« = 99.56^ (.06) 

Solving, d = 27 

Hence 81 payments mature the stock in 6 years, 8 months, and 27 days. 
In this case settlement would usually be made at the end of 6 years and 
9 months, at wh ch time the 81 payments made hâve a value of 99.56 
(1 + .005) = 101.06. Settlement at this time requires the delivery of the stock 
and the cash payment of 6 cents to the subscriber. 


EXERCISES 

1. A member of a building and loan association pays $1 at the beginning 
of each month on a $100 share of stock. If the association pays 5% converted 
monthly show that the stock will mature in 6 years and 11 months, the final 
payment being 67 cents. 

2. Find the book values of the payments on the stock in Exercise 1 at the 
end of 4 years ; at the end of 5 years and 6 months. Ans. $54.24 ; $77.10. 

56. To find tbe rate in investment, debt, and other problems 
in finance. Interest and discount rates are frequently the un- 
knowns in investment, debt, and other problems in finance. A 
bond purchased at a quoted value, a debt amortized by a known 
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set of payments, a dépréciation estimated by the use of the simple 
discount formula, are illustrations. The équation determining 
the rate in any rate problem is found, in the usual manner, by 
equating the values of équivalent sets of sums. Methods for 
determining rates based on the compound interest formula and 
on annuity formulas hâve been presented in Art. 12, Chapter I, 
and in Art. 26, Chapter IL By use of one or more of these meth¬ 
ods any rate équation arising in elementary finance can be solved. 
In the next four articles solutions of some important types of rate 
équations are given ; the types treated are introduced in the order 
of their difficulty. 

67. Rate équations based on the value of one sum. Various 
problems involving the détermination of rates based on the in¬ 
terest and discount formulas for the value of one sum hâve been 
given in Chapter I. Two problems which relate to dépréciation 
are solved in this article. 

Example l. An article costing $1000 has a value of $100 at the end of 
10 years. If the simple discount formula is used in estimating dépréciation, 
find the discount rate. 

Solution. By the simple discount formula, D = Snd , 

900 - 1000(10)d 

Solving, d = .09 

Example 2. An article costing $1000 has a value of $100 at the end of 
10 years. If the compound discount formula, with annual conversions, is 
used in estimating dépréciation, find the discount rate. 

Solution. By the compound discount formula, P = S 

100 = 1000(1 -/) 10 

Solving, 1 — / =VT 

f = 1 - vCT = .206 



68. Rate équations based on the value of an annuity. Two 

examples of rate équations based on the value of an annuity are 
given in Art. 26, Chapter IL In this article two additional ex¬ 
amples are solved. 


Example 1. A debt of $10000 is to be amortizcd by payments of $1150 

at the end of each half year for 5 years. If m = 2, find L 

2 
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Equating the présent value of the payments to 10000 gives 

'-('+ÏT 


1150 


= 10000 


+r 

- V - . . H = 8.69565217 

1 

2 


Solution by Interpolation. In this case, 

- '-e+r 

1 

2 



can be used to construct a table of values for interpolation. By Table VI 
* 101.025 = 8.75206393, and = 8.64007616. Hence ^ lies between .025 

and .0275. Interpolating from the table 


1 

2 

a —. j 

10 ii 

.025 

8.7521 

1 

2 

8.6957 

.0275 

8.6401 


gives 

Solving, 


î - .025 
.0025 


■0564 

.1120 


Î = .02626 


By the use of a seven-place table of logarithms it is found that =8.6958, 

and O262 0 = 8.6953. Hence ^ lies between .02625 and .02626. 

Exercise 1. Solve this example by using Table VII for interpolation. 
(In this example, —= .11500000A 

V *w\I J 

Exercise 2. Solve this example by Newton’s method, using ^ = .0262 + h. 

Exercise 3. Solve this example by the method of itération. 

Example 2. A debt of $10000 is to be amortized by payments of $1150 
at the end of each half year for 5 years. Find the effective interest rate i. 
Equating the présent value of the payments to $10000 gives 


1150 1 ~ (1 + $~* - = 10000 
(1 + 0 * - 1 

or 1 - (1 + i)-* = 8.09565217 

(1 +0*-l 
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Solution 1. In this solution V = -—— is used to construct a 

(l+i)*-l 

table of values for interpolation. 


t 

V 

.05 

8.7659 

i 

8.6957 

.055 

8.6564 


Solving, 


i - .05 = .0702 
.005 .1095 

i = .0532 


Solution 2. In this solution, use is made of the formula 1 + t = ^1 + 0* 
which connecta the corresponding rates i and j( 2 >. Replacing 1 + i by 


^1 + 0 y the équation to be solved becomes 

*-(-r 


8.69565217 


By solution of Example 1, £ = .02625 or .02626. Substituting either of these 

2 

values for î into the relation 1 + i =^1 + gives i = .0532. 


EXERCISES 


1. A lease whose return is $2500 at the end of each six months is sold for 
$70000, 30 years before it expires. If m = 2, find the rate of interest on the 
investment. Ans. .0589. 


2 . A house valued at $6800 is purchased for $1000 in cash and $1000 at the 
end of each year for 8 years. What interest rate converted annually will make 
the payments équivalent to the value of the house. Ans. .0775. 


3. A piano valued at $500 is purchased for $100 in cash and $35 at the end 
of each month for 12 months. Find the interest rate, converted monthly, 
which will make the présent value of the payments equal to the value of the 
piano ; find also the simple discount rate. ^ ng J_ = Qgyg. ^ __ Q879 

12 


4 . At the time of maturity of a certain life insurance policy the beneficiary 
was offered $10000 in cash, or $1161.75 in cash, and a like amount at the end 
of each year for 9 years. If m = 1, find the interest rate used. 

6 . A deposit of $10 at the end of each month for 10 years was made in a 
saving's bank. At the end of this time there was a crédit of $1548.57 to this 
account. If m 2, find the interest rate used. Ans. .0500. 
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59. Rate équations based on the value of an ordinary bond. 

Example. A $10000 bond bearing interest at 5% payable semi-annually 
ifl to be redeeraed at par in 5 years. This bond is purchased for $10200. If 

m = 2, find 

Equating the value of the bond at the rate j payable semi-annually to 10200 
gives 

1 

2 

Solution by interpolation. In this case 

1 :(■ +0 


10200 = 10000 


(J+0-+25O 


-10 


10000 




+ 250 


can be used to construct a table of values of V and ^ for interpolation. The 

upper set of values in the following table are readily found by the use of Tables 
IV and VI ; the lower set is évident : 


1 

2 

V 

.0225 

10221.6554 

.02274 

10200.12 

1 

2 

10200.00 

.02275 

10199.23 

.025 

10000.00 


Interpolating between the upper and 
the lower sets gives 


l - .0225 

Z 

.0025 


21.6554 

221.65.54 


î = .02274 
2 


The two inner sets can be computed by the use of a seven-place table of 


logarithms. 


This table shows that ^ lies between .02274 and .02275. 

2 


EXERCISES 

1. A $100 bond bearing interest at b\% payable semi-annually and redeem- 
able at par in 10 years is purchased at date of issue for $98.50. What rate 
converted semi-annually does the investment yield? Ans. .0570. 

2. Sarae as Exercise 1 except that the bond is redeemable at 102. 

Ans. .0585. 

3. A $1000 bond issued by a corporation bears interest at 5J% payable 
semi-annually and is redeemable at par in 10 years. A $1000 bond issued 
by a second corporation bears interest at 5% payable semi-annually and is 
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redeemable at 102 in 10 years. Which of the two bonds is the better inveat- 
ment if the first is quoted at 100i and the second at 99i ? 

4 , A $100 liberty bond bearing interest at 4J% payable semi-annually and 
redeemable at par in 5 years was purchased for 96 —21. What rate converted 
semi-annually does the investment yield? Ans. .0501. 


60. Rate équations based on the value of any set of sums. The 

rate équations which occur in elementary finance are usually of 
the types treated in the three preceding articles. A rate équation 
based on the value of any set of sums can be solved, however, by 
the use of the methods employed in these articles. 


Example. A share of common stock bought at par ($100) yielded divi- 
dends at 6% payable quarterly, and a bonus of 2% at the end of each year, for 

10 years, when it was sold at $105. If m = 4, find 

Equating the présent value of the retum on the stock to $100 gives 



can be used to construct a table of values for V and ^ for interpolation, 

4 


• 

1 

4 

V 

.02 

101.8609 

i 

4 

100.0000 

.0225 

95.0710 


2 - .02 
4 


1.8609 


.0025 6.7899 

• 

1 = .0207 
4 


EXERCISES 

1. A debt of $5000 was paid by payments of $1000 at the end of each vear 
for 3 years, and $1600 at the end of each of the two following years. What 
rate of interest converted annually was used? Ans. .0690. 

2. Common stock of a corporation bought at par paid dividends at B% 
semi-ûnmiaUy for 3 years, 8% semi-annually for 2 years, and 7%' semi-annually 
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for 2 years. At the end of the 7 years the stock was sold at 102. What rate 
of interest converted semi-annually was received on the investment? 

Ans. .0701. 

3. Five shares of common stock in a mercantile company were purchased 
for $500. At the end of each six months for two years the dividend on the 
stock was $20.00. For the following two years no dividends were paid. For 
the following six years, a dividend of $15.00 was paid at the end of each six 
months. At the end of the 10 years the stock was sold for $490. What 
rate of interest converted semi-annually was received on the investment ? 

Ans. .0501. 

4. A $100 share of a building and loan association stock bought on monthly 
payments matures at the timc of the 80th payment. If the 80th payment is 

18 cents and each of the others is $1.00, find Ans. .0344. 

6. The serial bonds in Exanîple 1, Art. 52, were purchased for $10125. If 
m = 2, find Ans. .0450. 

DEPRECIATION AND CAPITALIZED COST 

61. Methods of estimating dépréciation charges. Définitions. 

Buildings, machinery, and other property used in business enter- 
prises deteriorate in value. Part of such losses in value can be 
provided for by current repairs. The loss in value that cannot 
be provided for by current repairs is called déprédation. When 
an article has depreciated to an extent that makes replacement 
necessary the total loss in value due to dépréciation is the différ¬ 
ence between its cost and its salvage or scrap value at the time of 
replacement. Here, as elsewhere in business, capital invested 
should not bç impaired. To provide for dépréciation losses a 
common practice is to set aside sums, called déprédation charges, 
at periodic intervals. The book value of an article at any time 
is its cost less the value at the time, of the dépréciation charges. 
The wearing value of an article at any time is its book value at the 
time less the salvage value. The total wearing value is its cost less 
its salvage value. The condition per cent of an article at any time 
is its wearing value divided by its cost. 

Ail articles do not depreciate in the same manner, so that differ¬ 
ent methods of estimating dépréciation charges are necessary. 
Practically ail methods of treating dépréciation are alike in that 
they aim to restore the total wearing value of an article at the end 
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of its dépréciation term ; that is, at the time replacement is neces- 
sary. In Arts. 62 to 65 inclusive, four different methods of es- 
timating dépréciation charges are presented. In the examples 
and exercises in these articles n dénotés the number of years in 
the dépréciation term, and t dénotés the number of years from the 
beginning to any date within the term. 

62. The straight-line or simple-discount method. By this 
method the simple discount formulas D = Snd, P = S(1 — nd), 
are used in estimating the dépréciation and the book value at any 
time. It is called the straight>-line method because the graphs 
of these formulas for given values of S and d are straight Unes 
(Art. 7, Chapter I). The simple discount rate in a given problem 
can be found from D = Snd by replacing S by the cost of the 
article, D by the total dépréciation, and n by the dépréciation 
term. The annual dépréciation is the cost times the simple dis¬ 
count rate. 

Ex ample. An article costing $1000 has a salvage value of $100 at the end 
of 14 years. Use the straight-line method to find formulas for the déprécia¬ 
tion D and the book value B at the end of t years, and construct a dépréciation 
schedule. 

Solution. Substituting D = 900, S = 1000, and n = 14 into D = Snd, 
gives d = T** = .06429. Replacing S by 1000, P by B, d by *5*, and n by t 
in the simple discount formulas gives 

D = 4501 
7 

B = 1000 — 

By use of these formulas B and D can be computed for assigned values of t. 
The annual dépréciation charge is ; it is also the différence between con¬ 
secutive values of B or consecutive values of D when t is assigned intégral 
values. These résulta are shown in the dépréciation schedule on the next page. 
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DEPRECIATION SCHEDULE 


Y BAR 

Book Valu» at End 
of Ykar 

Dépréciation Charqe 
at End of Year 

Total Dépréciation 
Charge at End of Year 


1000.00 



1 

935.71 

64.29 

64.29 

2 

871.43 

64.28 

128.57 

3 

807.14 . 

64.29 

192.86 

4 

742.86 

64.28 

257.14 

5 

678.57 

64.29 

321.43 

6 

614.28 

64.29 

385.72 

7 

550.00 

64.28 

450.00 

8 

485.71 

64.29 

514.29 

9 

421.43 

64.28 

578.57 

10 

357.14 

64.29 

642.86 

11 

292.85 

64.29 

707.15 

12 

228.57 

64.28 

771.43 

13 

164.28 

64.29 

835.72 

14 

100.00 

64.28 

900.00 


Exercise 1. If C dénotés the cost, S the Bcrap value, and n the déprécia¬ 
tion terni of an article, show that the straight-line method gives the formulas 

D = t, B = C - t 
n n 

Exercise 2. Apply the formulas in Exercise 1 to the above example. 

EXERCISES 

1. A machine costing S2500 is depreciated 2% monthly by the straight-line 
method. If the machine has a scrap value of $200, construct the déprécia¬ 
tion schedule for the life of the machine. 

2. The owner of an automobile in Ohio is required to list his automobile for 
taxation in accordance with the following schedule : first year, at 70% of list 
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price ; second tw:, t : thira year. 5?^ : 5rank y**r. 4? * ; SW* }w, ,V ; ; 

sixth year. 2>^ : ifw iihe *arut &â iîs jkotjJ nD je :r. m.Yîîey. Oonsinj^ 

a depreaa;k>n 5c3»rjj* fer \à» Stsî six 5 .tt an ssîorcî.vùe KvqcV.i in 19;6 

at a cost o i fîiMi asssn±g xîuû Lie hfs xi» ivanair^ rcsnsïanÎK 

S. If the rs;e oc dfprrcàiua^. d h cvbl. sh^or ii&3 lhe ss^rs^hî-tne mtthvvl 

ia not applicable îf a > i. 

a 

63. The c o n s tant percentage or compound discount methad. 

By this method the compcxiDû discount formulas. P = S( 1— 

\ mJ * 

D = S — P, are osed in estimating the book value and the dépré¬ 
ciation at any time_ It is called lise constant pencentage method 
since the animal déprédation charge for eaeh period is a constant 
percentage of the book value at the beginning of the period. The 
constant pereentage or compound discount rate in a given problem 

can be found from P = 5^1 — by replacing .$ by the cost 

of the article, P by the salv&ge value, n by the dépréciation terni, 
and m by the number of discount conversions per year. 

Ex ample. An article costing $1000 has a salvage value of $100 at the end 
of 14 years. Use the constant pereentage method to find formulas for the 
book value B and the total dépréciation D at the end of I years, and construct 
a déprédation schedule. 

Solution. Subetituting P = 100, S = 1000, a = 14, and m * 1 into 
P = S fl - 0"" gives 1 -/ = 'V7l - .84834, or / - .15166. Rcplacing 

S by 1000, P by B, 1 — / by (.l) 1 ^, n by t, and m by 1 in tbe compound dis¬ 
count formulas gives 

B = 1000(.l) n 

y 

D = 1000 - ÎOOO(.I) 14 

By use of these formulas and a table of logarithms, B and D can l>e computcd 
readily for assigned values of t . The annifal dépréciation charge* can then 
be computed by finding the différences between consecutive Ixmk values cor- 
responding to intégral values of t ; they can also be found by multiplying oarh 
book value by/. The results are shown in the dépréciation schedule on the 
next page. 
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DEPRECIATION SCHEDULE 


Year 

Loc.àrithm or 
Book Value 

Book Values at 
End or Year 

Dépréciation 
Charge at End 
of Year 

Total Déprécia¬ 
tion Charge at 
End of Yeab 

o 

3.0000000 

1000.00 



m 

2.9285714 

848.34 

151.66 

151.66 

2 

2.8571428 

719.68 

128.66 

280.32 

3 

2.7857142 

610.54 

109.14 

389.46 

■a 

2.7142856 

517.95 

92.59 

482.05 

5 

2.6428570 

439.40 . 

78.55 


6 

2.5714284 


66.64 

627.24 

m 

2.4999998 


56.53 

■3m 

8 


268.27 

47.96 

731.73 

■a 

'2.3571426 

227.58 

40.69 

772.42 

10 

2.2857140 

193.07 

34.51 


11 

2.2142854 

163.79 

29.28 

836.21 

12 

2.1428568 

138.95 

24.84 

861.05 

13 

2.0714282 

117.87 

21.08 

iiEiji 

14 


100.00 

17.87 

900.00 


The first logarithm in the second column is log [1000 (,l) T3r ]; each of the 
other logarithme is obtained by adding log (.l) 1 ** = 1.9285714 to the one just 
preceding it. 

Exercise 1. Compute the book values in the above schedule arithmeti- 
cally by multiplying in tum by>the value of (1 — 

Exercise 2. If C dénotés the coîst, S the scrap value, n the dépréciation 
term of an article and m equals unity, show that the constant percentage 
method gives the formulas 

b - <§)’ ° - c - c (§ÿ 

Exercise 3. Apply the formulas in Exercise 2 to the above exemple. 
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EXERCISES 

1. A home costing $6000 is depreciated at 5% annually by the constant 
percent&ge method. Find its book yalue at the end of the eighth year. 

Ans. $3980.52. 

2. If a house costing $10000 depreciates to $7000 in eight years, find the 
constant annuel rate of dépréciation to four places of décimais. Ans. .0436. 

3. A machine costing $2500 is depreciated 2% monthly by the constant 
percentage method. If the machine has a scrap value of $200 at the end of 
46 months, construct the dépréciation schedule for the life of the machine. 

4. By the constant percentage method an article costing $1000 depreciafees 
to $598.75 in n years at 5% converted annually. Find n. Ans. 10. 

5. Show that the constant percentage method is not applicable when S =■ 0, 
S being the salvage value. 

64. The sinking-fund method. By ttais method the annual' 
dépréciation charge equals the rent of an annuity whose amount 
at the end of the dépréciation term, at a given interest rate, equals 
the cost of the article less its scrap value. 

Example. An article costing $1000 has a scrap value of $100 at the end 
of 14 years. Use the sinking-fund method, at 5%'interest converted annually, 
to find formulas for the book value and the dépréciation charge at the end of 
t years, and construct a dépréciation schedule. 

Solution. The annual sinking-fund payment is 900 —-— = 45.9216. The 

*1*105 

formulas for D and B at the end of t years are then 

D = 45.9216 

B = 1000 - 45.9216 ^.05 

By use of these formulas, B and D can be computed for assigned values of t. 
B and D can also be computed by constructing a schedule analogous to that 
in Art. 43. The résulta are shown in the dépréciation schedule on the next 
page. 
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DEPRECIATION SCHEDULE 


Y* AB 

Book Valu® at 
End or Yeab 

Patmkwt to Sut k- 
ino Fund at End 
of Y*ab 

Intermt Du* on 
Fund at End or 
Y CAR 

Total in Fund at 
End or Ykab 

0 

1000.00 




i 

954.08 

45.92 


45.92 

2 

905.86 

45.92 

2.30 

94.14 

3 

855.23 

45.92 

4.71 

144.77 

n 

802.07 

45.92 

7.24 

197.93 

5 

746.25 

45.92 

9.90 

253.75 

6 

687.64 

45.92 

12.69 

312.36 

B 

626.10 

45.92 

15.62 

373.90 

8 

561.49 

■B 

18.69 

438.51 

9 

493.64 

■SB 

21.93 

506.36 

10 

422.40 

45.92 

25.32 

577.60 

11 

347.60 

45.92 

28.88 

652.40 

12 

269.06 

45.92 

32.62 

730.94 

13 

186.59 

45.92 

36.55 

813.41 

14 

100.00 

■Si 

40.67 

900.00 


Exercise 1. Use the above formulas to compute the values of B and D 
at the end of 6 years. 

Exercise 2. If C dénotés the cost, S the scrap value, and n the dépré¬ 
ciation term of an article, show that the sinking-fund method at the rate i 

gives the formulas 

r> _ C — S p _ fi C — 5 

u —;— u — c -— * ni 

S n\i 8 n)i 

EXERCISES 

1. A sinking fund with annual deposits is created at (j = .055, m = 1) 
to replace in 5 years a machine which costs $1850, and which has a scrap value 
of $100. Construct the dépréciation schedule. 

2. Same as Exercise 1, except that (j = -06, m = 2). 
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3 . Same aa Exercise 2, except that the deposits into the ainking fund are 
made semi-aunually. 

4 . By the sinking-fund method, find the book value, at the end of the fifth 
year, of a building which costs $100000 and which dépréciâtes to $70000 in 
10 years. (Use j = .05, m = 1.) Ans. $86820.61. 

66. The appraisal method.* By the straight-line, compound- 
discount, and sinking-fund methods, an estimate is made of the 
dépréciation charge of an article during its estimated term. In 
the appraisal method the dépréciation term is divided into periods 
and an estimate is made of the dépréciation charge for each period. 
The amount of dépréciation for each period is often fairly well 
known from data at hand, and by properly utilizing this informa¬ 
tion it is possible to make a set of dépréciation charges which are 
doser to the actual amounts of dépréciation than it would be if 
no account whatever were taken of it. The straight-line, the 
constant percentage, or the sinking-fund method could be used 
to estimate the charges during any period ; in this article, however, 
the 6inking-fund method will be used. For each period after the 
first the interest payments on the fund already accumulated are 
used to help pay the dépréciation charges for this period. 

Example. An article costing $1000 has a scrap value of $100 at the end 
of 14 years. It is estimated that this article will depreciate $100 during the 
first five years, $200 during the next four years, $300 during the next three 
years, and $300 during the last two years of the term. If the appraisal method 
is used with interest at 5% converted annually, find the dépréciation charge 
at the end of each year and construct a dépréciation schedule. 

Solution. In the following diagram, each section of which represents one 
year, the annual dépréciation charge and the interest payments on the fund 
accumulated are shown below the line and the dépréciation amounts for the 
periods into which the term is divided are shown above the line. In the diagram 
replace the last R t by R t . 

100 200 - 300 300 

I- 1 - 1 -i- 1 - 1 -I- 1 - 1 - 1 - 1 - 1 - 1 - 1 - 1 

R t R, Rj Rj R, R? R? R z R 2 R 3 R 3 R 3 R 3 R 4 

5 5 5 5 1515153030 

Equating the value at the end of each period of the dépréciation and the 
interest payments during the period to the dépréciation amount at the end of 
the period gives the following équations for determining R i, R 2 , Æj, and R 4 . 

* Communicatcd to the authors by Profcssor C. H. Foreythe. 
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«i^ob = 10 °; («*+5)^05=200; («1+15)^=300; («4+30)^=300 

Solving, R x = 18.10; R % = 41.40; fi, = 80.16; « 4 = 116.34 

By use of these animal dépréciation charges one can readily construct 
the folio wing 

DEPRECIATION SCHEDULE 


Yeab 

Book Value at 
End of Yeab 

Patment to Fund 
at End of Yeab 

Interest Due on 
Fund at End 
of Year 

Total in Fund 
at End of Yeab 

0 

1000.00 




1 

981.90 

18.10 


18.10 

2 

962.90 

18.10 

.90 

37.10 

3 

942.95 

18.10 

1.85 

57.05 

4 

922.00 

18.10 

2.85 

78.00 

5 

900.00 

18.10 

3.90 

100.00 

6 

853.60 

41.40 

5.00 

146.40 

m 

804.88 

41.40 

7.32 

195.12 

8 

753.72 

41.40 

9.76 

246.28 

9 

700.01 

41.40 

12.31 

299.99 

10 

604.85 

80.16 

15.00 

395.15 

11 

504.93 

80.16 

19.76 

495.07 

12 

400.02 

80.16 

24.75 

599.98 

13 

253.68 

116.34 

30.00 

746.32 

14 

100.03 

116.34 

37.31 

899.97 


EXERCISES 

1. Solve the above example if the dépréciation charges are made semi- 
annually and the sinking fund accumulâtes at (j = .05, m = 2). 

2. Solve the above example if the dépréciation charges are made annually 
but the sinking fund accumulâtes at (j = .05, m = 2). [In this case, 

Rl lmn =. 100, + 2.50 = 200, etc.] 

* 71.05 *21025 
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3. In the above example, show that the dépréciation fund, Di, and the book 
value, B», for the third period, are given by the formulas 

D, = 300(1.05)-» + «.Sj^n.05 
Bi = 1000 - Dt 

4 . An article costing 33000 has a value of 3400 at the end of eight yeare. 
It is estimated that this article will depreciate 31000 during the first year, 
31000 during the next two years, and 3600 during the next five years. If the 
appraisal method is used with interest at 5% converted annually, find the dé¬ 
préciation charge at the end of each year and construct a dépréciation schedule. 

6 . Solve Exercise 4 if the etraight line method is used to eetimate the an- 
nual dépréciation charges for each period. 

6 . Solve Exercise 4 if the constant percentage method is used to estimate 
the annual dépréciation charges for each period. 

66. Graphs of book values and dépréciation funds. Figure 
9 shows the book values and the amounts in the dépréciation 
fund for the examples solved in Arts. 62-65 inclusive. 

Graph (1) shows these values by the straight-line method, graph 
(2) by the constant percentage method, graph (3) by the sink- 
ing-fund method, and graph (4) by the appraisal method. For 
example, by the sinking fund method, MP 3 represents the book 
value of the article and MiP 3 the amount in the dépréciation fund 
at the end of five years. The slope at a point which corresponds 
to any time détermines the rate at which the book value or the 
amount in the dépréciation fund is changing at the time ; a slope 
whose numerical value is large shows a rapid change while one 
whose numerical value is small shows a slow change. 

EXERCISES 

1. Construct the graph of book values of the article in Exercise 4, Art. 65. 

2. Same as Exercise 1, for Exercise 5, Art. 65. 

' 67. Other methods of estimating dépréciation. By the com- 
pound interest, or interest on investment method charges are made 
at the end of each year to cover dépréciation for the year and 
interest for the year on the book value of the article at the begin- 
ning of the year. The book values and the total dépréciation 
charges are the same by this method as by the sinking-fund method. 
When the same interest rates are used on the book values and on 
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the animal dépréciation charges, the book value plus the dépré¬ 
ciation charge is constant ; when different rates are used, the book 
value plus the dépréciation charge is not constant. Exercises 1 
and 2 below illustrate dépréciation schedules for the two cases. 

By the unit cost method the value of a machine at any time 
is found by assuming that the net cost of a unit of its output equals 
that of a new machine which could replace it. The net cost of a 
unit for each machine is found by dividing the number of units 
it produces in a year into the sum of the annual charges for operat- 
ing expenses, repairs, dépréciation, and interest. Exercise 3 below 
illustrâtes the method by which the équation determining the 
value of the old machine is found. 

It should be noted that each of the methods of estimating dé¬ 
préciation described in this and the preceding articles resta upon 
certain assumptions. In each method an assumption is made as 
to the amount of dépréciation during the service life of an article 
or during an interval within the service life; the service life is 
also an assumed number of years. A further assumption is made 
as to the type of dépréciation during the whole or a part of the 
service life. One type is given by the straight-line formula, one 
by the constant percentage, and another by the sinking fund. 
In practice that method should be used which in the judgment 
of the business accountant or évaluation engineer seems to be in 
best agreement with the data at hand and then the results deter- 
mined should be modified to make them correspond to any addi- 
tiûnal data obtained'later. The methods of mathematical statis- 
tics when applied to data which show with a fair amount of ac- 
curacy the dépréciation which has taken place in ah article for a 
term of years would lead to a more accurate détermination of the 
dépréciation charges of a like article than could ordinarily be ob- 
tained by the use of a method based upon assumptions which are 
in whole or in part a -priori. 

EXERCISES 

1. An article coeting $1000 has a scrap value of $100 at the end of 14 years. 
Complété the following compound-interest-mèthod schedule in which (j = .05, 
m = 1), for book values and for annual dépréciation charges: 
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DEPRECIATION SCHEDULE 


Yeab 

Book Value 
at End of 
Yeab 

Dépréciation 
Charges at 
End of Yeab 

Total Dépré¬ 
ciation AT 
End of Yeab 

Interest on 
Book Value 
at 5% at End 
of Year 

Sum of Dé¬ 
préciation 

Charges at 
End ok Year 
and Interest 
on Book Value 

0 

1000.00 





1 

954.08 

45.92 

45.92 

50.00 

95.92 

2 

905.86 

48.22 

94.14 

47.70 

95.92 

3 

855.23 

50.63 

144.97 

45.29 

95.92 

4 






5 






6 






SI 






8 






9 






10 






11 






m 


S 




13 






14 







2. An article costing $1000 has a scrap value of $100 at the end of 14 years. 
Complété the following compound-interest-method schedule in which the in¬ 
terest on book values is at 0 = «08, m = 1) and the dépréciation charge is at 
(j = .06, m « 1). 
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DEPRECIATION SCHEDULE 


Year 

Book Value 
at End of 
Year 

Dépréciation 
Charges at 
End op Year 
AT 5% 

Total Dépré¬ 
ciation AT 
End of Year 

Interebt on 
Book Value 

AT 8% 

Sun of Dé¬ 
préciation 
Charges at 
End of Year 
on Book 

VALUE8 

0 

1000.00 





î 

954.08 

45.92 

45.92 

80.00 

125.92 

2 

905.80 

48.22 

94.14 

76.33 

124.55 

3 

852.70 

50.63 

147.30 

72.46 

123.09 

ül 






5 






D 






n 


• 




8 






9 






10 






11 






12 






13 






14 







3. A machine whose cost of operation is $500 per year and whose cost for 
annual repairs is $200 has an estimated life of 5 years. A new machine whose 
cost of operation is $450 per year and whose cost for annual repairs is $100 
may be purchased for $1500 and has an estimated life of 8 years. If the scrap 
value of each machine is zéro and if they produce the saine number of units 
of annual output, find the value of the old machine at (j = .06, m = 1). If 
x is the value of the old machine, then 

— +.061 + 500 + 200 = +(.06)1500 + 450 + 100 

S 5106 * 81-08 

Solving, x = 8385.66 

4. Same as Exercise 3 except that the annual output of the new machine 
is 10% greater than that of the old; 13% greater. Ans. $82.54 ; $2.06. 
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68. Composite life of a plant. The various parts of a plant 
do not ordinarily hâve the same dépréciation terni or lifetime. 
The composite life of such a plant may be defined as the number 
of years n for which the annual dépréciation charge for ail the parts 
equals the sum of the annual dépréciation charge for the compo- 
nent parts. By means of this définition the équation determining 
the composite life of a plant can be readily formed. 

Example 1. Find the composite life under the sinking-fund method at 
5% converted annually of a plant having the following parts : 


Part 

COST 

Scrap Value 

Life 

i 


400 

n 

2 


500 

mm 

3 

8600 

200 


4 

12300 

300 

17 


Solution. The total wearing values of the parts are $16600, $23000, $8400, 
and $12000; the sum of these is $59000. By définition the composite life, 
n years, by the sinking-fund plan, is determined by the équation 
. 59000 _ 15600 ! 23000 ] 8400 | 12000 

*si.05 ®roi.05 e r5|.o5 ®si.06 8 mos 

= $3650.19698 
fijjlos = 16.1635113 

Interpolation in Table V gives n = 12.1 

Exercise. Solve the above équation for —— and find n by interpolation 
in Table VII. 8 »l.os 

Example 2. Find the composite life of the plant in Example 1 by the 
straight-line method. 

Solution. In this case the équation which détermines n is 
59000 _ 15600 , 23000 , 8400 , 12000 
~n - Ï0~ + ÏS 8 ^ "TT" 

= $4849.2157 
n = 12.2 


EXERCISE 

Find the composite life of a manufacturing plant composed of the following 
units : 

(a) building, costing $100000 with a scrap value of $10000 at the end of 20 
yeare; 
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(6) heavy machinery, coeting $75000 with a scrap value of $15000 at the 
eDd of 10 years ; 

(c) light machinery, coeting $25000 with a scrap value of $1000 at the end 
of 5 years. 

Use 0 = -06, m = 1). Ans. 11.3. 


69. Capitalized cost. The capitalized cost of an article is de- 
fined as the first cost plus the présent value of perpétuai renewals. 
When the renewals are made at periodic intervals and at equal 
cost they form a perpetuity. (Art. 29, Chapter II.) 


Example 1. A cab costing $1600 muet be replaced each 5 years. Find 
the capitaliied cost if the scrap value of each cab is $100. Use an interest 
rate of 5% converted annually. 


Solution. The renewals form a perpetuity whose rent is $1500 and whose 
rent period is 5 years. The présent value of this perpetuity is 
Hence the capitalized cost, V, is given by 


1500 1 

• 05 *51.05 


V = 1600 + 


1500 1 


.05 s 


= $7029.24 


ZT'Ofi 


Exercise 1. Show that V, in Example 1, may be written in the form 

1 ryy) i 

V = 100 -; compute its value from this form. 

05 °Fl-05 

Exercise 2. If C is the first cost and D is the renewal cost of an article 
whose life is r years, show that the capitalized cost, V } at the rate i converted 
annually is given by 

V = c - z> + ®_L 
1 <V]< 


A définition of capitalized cost more general than the usual one 
given above may be stated as follows : The capitalized cost of an 
article is the first cost plus the présent value of n' renewals. 
When n' becomes infinité, this définition reduces to the usual 
form. When the n' renewals are made at periodic intervals and 
at equal costs they form an annuity. 


Example 2. A cab costing $1600 must be replaced every 5 years. If the 
scrap value is $100, find the sum f V, of the first cost and the présent value of 8 
renewals. Use an interest rate of 5% converted annually. 

Solution. In this case 

V = 1600 + 1500 

*51.08 

= $6258.04 
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Two articles which will serve the same purpose may hâve equal 
or different capitalized costs. When they are different the one 
with the smaller cost should be used. 

EXERCISES 

1. Would it be more economical to use asbestos shingles which cost $12.00 
per thousand and last 25 years or asphalt shingles which cost $7.00 per thousand 
and last 15 years? Assume that the cost of iaying the shingles is the same in 
each case. Use (J = .06, m = 1). 

2. What is the capitalized cost of a bridge which musrbe replaced every 
50 years at a cost of $350000? Use (j = .055, m = 1). Ans. $375845.59. 

3. What is the capitalized cost of an automobile which costs $1800, has a 
scrap value of $100, and a service life of 6 years. Use (j = .05, m = 1). 

Ans. $6798.59. 

4. A trust fund for the perpétuai maintenance of a hospital building is 
created. How much must be deposited with the trustées of the fund to pro¬ 
vide $30000 for immédiate use, $5000 at the end of each year for minor re¬ 
pairs, and $25000 at the end of each three years for major repairs. Use 
(j = .05, m = 1). Ans. $288604.28. 

6 . A wood post which costs 45 cents and lasts 9 years can be set in soil 
for 10 cents. The post can be set in concrète for 25 cents, and it will then 
last 12 years. Find the capitalized cost of a post set in soil if 3 renewals are 
made, and that of a post set in concrète if 2 renewals arc made. If a fariner 
wishes to maintain a fence for 36 years, which method of setting the posts is 
the more economical? Use (j = .055, m = 1). Ans. $1.23; $1.26. 

70. Capitalized cost équations. An équation which expresses 
equality in value between the capitalized costs of articles can often 
be used to find an unknown in capitalized cost problems. (See 
Art. 15, Chapter I.) In this article two types of capitalized cost 
équations are presented. In one type two articles hâve equal 
capitalized costs ; in the other the capitalized cost of one article 
equals h times that of the other. 

Example 1. A transfer company is using a truck having $3000 for its 
cost, 3 years for its service life, and zéro for its scrap value. What can it af- 
ford to pay for another truck having 5 years for its service life and zéro for ita 
scrap value. Use an interest rate of 6% converted annually. 

Solution. Let x dénoté the amount that can be paid for another truck 
to make its capitalized cost the same as that of the one the company is using. 
Equating the capitalized costs gives [Exercise 2, Example 1, Art. 69] 

x 1 = 3000 1 

06 °frl.0ô 06 a 3T.0ô 
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Solving, 


x - 3000 0 ^ • —— 
“n.oa 

= $5727.66 


It follows that the company can pay an amount not exceeding $5727.66 
for another truck. 


Exercise 1. An article having C + x for its first and its renewal cost 
and r + k for its service life will serve the same purpose as an article having 
C for its first and its renewal cost and r for its service life. By solving the 

capitalized cost équation -= - — for x t show that 

1 a rTTT< 1 


X = ctel«_^L‘ 

°rll 

a r]« 

- CfUi 

a fl« 


(fc > 0) 


This type of équation is useful in finding the amount that one is justified 
in expending in order to extend the life of an article. 

Example 2. A machine costing $1000 has a service life of 10 years and 
a scrap value of $100. How much would one be justified in expending on the 
machine to double its output and decrease its service life by 2 years, the scrap 
value remaining the same. Use an interest rate of 5% converted annually. 

Solution. Let x dénoté the amount that can be expended on the machine 
to make its capitalized cost twice that of the original machine. Then 


100 + 


900 + x 1 _ 


.05 


= 2 ( 100 + ^_L_) 

V. 05 a nn.o5' 


“si 05 

Solving, x = $638.94 

It follows that one can afford to expend an amount not exceeding $638.94. 
Exercise 2. An article having C + x for its first and its renewal cost, 
and r + k for its service life will serve the same purpose as Ji articles each of 
which has C for its first and its renewal cost and r for its service life. By solv- 


C *f* x 

ing the capitalized cost équation - — 


a rTTH 




for x, show that 


x = C(A - 1)+ h C • a7Tr|< - fo* . 

= C(h - l)+hC (fc> 0) 

S fU 

= C(h - 1)- hC- 8 -^! (fc < 0) 

8 f]i 


This type of équation is useful in finding the amount one is justified in spend- 
ing to change the service life and multiply the productivity of an article. 
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EXERCISES 

1. Wood posts which cost 45 cents and last 9 years will, if treated with 
créosote, last 15 years. How much could a farmer afford to spend treating 
each post with créosote? Use (j = .06, m = 1). Ans. .19. 

2. A machine costing $1000 has a service life of 10 years and a scrap value of 
$100. How much would one be justified in expending on the machine to in- 
crease its life to 12 years? Use (j = .05, m = 1). Ans. $133.05. 

3. Same as Exercise 2 except that in addition to increasing the life of the 
machine, its productivity is increased by 20%. Ans. $348.52. 

4: An automobile has a value of $300, a life of 2 years, and a scrap value of 
$25. It is estimated that replacements which would cost $100 would increase 
its life to 4 years. Would it be economical to hâve the replacements made? 
Use (j = .055, m = 1). 

5. A wood post which costs 45 cents and lasts 9 years can be set in soil 
for 10 cents. If the post set in concrète will last 12 years, how much can a 
farmer afford to spend setting the post in concrète if he wishes to maintain 
a fence for 36 years? Use (j = .055, m = 1). 


M3SCELLÀNEOÜS EXERCISES 


1. On March 3, A gave B two demand notes, one for $127.50, the other 
for $1325.60. Each note bore ordinary simple interest from date, the first 
at 6|%, the second at 6%. On April 1, B offered A $25.00 if he would refund 
the notes on that day. A accepted the offer and gave to a bank a note for 
90 days. If the bank charged 7% ordinary simple discount and A used the 
$25.00 to reduce the amount necessary to refund the debt, find the face of 
the note given to the bank. On the assumption that A could not hâve paid 
the two notes before June 30 how much did he gain or lose by the transaction? 


2. A bank paid $676.85 for a note for $735.00 due in one year. What 
rate of interest did the investment yield the bank? Find the corresponding 
rate of discount. 


3. Given the équation 



1 + i. Plot the graph after completing 


the table of values given below : 


n 

0 

.01 

.02 

.03 

.04 

.05 

.06 

.07 

.08! 

.09 

.10 

1 

2 

- 1 

m 

CO 

d 

0 


■ 

■ 

■ 

■ 

■ 

■ 

m 

■ 

■ 

■ 

■ 

■ 

■ 

■ 


Is there a value of d corresponding to every arbitrarily chosen positive value 
for i? What portion of the graph is of importance in the solution of problems 
in interest and discount? At what point does the line i = d eut the hyperbola? 
Interpret i = d =0. 
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4 . A man paya $7800 for a house and rents it at $65.00 per month payable 
in ad van ce. Taxes and upkeep cost $273.00 annually and are charged against 
the investment at the end of the year. What ordinary simple interest rate 
does the owner make if he is able to invest each monthly rental payment as 
made at 5% ordinary simple interest? 

6. A merchant buys a bill of goods for $1275.00. He has the option of 
paying cash with a 2% discount, or net in 60 days. What ordinary simple 
discount rate could he afford to pay a bank in order to make cash payment, 
and how much would it be necessary for him to borrow if he did so? 

6. Same as Exercise 5 except that 1J% discount is allowed for cash in 10 
days. 

7. The list price of a bill of goods is $565.85 with 10% and 5% off. If an 
additional 2% is given for cash, would the merchant be justified in borrowing 
from a bank at 8% ordinary simple discount to pay the bills rather than to 
pay net at end of 60 days. State the différence between the two methods of 
payment at the end of the 60 days. 

8. The price of a bill of goods is $125.00 cash or $130.00 in 60 days. On 
the basis of 6% ordinary simple discount, find how much better from the pur- 
chaser’s standpoint is the cash price on the date of sale ; how much better at 
the end of the 60 days. 

9. Two equal sums of money were placed at the same time on interest, 
the first at (j = .04, m = 4), the second at (j = .05, m = 2). When will the 
second sum amount to | of the first? 

10. A owes B $1800.00 due in 3 years with interest at 5% payable semi-an- 
nually. Two years before it is due B sells the note to C at such a price that 
C makes (j = .065, m = 2) on his investment. How much did C pay for the 
note? 

11. A house is offered for $2000 cash, $1000 at the end of the first year, 
$800 at the end of the second, and $500 at the end of the third year, or $1000 
cash, $1500 at the end of the first year, $1200 at the end of the second, and 
$1000 at the end of the third. What is the différence between the two op¬ 
tions on the day of sale if an interest basis of {j = .06, m = 2) is used? 

12. A debt of $3000 was extinguished by three annual payments, $800 at 
the end of the first year, $1000 at the end of the second, and x at the end of the 
third. Find x if the interest rate for the first two years was (j = .06, m = 1) 
and (j = .055, m = 1) for the third year. 

13. By the will of his father, a boy aged 12 was left an annuity of $25 paya¬ 
ble at the end of each month until he becomes of âge, and an annuity of $500 
payable at the end of each year thereafter until he becomes 30 years of âge. 
On the assumption that the boy will certainly live until he is 30 years old, find 
the value of future payments on his twelfth, his eighteenth, and his twenty- 
fifth birthdays. Use (j = .05, m = 2). 


Digitized by LaOOQie 


Original from 

UNIVERSITYOF CALIFORNIA 



152 


MATHEMATICS OF FINANCE 


14. The annual premium on a certain non-participating life insurance policy 
for $1000 was $45.10 payable at the beginning of each year. Immediately 
after the nineteenth premium was paid, the holder of the policy died. If, 
instead of taking out the policy, the money had been deposited in a savings 
bank which pays 4% converted quarterly, how much more would the estate 
hâve received f rom the bank than it did receive f rom the insurance company ? 
If the policyholder had died immediately after the payment of the fifth pre¬ 
mium, how much more would the estate hâve received from the insurance 
company than it would hâve received from the savings bank ? When would 
the deposits in the savings bank hâve had the same value as the face value of 
the policy? 

16. In order to provide for the éducation of his daughter, a father wishes 
to provide an annuity of $1500 at the beginning of each of her four years at 
college. How much must be deposited each mont h in a savings bank which 
pays (j = .04, m = 4) if the first deposit is made at the time of the child’s 
birth, and the last on her eighteenth birthday when the first $1500 is to be 
available? 

16. Semi-annual instalments of $270.00, including interest and principal, 
must be made on a note for $4500 which bears interest at 6% payable semi- 
annually. Find the number of instalments and the amount of the last one. 

17. Had the note in Exercise 16 been sold for $4100 immediately after the 
second instalment had been paid, what rate of interest would the purchaser 
of the note hâve made if m =2? 

18. Find the selling price of the note in Exercise 16 immediately after the 
payment of the second instalment to yield (j = .065, m = 2). 

19. A man wishes to borrow $5000 for 5 years. He has the option of bor- 
rowing it from an insurance company at 5J% payable semi-annually or from 
a building and loan company at 6% payable semi-annually. If he chooses 
to borrow from the insurance company, he must pay a 2% commission to the 
agent who makes the loan. The loan company does not charge a commission. 
How much would he save by borrowing from the insurance company if he can 
use money at (j = .07, m = 2) in his business? 

20. A company purchased 2250 acres of coal land at $150 per acre. For 
the ten years before development took place the tax was $3000 at the end of 
each year. It is estimated that (1) the life of the mine will be 45 years, (2) the 
recovery per acre will be 6000 tons, (3) the plant, including buildings and equip- 
ment, which cost $400,000, must be replaced every 15 years, (4) the shafts 
and tunnels, which cost $125,000, will last during the life of the mine, and (5) 
the value of the land after the coal is exhausted will be $50 per acre. If the 
annual charge for wagesis $357,000, that for administration, repairs, and taxes 
is $153,000, and the average selling price per ton of the coal at the mine is 
$2.15, find how much the company had invested in the mine 5 years after de¬ 
velopment took place, and its value at that time. Use (j = .05, m = 1) and 
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proceed on the hypthesis that the expenditures for each year are made at the 
end of the year, that the yearly output of coal is sold at that time, and that the 
annual production is constant during the Life of the mine. 

21. What profit would the coal company of Exercise 20 hâve made had 
the mine been leased immediately after the development was completed on a 
basis of 25 cents a ton royalty and an annual production of 300,000 tons for 
45 years? What would hâve been the value at that time of the future profits 
of the lessee? Use (j = .05, m = 1). 

22. Find the amount the coal company in Exercise 20 had invested in the 
mine at the end of the tenth year of its development. What was the value 
of the mine at that time if the price of coal at the mine advanced to $2.20 per 
ton for the remaining 35 years of the life of the mine? Use (j = .05, m = 1). 

23. It is estimated that a slope opening of a certain mine, which would cost 
$500,000, could produce coal at $1.90 per ton; that a shaft opening, which 
would cost $600,000, could produce coal at $1.86 per ton. It is also estimated 
that the mine will produce 200,000 tons of coal per year for 40 years. Which 
method of developing the mine is the better if an interest rate of (jf = .05, 
m = 1) is used? 

24. The cost of a mine tie is 20 cents and its service life 3 years. If the 
tie is dipped in créosote, its life is 12 years. How much can a mine company 
afford to spend treating each tie with créosote? Use 0 — *05, m = 1) and 
assume that the mine will be operated for 36 years. 
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LIFE ANNUITIES AND LIFE INSÜRÀNCES 

71. Probability. If two coins be tossed they can fall in any one 
of four ways : both heads ; both tails ; the first, head, the second, 
tail ; the first, tail, the second, head. It will be assumed that these 
ways are equally likely. The event “ one head and one tail ” 
can happen in two ways. The probability that the event “ one 
head and one tail ” will happen is f, the numerator being the 
nuraber of ways in which the event can happen and the denomi- 
. nator being the number of ways in which it can happen plus the 
number in which it can fail. In like manner the probability that 
both will be heads is -J-. These simple examples illustrate the 
following définition of probability: 

If an event can happen in h ways and fail in f ways, and if the 
h+f ways are equally likely, the probability that the évent mü happen 

is — k - and the probability that it mU fail is ■ ^ 

h+f h+f 

Since ; ^ - + •( . = 1, it follows that the probability that 

h+f h+f 

an event will happen plus the probability that it will fail is unity. 

If two coins be tossed, each can fall in two ways. Since to each 
of the ways in which the first can fall there correspond two ways 
in which the second can fall, it follows that the two can fall in 
2-2 = 4 ways. If a coin and a die be tossed, they can fall in 
2-6 = 12 ways, since to each of the two ways in which the coin 
can fall there correspond six ways in which the die can fall. If 
two coins and a die be tossed, they can fall in 2 • 2 • 6 = 24 ways, 
since to each of thç 2-2 = 4 ways in which the coins can fall 
there correspond six ways in which the die can fall. Similar 
reasoning leads to the 

Fundamental Principle. If one thing can be done in nu ways, 
and if, after it is done, a second thing can be done in m 2 ways, the two 
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things taken together can be done in the order stated in mim 2 ways; 
more generally, if one thing can be done in m i ways, a second in m 2 
ways, a third in m 2 ways, and so on, the number of ways in which 
they can be done when taken ail together in the order stated is 

By the number of permutations or arrangements of n things 
taken r at a time is meant the number of arrangements consisting 
of r things which can be formed from n different things. For 
example, twelve permutations of two letters can be formed from 
the four letters a, b, c, d; these twelve permutations are ah, ba, 
ac, ca, ad, da, bc, cb, bd, db, cd, and de. That there are twelve sueh 
arrangements follows at once from the above fundamental prin- 
ciple, since the first letter can be chosen in four ways and after 
it is selected the second can be chosen in three ways. If „P r 
dénotés the number of permutations of n different things taken r 
at a time it follows from the same principle that 

JP r = n(n - l)(n - 2) ••• (n - r + 1). 

By the number of combinations of n things taken r at a time is 
meant the number of different sets of r things which can be formed 
from n different things. For example, six combinations of two 
letters can be formed from the four letters, a, b, c, d; these six 
combinations are ab, ac, ad, bc, bd, and cd. That there are six 
such combinations may be seen as follows : To each combination 
there correspond two and just two permutations ; for example, to 
the combination ab correspond the permutations ab and ba. Since 
there are twelve permutations of four letters taken two at a time, 
there must be = 6 combinations of these letters taken two at a 
time. In general to a combination of r different things there 
correspond r P r = r(r — 1) ••• 2 • 1 = r ! permutations of them. 
IfrCV dénotés the number of combinations of n different things 
taken r at & time, it follows that „C r • r ! = „P T or 

r - nPr _ n(n - 1) (n - r + 1) _ n\ 

r\ r(r — 1) ••• 2 • 1 r!(n — r) ! 

The fundamental principle and the formula for „C r are often 
useful in determining a probability. Other useful results are 
presented in Art. 73. 
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Example. From a bag containing 6 white and 4 red balls 5 are drawn at 
random. Find the probability that 3 are white and 2 are red. 

Solution. By the formula for n C ri 5 balls can be selected from 10 in 
^ o o 'J - ï = ways; 3 white balls can be selected from 6 white in 

f ■- ^ ' * = 20ways; and 2 red balls can be selected from 4 red in = 6ways. 

1 • 2•3 1*2 

Hence, by the fundamental principle, 3 white and 2 red balls can be selected 

from 6 white and 4 red in 20 ■ 6 = 120 ways. It follows that the probability 

that 3 are white and 2 are red is 

EXERCISES 

1. There are 4 paths up a mountain. In how many ways can one ascend 
the mountain and then descend by a different path? Ans. 12. 

2 . If there are 4 railroad lines from Columbus to Chicago and 5 from 
Chicago to St. Louis, in how many ways can one go from Columbus to St. 
Louis, through Chicago? Ans. 20. 

3. How many committees can be appointed from 5 men and 4 women if 
each committee is made up of 2 men and 2 women ? Ans. 60. 

4 . How many numbers, each of two digits, can be made if the first digit 
is chosen from the digits 1, 2, 3, and 4 and the second from 5, 6, 7, 8, and 9? 

Ans. 20. 

6 . How many numbers, each of four digits, can be made if the first two 
are chosen from 1, 2, 3, and 4, and the last two from 5, 6, 7, 8, and 9, and if 
there is no répétition of the digits ? How many numbers can be made if there 
is no restriction as to the répétition of the digits ? Ans. 240 ; 400. 

6. If a bag contains 7 white and 5 red balls, and 3 balls are drawn at 
random, what is the probability that 2 are white and 1 is red? Ans. 

7 . If two dice are thrown, what is the probability of two threes ; two fours ; 
a three paired with a four? Ans. 

8. If 3 coins are thrown, what is the probability of 3 heads ; 2 heads and 
ltail; 1 head and 2 tails; 3 tails? Ans.f; f; $. 

9. If a bag contains 3 red and 4 white balls, and another bag 4 red and 3 
white balls, what is the probability of getting one red and one white bail in 
two drawings, one from each bag ? Ans. . 

72. Probability derived from observation. In the example and 
exercises in Art. 71 the probabilities are derived in each case by 
an a priori détermination of ail the equally likely ways in which 
an event can happen or fail. This method is well suited to find 
probabilities pertaining to games of chance, in which field many 
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contributions to the theory of probability hâve had their origin. 
In life insurance, life annuities, mathematics of statistics, and other 
fields in which the notion of probability is important, it is impossible 
to make an a 'priori détermination of the equally likely ways. In 
such cases the probability of an event is determined empirically 
by observing in what proportion of cases the event happens on a 
large number of occasions. 

If h dénotés the number of Urnes an event happens on n occasions 
chosen ai rancUm (n, large), then, in the absence of further information, 

p = - is taken as the best estimate of the probability that the event 
n 

mil happen on a given occasion. 

It follows from this définition that if p dénotés the probability 
that an event wiü happen, 1 — p dénotés the probability that it will 
fait. For, out of n occasions, the event will happen pn(= h) times 
and will fail n — pn = (1 — p)n times. Hence, by the définition, 
the probability that the event will fail on a given occasion is 

2^2= 1-p. 
n 

In the table * on page 158 are given, for the years 1890 to 1916 
inclusive, the number of revenue passenger miles for railroads of ail 
classes, the number of revenue passengers killed and injured, 
together with the probability of death and injury per thousand 
passenger miles. 


EXERCISES 

1. Verify, for the year ending June 30, 1901, the probability of death and 
injury per thousand passenger miles as given in the above table. 

2. Find, for the entire period covered by the above table, the probability 
of death and injury per thousand passenger miles. 

73. Independent, dépendent, and mutually exclusive events. 

Two or more events are said to be dépendent or independent 
according as the occurrence of any one of them does or does not 
affect the occurrence of the others. Two or more events are said 
to be mutually exclusive when the occurrence of any one of them 

* Accident Bulletin, Number 92, Interstate Commerce Commission. 
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Year Endinq 

Revenue Passen- 
olr Mile», Roads 
of All Clames 

Passzn- 

GER8 

Killed 

Probabilitt 
of Death 

PER 1000 

Pabsenüeb 

Miles 

Pabsen- 

GER8 

Injured 

Probabilitt ' 
of Injury 
per 1000 | 

Pahrenger 
Miles 

June 30, 1890 

11,847,785,617 

286 

.000024 

2425 

.00020 

June 30, 1891 

12,844,243,881 

293 

.000023 

2972 

.00023 

June 30, 1892 

13,362,898,299 

376 

.000028 

. 3227 

.00024 

June 30, 1893 

14,229,101,084 

299 

.000021 

3229 

.00023 ! 

June 30, 1894 

14,289,445,893 

324 

.000023 

3034 

.00021 

June 30, 1895 

12,188,446,271 

170 


2375 

.00019 

June 30, 1896 

13,049,007,233 

181 

.000014 

2873 

.00026 

June 30, 1897 

12,256,939,647 

222 

.000018 

2795 

.00023 

June 30, 1898 


221 

.000017 

2945 

.00023 

June 30, 1899 

14,591,327,613 

239 

.000016 

3442 

.00024 

June 30, 1900 

16,038,076,200 

249 

.000016 

4128 

.00026 

June 30, 1901 

17,353,588,444 

282 

.000016 

4988 

.00029 

June 30, 1902 

19,689,937,620 

345 

.000012 

6683 

.00034 

June 30, 1903 

20,915,763,881 

355 

.000017 

8231 

.00039 

June 30, 1904 

21,923,213,536 

441 

.000020 

9111 

.00042 

June 30, 1905 



.000023 

10457 

.00044 

June 30, 1906 

25,167,240,831 

359 

.000014 

10764 

.00043 

June 30, 1907 

27,718,554,030 

610 

.000022 

13041 

.00047 

June 30, 1908 

29,082,836,944 

381 

.000013 

11556 

.00040 

June 30, 1909 

29,109,322,589 

253 

.0000C9 

10311 

.00035 

June 30, 1910 

32,338,496,329 

324 

.000010 

12451 

.00039 

June 30, 1911 

33,201,694,699 

299 

.000009 

12042 

.00036 

June 30, 1912 

33,132,354,783 

283 

.000009 

14938 

.00045 

June 30, 1913 

34,672,685,424 

35(3 

.000010 

15130 

.00044 

June 30, 1914 

35,357,221,302 

232 

.000007 

13887 

.00039 

June 30, 1915 

32,474,923,456 

199 

.000006 

10914 

.00034 

June 30, 1916 

35,220,015,651 

239 

.000007 

7488 

.00021 
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excludes the occurrence of any other. In this article three elemen- 
tary theorems are presented which are useful in determining prob- 
abilities of events of these types. Many other theorems are given 
in works on probability. 

Independent events. If p\, p 2 , • • • p T are the separate probabilities 
of r independent events, the probability that they aü happen on a given 
occasion when aü of them are in question is pip 2 ••• p r . 

By the définition in Art. 72, out of n occasions in which ail the 
events are in question, the first event will happen pin times ; out 
of these pin occasions the second event will happen p 2 (piw) = p\p 2 n 
times. That is, out of n occasions the first two events will happen 
pip 2 n times. Continuing this process it is seen that out of n occa¬ 
sions ail the r events will happen pip 2 ••• p,n times. Hence, by 
Art. 72, pip 2 ••• p r is the probability that ail the events will happen 
on a given occasion. 

Exercise. Use the définition and the fundamental principle in Art. 71 to 
prove this theorem. 

Dépendent events. If pi is the probability of a first of r events, 
p t is the probability of a second event after the first has happened, p 3 
is the probability of a third event after the first and second hâve hap¬ 
pened, and so on, then pip 2 ••• p r is the probability that the r events 
wiU happen in the order specified. 

The proof of this theorem is entirely analogous to that for 
independent events. 

Mutually exclusive events. If pi, p 2 , ••• p r are the separate 
probabilities of r mutually exclusive events, the probability that one 
of these events will happen on a given occasion when ail of them are 
in question is p i + p 2 ••• + p r . 

By the définition in Art. 72, out of n occasions in which ail of the 
events are in question, the r events will happen pin, p 2 n, ••• p r n 
times respectively. Since only one of these events can happen on a 
given occasion, it follows that out of n occasions one or the other of 
revents will happen (pin + p 2 n + ••• + p T n) = (pi + p 2 + ••• p T )n 
times. Hence pi -f- p 2 + + p, is the probability that one of the 

events will happen on a given occasion. 
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An illustration of the first and last of the above theorems is 
afforded by two lives, A and B, of âges x and y respectively. If p, 
dénotés the probability that A lives one year and p „ the probability 
that B lives one year, then 1 — p x is the probability that A dies 
within one year and 1 — p v is the probability that B dies within 
one year. By the first theorem the probabilités of the pairs of 
independent events, A lives B lives, A lives B dies, A dies B lives, 
A dies B dies are p x p v , p x { 1 - p„), (1 — p x )p y , (1 — p,)(l - p„) 
respectively. By the last theorem the probability that one or the 
other of the mutually exclusive events, A lives B lives, A dies B 
dies, happens, is p x p v +(1 — p*)(l — p„), and the probability 
that some one of the four mutually exclusive pairs of events hap¬ 
pens is p z p v + p x (l - p„) + (l - p*)p„ -f (1 - p*)(l - p v ). This 
last sum is unity, which it should be, since some one of the four 
pairs must happen. 


EXERCISES 

1. A traveler has two railroad connections to make. The probability of 
making the first is f, of the second g. What is'the probability of his making 
both connections? Ans. 

2. If a bag contains 8 white and 4 black balls, and one bail at a time is 
drawn from the bag, what is the probability of drawing 2 white balls in 2 
drawings ; 2 black balls in 2 drawings ; 1 white and 1 black in 2 drawings ? 

Ans. J}; ttt ï 11. 

3 . If a bag contains 10 white and 8 black balls, and one bail at a time is 
drawn from the bag, what is the probability of drawing 2 white balls in 2 
drawings ; 3 black in 4 drawings ; 2 white followed by 2 black in 4 drawings ; 
1 white followed by 3 black in 4 drawings ; 3 black followed by 1 white in 4 
drawings; 3 white in 4 drawings? Ans. tV; r a Aî tttî rarî tt- 

4. A purse contains 9 dimes and a nickel ; a second purse contains 10 dimes. 
Nine coins are chosen at random from the first purse and placed in the second, 
and then nine coins are chosen at random from the second and placed in the 
first. Show that the probability that the nickel is in the first purse is 

6. If two dice are thrown, show that the probability of a seven 1 is J ; of a 
six is -fc ; of a two is ^ ; show that the probability of a three is the same as 
that for an eleven. 

6. If two dice are thrown, show that the probability of a five or less is -fo. 

1 A seven is thrown when the sum of the numbers on the top of the dice is seven. 
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74. Mortality Tables. A mortality table is a table which shows 
for a large group of persons of the sarae âge the numbers living at 
consecutive âges and the number dying between each pair of con¬ 
secutive âges. The interval between consecutive âges is ordinarily 
one year except for infant mortality in which case it is one month. 
The number of persons assumed to be living at the first âge given 
in a mortality table is called the radix of the table. Many mor¬ 
tality tables hâve been constructed from data obtained principally 
from population and insurance statistics. Glover’s United States 
Tables, published in 1910, are based on population statistics. 
The American Expérience Table (Table XI), published in 1868, is 
based on insurance statistics. This table is widely used in the 
United States and it will be used in what follows unless otherwise 
stated. In this table the radix is 100,000. 

A standard notation is used with mortality tables. In this 
notation, 

l x dénotés the number living at âge x, 

d x dénotés the number dying between âges x and a; 4- 1, 

p * dénotés the probability that a person aged x will live one 
year, 

„p x dénotés the probability that a person aged x will live n 
years, 

q x dénotés the probability that a person aged x will die within 
one year, 

| „ç x dénotés the probability that a person aged x will die within 
n years, 

„ | q x dénotés the probability that a person aged x will die between 
the âges x + n and x + n + 1. 

The values of l x , d z , p z , and q x are given in Table XI. The 
expressions for the values of the above symbols in terms of the 
values of l x can be written at once from their définitions and from 
the définition of probability given in Art. 72. For example, 
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rf 2 o = lia ~ lu, P 20 = y^, Çao = —j ——, \ u>Ç*o — , ■ 

t20 lïO ^20 


10 ? 20 


_ I 30 — hi 


•20 


By means of the theorems in Art. 73 various other probabilities 
can be readily expressed in ternis of the above symbols. For 
example, the probability that two persons aged x and y will 
both survive n — 1 years but will not both survive n years is 
„_i p* • *_i p y — „p* • nPv This may be seen as follows : By the 

theorem on independent events, Art. 73, — is the 

lx l'y 

probability that both will survive n — 1 years,. or that they 
will attain the âges x -j- n — 1, y n — 1. Having attained 
these âges, by the same theorem, the probability that both will 

live another year is y +n - • J' v+n -- So that 1 — J’ x+n • ^ +B - 

*x-fn—1 ly+n— 1 *x+n—1 &y+n-l 

is the probability that both will not live another year. By the 
theorem on dépendent events, Art. 73, it now follows that the 
desired probability is 


U 


± 2=1 


ly+n-1 


( 1 — h+ n . ^v+n \ 

lx+n—1 ly+ n— 1 / 


lx+n— 1 # ly+n— 1 
lx ly 

n-1 P* ‘ n-iPv ‘ 


lx+n 

U 

nP x 


'V+n 


\Pv 


For other methods of proof see Exercise 11 below. 


EXERCISES 

1. Compute the values of p,i and of Use Table XI in this exercise and 
in those Exercises following. 

2 . Compute the probability that a person aged 25 will live 14 years; 15 
years. Ans. .885771 ; .877280. 

3 . Compute the probability that a person aged 25 will die within 14 years; 
within 15 years. Ans. .114229; .122720. 

4 . Compute the probability that a person aged 25 will die in the 15th year. 

Ans. .008491. 

6. Same as Exercises 2, 3, and 4 for a person aged 30. 

Ans. .877623; .868120; .122377; .131880; .009504. 

6. Compute the probability that two persons aged 25 and 30 will live 
(a) 14 years; (b) 15 years. Ans. .777374; .761584. 
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7. Compute the probability that two persons aged 39 and 44 will not both 
live one year. Ans. .020311. 

8. Compute the probability that a person aged 25 will live 15 years and a 
person aged 30 will die in the 15th year. Ans. .008337. 

9. Compute the probability that a person aged 30 will live 15 years and a 
person aged 25 will die in the 15th year. Ans. .007371. 

10 . Compute the probability that two pereons aged 25 and 30 will both die 
in the 15th year. Ans. .000081. 

11. Compute the probability that two persons aged 25 and 30 will both live 
14 years and that at least one will die in the 15th year, by the methods : 

(a) Di vide the number of pairs living at âges 25 and 30, (lu • l* o), into the 
différence between the number of pairs living 14 and 15 years hence, (h* • lu 
— I40 • J45), 

(i>) Find the product of the résulta found in Exercises 6 (a) and 7, 

1*9 . h* (\ — 1* . hi\ 
lu U \ 1*9 U*) 

(c) Subtract the resuit found in Exercise 6 (b) from that found in 6 (a), 

U* . ^44 liQ . Ub 

1*9 1*0 lu l*o 

(d) Find the sum of the résulta found in Exercises 8, 9, and 10, 

I40 . lu U* 1 U *, U* — I40 1 I44 — lu . U* — Æ40 
llh l*Q 1*0 1*6 1*0 lu 

Ans. .015790. 

12 . Draw the graph of the curve showing the probability of dying for each 
year listed in Table XI. 

13 . Draw the graph of the curve showing the number of deaths for each 
year listed in Table XI. In what year do the greatest number of deaths take 
place? 

75. The expectation of life. By the expectation of life at âge x 
is meant the average number of years to be lived by persons of 
âge x. If the deaths during any year are assumed to take place 
at the beginning of the year, then l, persons of âge x will live 
l z+ j years during the first year (since l x+ i of the l x persons live 
throughout this year), l z+i years during the second, and so on to 
the end of the table. Under this assumption the expectation of 
life at âge x, called the curtate expectation, e x , is given by 

„ _ k+i + k+2 + ■•• 
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Similarly, under the assumption that the deaths during any year 
take place at the end of the year, the expectation of life at âge x 
is given by Z, + U» + - 

■ l x 

Under the assumption that the deaths during any year are 
distributed uniformly throughout the year, so that on the average 
each person will live half a year in the year of death the expectation 
of life at âge x, called the complété expectation and denoted by è x , 
is given by adding \ to the curtate expectation. It follows that 

X _ 1 _1_ lx+l 4- lz +2 + ••• 

ëx ~2 + T x 

It is often supposed by those unacquainted with actuarial 
methods, that the expectation of lifè is used as a basis for actuarial 
computations. That this is not the case will be seen in the 
subséquent articles. The expectation of life is sometimes used 
to détermine the approximate value of a life interest in settling 
estâtes. 

EXERCISE 

Compute the complété expectation of life at the âges 35, 43, 67, and 71. 

Ans. 31.78; 26.00; 10.00; 8.00. 

76. The value of an expectation. By the value at a given 
time, of the expectation of receiving a sum of money, S, due in n 
yeara, (n ^ 0) from this time, is meant the value of S discounted 
for n years times the probability of receiving S. If a person will 
win $1000 in case he throws two heads in a single throw of two coins, 
the value of his expectation is 1000 • \ = $250 ; here n — 0. If a 
person aged 30 is to receive $1000 at âge 50, the value of his expec¬ 
tation is 1000 v 20 • 20 P 30 , where v = 7 -- \ • If two persons aged 

(1 + V 

25 and 30 are to receive $1000 at the end of 20 years in case both 
are then living, the value of their expectation is 1000 v 20 ■ wVv> 
• 2 oPm. If $1000 is to be paid at the end of 20 years in case two 
persons aged 25 and 30 both live 19 years but both do not live 20 
years, the value of the expectation that the money will be paid is 
1000 t^°(l9P25 • 19P30 — 20 P 25 • 2 (>Pïo). 
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EXERCISES 

1. A person is to receive $60 in case he throws a total of 7 in a single throw 
of two dice. Find the value of his expectation. Ans. $10. 

2. A person aged 30 is to receive $1000 at the end of one year. Compute 
the value of his expectations. Use i = .035. Ans. $958.04. 

3. A person aged 30 is to receive $1000 at the end of each year for 5 years. 
Compute the sum of the values of his expectations. Use i = .035. 

j Ans. $4403.18. 

4 . A person aged 30 is to receive $1000 at the end of each year for 5 years 
after he attains the âge of 50. Find the sum of the values of his expectations. 
Use i = .035. Ans. $1774.67. 

^ 6 . If a person aged 30 dies within one year, his estate is to receive $1000 
at the end of the year. Find the value of the expectation. Use i = .035. 

Ans. $8.14. 

77. Life annuities. A life annuity is a set of periodic pa yments , 
usually equal in value, during a terrn ol years which. begins at a 
specified âge and continues during the whole or a part of the life 
of a person. This person is called an annuitant. As in annuities 
certain the term is from the beginning of the first period to the end 
of the last. When the term continues through the whole life of 
the person, the annuity is called a whole life annuity: when it 
ends at a stated time, even though the annuitant be still living, it 
is called a temporary life annuity. A pure endowment due in n 
years on the life of a person consists of a single payment at the end 
of n years in case the person is living at that time ; that is, it is a 
temporary annuity having just one payment. 

The classifications of whole life and temporary life annuities are 
analogous to those of annuities certain. One classification dépends 
on when the term begins with respect to the âge of the annuitant ; it 
may begin at, after, or before this âge. This gives rise respectively 
to ordinary, deferred, and forbome whole life and temporary life 
annuities. In what follows the word “ ordinary ” is omitted when 
there,is no ambiguity in meaning. Another classification distin- 
guishes whether the rent is paid at the end or the beginning of the 
rent period. This gives rise respectively to whole life and tem¬ 
porary life annuities immédiate, and to whole life and temporary 
life annuities due. A third classification dépends on the relative 
size of the rent payments; they may be equal, increasing, or 
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decreasing. The last two cases give rise to increasing and de¬ 
creasing whole life and temporary life annuities. . 

The written contract between a company and an annuitant is 
called an annuity policy. 


78. The value of a life annuity defined. If each of the U 
persons living at âge 30, shown in a mortality table, holds a ten 
year temporary life annuity policy of annual rent 1 whose first 
payment is due at âge 31, the amounts that will be due from these 
annuities at the end of 1, 2, •••, 10 years are, according to the 
mortality table, lu, Z 32 , •••, lu> respectively. The sum of these 
amounts valued as of âge 30, at an annual interest rate i, is 


vl 3 i + v %2 + ••• + t» l0 ï 4 o where v = --—• 

( 1 +*) 


The quotient, 


V = 


vin + vH 3 2 + ••• + v lo l 


40 


(= $7.95 at i = .035) 


gives what is called the value at âge 30, at an interest rate i, of this 
temporary annuity as determined by the mortality table. .The 
sum of the amounts due the annuitants valued as of âge 40, at an 
interest rate i, is (1 + i)%i -f(l + t) r la 2 +-h ho- The quotient 

V = (l + 0 9 ^+(l+0 8 t»»+ - + ?4o (= $12 26 at ■ = >035) 

Iao 

gives what is called the value at âge 40, at an interest rate i, of 
this' temporary annuity as determined by the mortality table. 
In other words the value at âge 30 of this ten year temporary 
annuity is the amount that each of the annuitants must pay to a 
company so that the total of these amounts with interest will be 
just enough to enable the company to pay 1 to each annuitant at 
the end of each year of the term of the annuity. Likewise, the 
value at âge 40 of this annuity is the amount that each of the Uo 
persons would receive if the rent payments were not drawn when 
they are due, but were allowed to accumulate at compound interest 
to the time at âge 40, and if the fund thus created were then equally 
divided among the U 0 survivors. The values at the âges 30 and 
40 of J,his temporary life annuity as just defined are included in the 
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Définition 1. The value al âge x of any life annuity of animal 
rent, R, is the quotient obtained h y dividing l x into the sum of the 
values at âge x obtained by applying the compound interest formula 
to each sum of the set consisting of R times the number living, according 
to the mortality table, at the time of each rent payment during the term 
of the annuity. 

From this définition the value at âge x of an ordinary or of a 
deferred life annuity of annual rent R may be viewed as the amount 
that each of the l z annuitants must pay to a company so that the 
total of these amounts with interest will be just enough to enable 
the company to pay R to each annuitant living at the time of each 
rent payment during thé term of the annuity. Likewise the value 
at âge x of a forborne life annuity whose term begins n or more 
years prior to the time at âge x, where n is the number of yearsin the 
term of the annuity, may be viewed as the amount that each of 
the l x survivors would receive if the rent payments were not drawn 
when they are due but were allowed to accumulate at compound 
interest to the time at âge x, and if the fund thus created were then 
eqüally divided among the l z survivors. 

When the annuity in définition 1 consists of a single sum payable 
at âge x + t, the définition can be stated in the form : 

The value, V, at âge x of a one year temporary life annuity with 
annual rent R payable at âge x + t is given by 

V = Ri/ ^ « R (1,) 

lx L/ x 

= R ■ t/ • «p, (when t > 0) 

where D x = v x l x so that D x+t = v x+l l x+t . The second form of 
formula (1 2 ) is obtained from the first by multiplying numerator 
and denominator by v z . When t is positive, V is the présent or 
discounted value at âge x of a sum R to be paid at the end of t 
years in case a person aged x survives t years ; that is, when t is 
positive, V is the value at âge x of a pure endowment due in t 
years. When t is négative, V is the amount at the end of t years of 
a sum R paid at âge x + t which is allowed to accumulate for t 
years, or to âge x, as a pure endowment. The value at âge x of a 
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pure endowment of 1 due in t years is denoted by t E z . It fol- 
lows that 

• = ^ = ^ - tVx =^±i ( 1 ,) 

Iz Ux 

In finding the values at two or more âges of a given life annuity, 
use can be made of the foliowing 

Theorem ni. If V z+t dénotés the value al âge x -f- t of a life 
annuity, whose rent is payable annuaüy, its value, V z , at âge x is 
given by 

Vx = ^V z+t =^iV z+t . 

L x JJz 


Proof : Since V z+t is the value per person at âge x + t, the 
aggregate value at âge x + tisl z+l V *+«. The value of this aggre- 
gate at âge x is r/l z +t F* + « and the value per person at âge x is 

rflt+tVx +t. -phis theorem for life annuities is the analogue of 
t * 


Theorem I, Art. 15, for annuities certain. When t is positive 


Dx+t 

D z 


is a discount factor; when t is négative, it is an accumulation 


factor. It should be noted that Theorem III includes formula (1 2 ). 

The symbol D z is called a commutation symbol. Table XII 
gives the values at i . =» .035 of this and other commutation symbols. 
Computation of values of life annuities and life insurances are 
greatly facilitated by their use. 

The value at âge x of the annuity specified by any policy is called 
the net single premium at âge x of the policy. 


EXERCISES 

1. Apply définition 1 to the set of sums below the line in the following 
diagram to write the expressions for the values at âge 35, at âge 45, at âge 46, 
and at âge 55 of a whole life annuity of annual rent 8100 with first payment at 
âge 46 : 

Age 35 36 • • *45 46 47 • • •94 95* 

t ■ 1 • • • 1 * " < • • • I 1 

lOOTqfi 100 l4j"ÎOO Ig# JOOTgtj 
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2. Apply définition 1 to the set of sums below the line in the following 
diagram to write the expressions for the values at âge 35, at âge 45, at âge 46, 
and at âge 55 of a ten year temporary iife annuity of annual rent $100 with first 
payment at âge 46 : 

Age 35 36* * *45 46 47* * *54 55 

i i • • • i i-1 • • • i t 

100 Tfô. 100 Tqy* *100 bgq 100. lg$ 

3 . Apply définition 1 to write the expressions for the net single premiums 
at âge 30 of the following life annuity policies, each having an annual rent of 
$ 1000 : 

(a) Ordinary whole life annuity immédiate, 

(b) Ordinary whole life annuity due, 

(c) Whole life annuity immédiate deferred 10 years, 

(d) Whole life annuity due deferred 10 years, 

(e) Ordinary five year temporary life annuity immédiate, 

(J) Ordinary five year temporary life annuity due, 

(g) Five year temporary life annuity immédiate deferred 10 years, 

{h) Five year temporary life annuity due deferred 10 years, 

(i) Five year temporary life annuity d e forborne 5 years. 

4 . Compute the value at âge 90 of an ordinary whole life annuity immédiate 
of annual rent $1000. Use définition 1 and i = .035. Ans. $873.78. 

5. Compute the value at âge 25 of a pure endowment of $1000 due in 25 
years. Use i = .035. Ans. $331.76. 

6. Compute the présent value, by use of the compound interest formula, 
of $1000 due in 25 years. Use i = .035. Ans. $423.15. 

7. Compute the amount or the value at âge 50 by use of formula (10 of 
$1000 paid at âge 25. Use i = .035. Ans. $3014.23. 

8. Compute the amount at âge 50 by use of the compound interest formula 
of $1000 paid at âge 25. Use i = .035. Ans. $2363.25. 

79. Another définition of the value of a life annuity. The 

expressions given in Art. 78 for the values at the âges 30 and 40 of 
a ten year temporary life annuity immédiate whose terni begins at 

(at âge 30), and 

(at âge 40). 


âge 30 can be written in the forms : 


V = v l ^+ v* l ^ + 

*30 *3C 

V = v~* 1 ^ + 

*40 *40 


+ 


+ 

Z30 

, Uo 
1*0 
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These forma show that the value of this annuity at either âge is 
the sum of the values obtained by applying formula (1 2 ) to each 
sum of the set consisting of 1 at the time of each rent payment 
during the term of the annuity. The value of the temporary life 
annuity defined in this way is included in the 

Définition 2. The value at âge x of any life annuity of annual 
rent R is the sum of the values obtained, by applying the formula 


V 


Ri/ l -fl 

"X 


R 


Dz+* 

D x 


to each sum of the set consisting of R at the time of each rent payment 
during the term of the annuity. 


From this définition and the value of an expectation (Art. 76), 
the value at âge x of an ordinary or of a deferred annuity of annual 
rent R is the sum of the values at âge x of an annuitant’s expecta¬ 
tions of receiving the rent payments during the term of the annuity ; 
or, it is the sum of the discounted values at âge x, obtained by use 
of formula (1 2 ) when t is zéro or positive, of the set of sums consist¬ 
ing of R at the time of each rent payment during the term of the 
annuity. Likewise, the value at âge x of a forbome annuity, 
whose term begins n or more years prior to the time at âge x, 
where n is the number of years in the term of the annuity, is the 
sum of the amounts at âge x of the same set of sums when each is 
accumulated as a pure endowment, that is, by use of formula (1*) 
when t is zéro or négative. 

The définitions in this and the preceding article evidently lead 
to the same value at âge x of any life annuity. By définition 1, the 
compound interest formula is used to find the value at âge x of a 
specified set of sums, each differing from the others, and this value 
is then divided by l x . By définition 2, formula (1 2 ) is used to find 
the value at âge x of a specified set of sums, each equal to R. In 
the above treatment this formula, (1 2 ), is obtained by use of défini¬ 
tion 1. It can also be obtained by use of the définition of the value 
of an expectation (Art. 76), since, when t > 0, Rv‘ is the value of 


R discounted for t years, and 


lz+t 

Iz 


is the probability denoted by 


tp z. Other formulas for finding the value of a set of one or more 
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equal sums which are of fundamental importance in the theory of 
life annuities and of life insurances represent the values of expecta¬ 
tions and can be written at once by one familiar with the éléments 
of the theory of probability. Later in this chapter, analogous 
définitions are given for the value of any life insurance based on one 
life and for the values of joint life annuities and insurances. 


EXERCISES 

1. Apply définition 2 to the set of sums below the line in the following 
diagram to Write the expressions for the values at âge 35, at âge 45, at âge 46, 
and at âge 55, of a whole life annuity of annual rent $100 with first payment 
at âge 46 : 

Age 35 36- • >45 46 47 • • ‘94 95 

j — ■■ I. • * I ■ ■- ' I ■ — 1 • • • \ ■-■ ■ | 

J 00 WO “‘100 100 

2. Apply définition. 2 to the set of sums below the line in the following 
diagram to write the expressions for the values at âge 35, at âge 45, at âge 46, 
and at âge 55, of a ten year temporary life annuity of annual rent $100 with 
first payment at âge 46 : 

Age35 36 • • ‘45 46 47 • • 54 55 

i-1 • • • i-1-f • • • i—■ ■ i 

100 100 “‘100 100 

3 . Same as Exercise 3, Art. 78, with “ définition 1 ” replaced by “ défini¬ 
tion 2.” 


80. The value at âge x of any whole life annuity of annual 
rent R. Let x + t dénoté the âge when the first rent payment 
of the annuity is made. By définition 1, Art. 78, the value, V, at 
âge x is given by 

y = R tflz+i + v l+l lx+t +1 + etc. 

I* 

= p tgVi + + etc. 

v*l x 

_ R Di+t + Dz+t+i 4~ etc. 
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where the commutation symbol, N x * is defined by 
N x = D x + D x+ 1 + etc., so that N x+t = D x+t + D x+t+ i + etc. 


If the annual rent is 1, the values at âge x of a whole life annuity 
immédiate and of a whole life annuity due are denoted respectively 
by a*, a* when the terms begin at âge x, and by | a z , | a* 
respectively when the terms begin at âge x + n h that is, when the 
terms are deferred ni years. From formula (li) it follows that 


a. 



ni 


_ N x +i+t* 

* D. 


"I 



N» 

D x 

Nx. t», 
D x 


EXERCISES 

1. Apply formula (li) to write the expressions for the values at âge 35, at 
âge 45, at âge 46, and at âge 55, of the whole life annuity of annual rent $1000 
represented by the following diagram : 

Age 35 36* • • *45 46 47 • • -94 95 

I .- — H • • • I-1-1 • • • I-1 

1000 1000 • • '1000 1000 

2. Find the expressions for the values at âge 35, at âge 46, and at âge 55 
of the whole life annuity in Exercise 1 by applying Theorem m to the expres¬ 
sion for its value at âge 45. 

3. Apply formula (li) to write the expressions for the net single premiums 
at âge 25 of the following life annuity policies each having an annual rent of 
*1000: 

(a) Ordinary whole life annuity immédiate, 

(5) Ordinary whole life annuity due, 

(c) Whole life annuity immédiate deferred 10 years, 

ld) Whole life annuity due deferred 10 years. 

4 . Use formula (10 at i = .035 to compute the value at âge 25 of an ordinary 
whole life annuity immédiate of annual rent $1000. Ans. $19441.73. 

5. Find the net single premium at âge 25 of a whole life annuity due of 
annual rent $1000 deferred 25 years. Ans. $4822.03. 


* According to the définition adopted by the International Congresa of 

Actuaries , r ~ 

N x = D z +1 4- Dx+t + etc. 


The définition here given, however, is that generally used in America, the open 
bar N being used to distinguish it from that given for N x . 
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6. The paid up value, S25CW. oc a ire raserai**' ivô.-y is u«vi to puxvhas* 
& wbole life anmuiy prôcy ce ar.ruai rte; K ::c a pe*r?vc *g*xi 50, V.rxi ;t 
the first rent paymeui t ruaàe issiedia:«-jv. V* i = .Csx\ Arts. $1720 02. 

7. Solve Exercise 6 if tbe frs: zgsarzk~ci i> xuaàe vieil lie porson aexxi 50 
attains ibe âge 65. Ans. $*>427.15. 

8. Dérivé formula 1 : by use oc à'czicicc 2, An, 79. 

9. Compute tbe value a; âge 67 of ir rciir-ary wbole life annuity imnxvliate 
of annual rent $100. Use i = .CS5. Anse $S50,97. 

10 . At âge 67 the complexe esçenaùon of life t 10 pars. Compute the 
présent value of the annuity certain R = 11». n = 10, r =* V at i * .lVv5 ami 
compare with the resuit in Exercise 9. Anse SS31.6& 

11. Use formula C1 L ; to wriie the expreaâons for a ti% le ' û«, anil w a**. 


81. The valiie at âge x of any n-year temporary life annuity of 
annual rent R. Let z + t dénoté the âge when the first rent pay¬ 
aient of the annuity is made. By définition 1, Art. 7S. the value. 
V, at âge x is given by 

r'L-j 4 4 4 - 


V = R 


_ ft V 4 r 


L 

4 - 




a-1 


_ j^ Dx+i 4 Dij- i -i 4 


rlx 

4- D I+ j + n -1 


Dx 


= R 


X x+t - X . 


x+»+m 


Dx 


( 1 ) 


When the term of the temporary annuity continues throughout 
the life of the annuitant, lx+t+n = 0 and hence D x+t+u = N x +4+» — 0. 
It follows that formula (1) includes formula (li). When n = 1, 
Ng+t — Xx+t+n = D z +t so that formula (1) includes formula (lj). 

If the annual rent is 1, the values at âge x of an n-year temporary 
life annuity immédiate and of an n-year temporary life annuity 
due are denoted respectively by a^ , when the ternis begin 
at âge x, and by », | a^, and », | a^n respectively when the ternis 
begin at âge x 4 n h that is, when the terms are deferred ni ycars. 
From formula (1) it follows that 


n _ X z+l X z+ i +n 

°* ~~D, ’ 

I „ _ _ ^*+l+ni ^V*4-l+«i+ 

«i Uxn\ 


a x^ = 


,Vr - N r , n 


d £ 


D, 


n | n _ Nr4-m N 

t n j | «/ni 


D , 
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EXERCISES 

1. Apply formula (1) to write the expressions for the values at âge 35, at 
âge 45, and at âge 55, of the ten year temporary life annuity of annual rent 
$1000 represented by the following diagram: 

Age 35 36' * '45 46 47' • '54 55 

\ -! • . . i-1-1 . • • i-1 

1000 1000 '"1000 1000 

2. Find the expressions for the values at âge 35, at âge 45, and at âge 55, 
of the temporary annuity in Exercise 1 by applying Theorem III to the expres¬ 
sion for its value at âge 46. 

8. Apply formula (1) to write the expressions for the net single premiums 
at âge 25 of the following life annuity policies each having an annual rent of 
$1000: 

(a) Ordinary ten year temporary life annuity immédiate, 

(b) Ordinary ten year temporary life annuity due, 

(c) Ten year temporary life annuity immédiate deferred 5 years, 

( d ) Ten year temporary life annuity due deferred 5 years, 

(e) Ten year temporary life annuity due forborne 10 years. 

4. Use formula (1) at i = .035 to compute the value at âge 25 of an ordinary 
ten year temporary life annuity due of annual rent $100. Ans. $831.46. 

6. Find the net single premium at âge 25 of a ten year temporary life 
annuity immédiate of annual rent $1000 deferred 10 years. Ans. $5158.91. 

6. Compute the value at âge 35 of a $1000 ten year life annuity due forborne 
10 years. Ans. $12762.12. 

7 . The paid up value, $25000, of a life insurance policy is used to purchase 
a twenty year temporary life annuity of annual rent R for a person aged 50. 
Find R if the first rent payment is made immediately. Use i = .035. 

Ans. $2006.90. 

8. Solve Exercise 7 if the first instalment is made when the person aged 50 
attains the âge of 65. Ans. $6549.47. 

9. Use formula (li) to dérivé formula (1) by resolving the n-year temporary 
life annuity whose first payment is made at âge x +1 into the différence 
between two whole life annuities, one having its first payment at âge x +1 
and the other at âge x + t + n. 

10. Dérivé formula (1) by use of définition 2, Art. 78. 

11. Use formula (1) to write the expressions for a 25 ; ft 26 . y^j, io I a 25 : roi» 

“d îol a 26; un¬ 
is. Prove Theorem III by use of formula 1. 
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82. Some important spécial cases of formula (1)» By means 
of formula (1) the value of âge x of any life annuity of annual rent 
R can be written at once. In this article important spécial cases 
are listed for the purpose of comparison. 

«T • 



Whole Life 
Annuity 

n-YEAB Temporaby Life Annuity 


Immédiate 

Due 

Immédiate 

Due 

Term begins 
at âge x 

R^±l 

D z 

R ?f 

D, 

T> N x+1 #x+l + n 

D, 

p AT, - N I+ . 

D n 

Term 
deferred 
ni years 


bTrKrrZjl 

E> N x+l+n, N x+l+n+ri! 

P & x+n\ N x+*+n, 

D x 


D z 

D, 

Term 
forbome 
n years 

R 

D x 

r*~ 

D, 

n N x+n-l 

D x 

p 2Vx_» - Wx 

D t 


An n-year temporary life annuity whose term is forbome n 
years is usually called a. forbome life annuity. In the application of 
forbome annuities it is frequently convenient to hâve x for the 
âge at the beginning of the term rather than at the end. When 
this is done, the formula listed above for the value of a forbome 
temporary life annuity due becomes, upon replacing x by x + n, 



R 


N: - Nx+n. 


D 


»+n 


When R = 1, the value of V is denoted by „u*. Hence 


D^ n 


(2) 


When n = 1, n u x is denoted by u z . From formula (2) it follows 
that n 


Values of u, based on the American Expérience Table at 3£% 
are given in Table XIII. 


EXERCISES 

1. Write the expressions for the values of u» and of io« 2 o. 

2. Compute the value of u w . 
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83. Relations connecting the symbols for the values of life 
annuities. Important and interesting relations among the symbols 
for the values of life annuities can be readily determined. This 
can be done in various ways. One fruitful method is that of 
equating the value at âge x of a given annuity to the sum of the 
values at this âge of any set of annuities into which it can be re- 
solved. By application of the method it is seen, for example, that 
a, = 1 4-a* (Whole life annuity due = 1 plus a 

whole life immédiate.) 

», | a* = «, | a* + nJE t (Deferred whole life annuity due 

= deferred whole life annuity immé¬ 
diate plus a pure endowment.) 

a*si = a x si -fl — n E x (Temporary life annuity due = tem- 

porary life annuity immédiate plus 1 
minus a pure endowment.) 

These relations can be written in the forms : a* — a z = 1, 
», | a* — | a* =.n l E x and a^n — a zin = 1 — n E z . A more general 

relation which'includes each of these is that which expresses the 
différence, A, between the values at âge x of an n-year temporary 
life annuity of annual rent R whose first payment is made at âge 
x -f k, and a like annuity whose first payment is made at âge 
x -f k + 1. Since these two annuities hâve ail their rent pay- 
ments occurring at the sarae âges except that at âge a: -f A: in the 
first and that at âge x -f k -f n in the second, it follows that 

A = R Dz+k (3) 

Formula (3) is used in Art. 84 in finding the values of annuities 
whose rent payments are made more than once a year. 

Theorem III, Art. 78, is also useful in determining relations. 
An illustration is the following : The value at âge x of a whole life 
annuity immédiate of annual rent 1 is denoted by a „ and the value 
at âge x -f 1 of this same annuity is denoted by a,+i or by 1 -f o*+i. 
By the use of Theorem III it now follows that 

a, = f^(l -f a x+1 ) = ^H(l -f a*.,) 

lx U Z 

This relation can be used to compute a table of values for a*. 
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EXERCISES 

1. Show that 

(®) a in| = 1 + «xs=n 

(b) a x = a lS1 + n \a x 
(C) a x+l = U 7fl X ~ 1 

(d) = 81+1 + 1 

(e) a I+1 = (a z — l)u z 

(/) n u i = (n-l u x "h l) u i+»-l 


2. Interpret each of the relations in Exercise 1 verbally. (Note that, by 
Theorem III, u x is an accumulation factor for one year and is a discount 
factor for one year.) * 


84. The value at âge x of a life annuity whose rent is payable 
more than once a year. To find the value of a life annuity whose 
rent is payable more than once a year by direct application of the 
method given in Art. 78 would require a mortality table which 
shows the number living at each âge, both fractionàl and intégral, 
at which a rent payment is made. With such tables the computa¬ 
tions would be quite tedious, especially if the number of payments 
each year were large. Satisfactory values for annuities payable m 
times a year, ( m> 1), can be readily found, however, by use of the 
values of annuities payable once a year and the method of simple 
interpolation. From formula (3), Art. 83, it follows that if each 
rent payment of an n-year temporary annuity whose annual rent is 
R 

— and whose first payment is made at âge x-\-k were made one year 
m 

later, the value at âge x of this annuity would be decfeased by — • 

m 

By simple interpolation, the value of this annuity would be de- 

creased by — • — if each rent payment were made — th years later, 
mm m 

o a 2 

by — • — if each were made — th years later, and so on. An 
mm m 

n-year temporary annuity due of total annual rent R payable in 
equal instalments m times a year whose term begins at âge x + k 

R 

is made up of m, n-year temporary annuities each of rent —, pay- 


Digitized by 


Google 


Original from 

UNIVERSITY OF CALIFORNIA 



178 


MATHEMATICS OF FINANCE 


able annually, whose rent payments begin at the âges, x + k, 

x + k + —, and so on. By use of formula (1) and simple inter- 
m 

polation, the values at âge x of these annuities are given by 


R / Nx+k Nx+k+n 

m \ D x 


R, 

'N xJr k 

— N x + k + n \ 


A 

m 1 

V 

Dx ) 

m 

# *YX 9 

m 


<N x+ k 

— Nx+k+n\ 

_ 2 

A 

• ~ 

m* 

< 

Dx ) 

m 

m’ 

* « 

R { 

• • 

(Nx+k 

• • • • 

— N x +k+n\ 

• 

• • 

- 1 

rn' 

V, 

Dx ) 


m 


A 

__ ê 

m 


Summing these values by using the formula for the sum of an arith- 

metic progression, gives R ( ^ x+k -^ r »+*+n \ —TÜl —1 A- An analo- 

\ D s / 2 m 

gous procedure for an n-year temporary annuity immédiate whose 

terni begins at âge x + k gives R ^ A- 

V D x /2m 

It follows that the values at âge x for these. m payment ra-year 
temporary Life annuities of total annual rent R whose terrns begin 
atagex + k are given by 


V=R r( Nx+k-Nz+k+n \ _ m—1 D x +k-Dx+k+n l for the annuity 

IA D x / 2m D x J due, 

V = R r( ^+k-N x+k+ n \ _ m+ 1 Dz+k-Dx+t+n l for the annuity 

Lv D x J 2m D x J immédiate. 



The symbols for the values of life annuities of annual rent 1 
payable m times a year are formed by writing the number m in 
parenthesis to the upper right of the symbols for the values of 
annuities of annual rent 1 payable once a year. For example, 
dénotés the value at âge a; of a whole life annuity immédiate 
of annual rent 1 payable m times a year. The expression for any 
one of these symbols can be written at once by use of formulas (4). 
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EXERCISES 

1. Compute the value at âge 30 of an ordinary whole life annuity immédiate 
having a yearly rent of $1200 payable in equal instalments (a) annually, 
(b) semi-annually, (c) quarterly, and ( d ) monthly. 

Ans. $22326.46; $22626.46; $22776.46; $22876.46. 

2. Same as Exercise 1 except that the tenn is deferred 10 years. 

Ans. $12789.68; $12984.10; $13081.30; $13146.11. 

3 . Same as Exercise 1 for a ten year temporary life annuity due. 

4 . Write the expressions for 
(o) a!j, w) and a 

(6) and a 2ÏÏ1 

(c) „ | 4 m) and „ | 

5. Show that 

(a) a<!»> = a, + ÎTLlli and a<"> = a, - , 

(b) a™ = (i - and (1 - n E x ) 

(fi) * I a» - „ K + ?Lz_i ^ r and Bl |af> = Bl |a I -^=i n B a 

Z m Zm 

85. Life Insurance. A life annuity policy is a contract which 
provides for the payment to the annuitant of stated amounts at 
periodic intervals during the whole or a part of his life. A life 
insurance policy on a person provides for the payment of a stated 
amount upon his death provided death takes place within a 
specified term of years. The amount to be paid is called the face 
of the policy or the insurance, the person on whose life it is taken 
is called the insured, and the person to whom the insurance is paid 
is called the beneficiary. The term during which a person is 
insured begins at a specified âge and continues during the whole 
or a part of his life. When the term continues during the whole 
life of the person, the insurance is called whole life insurance; 
when it ends at a stated time, even though the insured be still liv- 
ing, it is called term * life insurance. 

Both whole life and term insurances hâve classifications similar 
to those of annuities. One classification dépends on when the 
term begins with respect to the âge of the insured ; it may begin 

♦The word “ term ” in term insurances takes the place of the word “ temporary ” 
in temporary annuities. 
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at, after, or before this âge. This gives rise respectively to ordi- 
nary, deferred, and forborne whole life and term insurances. In 
referring to ordinary insurances it is customary to omit the word 
ordinary. The classification of life annuities into annuities im¬ 
médiate and annuities due does not carry over to life insurances 
since the insurance is paid to the beneficiary in a single payment, 
or in the form of an équivalent benefit, upon receipt of proof of 
death of the insured. In computing the net values of life insur¬ 
ances, however, it is usually assumed that payment of the insurance 
is made at the end of the year of death. Another classification 
dépends on the relative size of the amounts to be paid. Some 
policies provide for amounts depending on the âge at which death 
occurs. When these amounts increase with the âge, the insurance 
is called increasing insurance; when they decrease, it is called 
decreasing insurance. 

86. The value of life insurance defined. If each of the 
persons living at âge 30, shown in a mortality table, holds a ten 
year term life insurance policy of face value 1 whose term begins 
at âge 30, the amounts that will be due their beneficiaries at the 
end of 1, 2, •••, 10 years are, according to the mortality table, d», 
du, •••, d 3 » respectively. The sum of these amounts valued as of 
âge 30, at an interest rate i, is vdw + v*d 3 i + — + v 10 d 39 where 

v = — * • The quotient 

(1 4- 1) 

♦ 

V = ^3 0 + ^31+— ±ü^g (= .07129 at i = .035) 
h o 

gives what is called the value at âge 30, at an interest rate i , of 
this term insurance, as determined by the mortality table. The 
sum of the amounts due the beneficiaries valued as of âge 40 at 
an interest rate i is (1 + i) 9 dzo +(1 + i)*d 31 -{-•■• + d 3 ». The 
quotient 

y = (L+ . yNao +(1 + i)*d 3l + - + d<o (sB noo at ,• = . 035 ) 

ko 

gives what is called the value at âge 40, at an interest rate i, of 
this term insurance as determined by the mortality table. In 
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other words the value at âge 30 of this ten year term insurance is 
the amount that each of the ho insured must pay to a company 
so that the total of these amounts with interest will be just enough 
to enable the company to pay 1 to each beneficiary at the end of 
each year of the term of the insurance. Likewise, the value at 
âge 40 of this insurance is the amount that each of the l i0 persons 
would receive if the benefits were not drawn when they are due 
but were allowed to accumulate at compound interest to the time 
at âge 40, and if the fund thus created were then equally divided 
among the survivors. The values at the âges 30 and 40 of 
this term life insurance as just defined are included in the 

'Définition 1. The value at âge x of any life insurance of face 
value, F, is the quotient obtained by dividing l x into the sum of the 
values al âge x obtained by applying the compound interest formula 
to each sum in the set consisting of F times the number dying, according 
to the mortality table during each year of the term of the insurance. 

From this définition the value at âge x of an ordinary or of a 
deferred life insurance of face value, F, may be viewed as the 
amount that each of the h insured must pay to a company so 
that the total of these amounts with interest will be just enough 
to enable the company to pay F to each beneficiary at the end of 
each year during the term of the insurance. Likewise the value 
at âge a; of a forbome life insurance, whose term begins n or more 
years prior to the time at âge x, where n is the number of years 
in the term of the insurance, may be viewed as the amount that 
each of the l x survivors would receive if the benefits were not 
drawn when they are due but were allowed to accumulate at 
compound interest to the time at âge x, and if the fund thus created 
were then equally divided among the l x survivors. 

When the insurance in définition 1 is for a one year term begin- 
ning at the âge x + t — 1, the définition can be stated in the form : 

The value, V, at âge x of an insurance of face value, F, for the year 
beginning at âge x + t — 1 is given by 

V =fV^i±î=l= (5 2 ) 

lx Ux 

= Frf • t-i\q x (when t > 0) 
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t ohere C x = V* +l d x , so that C x+ t-i = v x ^d x+l -i. The second form 
of formula (5 2 ) is obtained from the first by multiplying numerator 
and denominator by v*. When t is positive, V is the présent or 
discounted value at âge x of a benefit F to be paid at the end of t 
years in case a person aged x dies during the year beginning at âge 
x + t — 1. When t is négative, V is the amount at âge x of the 
benefit F paid at âge x t, at the end of a one year term insurance, 
which is aliowed to accumulate for t years in accordance with 
formula (5 2 ). 

In finding the values at two or more âges of a given life insurance 
use can be made of the following 

Theorem IV. If V x+I dénotés the value at âge x + t of a life 
insurance, ils value V x ai âge x is given by 

Vx = ïh±lv x ^=^±‘V x+t - 

L x L) x 

The proof is the same as that for Theorem III, Art. 78. 

In writing the équations needed for finding the unknowns in 
problems involving life annuities or life insùrances use can be made 
of the 


Theorem V. .If two life annuities, two life insuranees, or a life 
annuity and a life insurance hâve ; equal values af âge x + t, they hâve 
equal values at âge x. 

This theorem is seen to be true by noting that Theorems III 


and IV hâve the same accumulation or discount factor, 


Dx+t 

D x ' 


Theorem V is the analogue of Theorem II, Art. 16. 

The value at âge x of the insurance specified by any polio 
called the net single premium at this âge, of the policy. 


EXERCISES 

1. Apply définition 1 to the set of sums below the line in the following 
diagram to write the expressions for the values at âge 36, at âge 45, and at âge 
55 of a whole life insurance of face value $1000 whose term begins at âge 45: 

Age35 36 • • •45 46 47- • -95 ' 96 


LIFE ANNUITIES AND LIFE INSURANCES 183 


2. Apply définition 1 to the set of sums bclow the line in the following 
diagram to write the expressibns for the values at âge 35, at âge 45, and at 
âge 55 of a ten year term life insurance of face value $1000, whose term begins 
at âge 45 : 

Age35 36 • • >45 46 47- • •54 55 


lOOOdqÿ $00d/[g '1000d$g JOOOdfj/j. 

3 . Apply définition 1 to write the expressions for the net single premium at 
âge 30 of the following $1000 life insurance policies : 

(а) Ordinary whole life, 

(б) Whole life deferred 10 years, 

( c ) Ordinary ten year term, 

C d ) Ten year term deferred 10 years. 

4 . Compute the value at âge 90 of an ordinary whole life insurance of face 
value $1000. Use définition 1 and i = .035. Ans. $936.64. 

6. Compute the value at âge 85 of a whole life insurance of face value $1000 
deferred 5 years. Use Theorem IV and the resuit found in Exercise 4. 

Ans. $121.78 

6. Compute the value at âge 60 by use of formula (5*) of a $1000 one 
year term insurance which matured at âge 40 ; also the value at âge 39. 
Ans. $25.97; $9.26. 

87. Another définition of the value of life insurance. The 

expressions given in Art. 86 for the value at the âges 30 and 40 
of a ten year term insurance whose term begins at âge 30 can be 
written in the forma : 

V = Æ+ + ••• + v 10 ^ (at âge 30) and 

*30 *30 *30 

V = t,-9^2 +tr s^o + ... H-^2 (at âge 40). 

MO *40 ,‘40 

These forms show that the value of this insurance at either âge is 
the sum of the values obtained by applying formula (5 2 ) to each 
sum of the set consisting of 1 payable at the end of each year of 
the term of the insurance. The value of the term life insurance 
defined in this way is included in the 
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Définition 2. The value at âge x of any life Insurance of face 
value F is the sum of the values obtained by applying the formula 

y _ P ifdz+t—l p CU ,-1 

h D x 

to each sum in the set consisting of F payable at the end of each year 
of the term of the insurance. 

From this définition and the value of an expectation (Art. 76), 
the value at âge x of an ordinary or of a deferred insurance of face 
value F is the sum of the values at âge x (of the insured) of a bene- 
ficiary’s expectations of receiving F at the end of each year during 
the term of the insurance ; or it is the sum of the discounted values 
at âge x, obtained by use of formula (5 2 ) when t is positive, of the 
set of sums consisting of F at the end of each year of the term of the 
insurance. Likewise, the value at âge a; of a forbome insurance 
whose term begins n or more years prior to the time at âge x, 
where n is the number of years in the term of the insurance, is the 
sum of the amounts at âge x of the same set of sums when each is 
accumulated by use of formula (5 2 ) when t is zéro or négative. 

EXERCISES 

1. Apply définition 2 to the set of sums below the line in the following 
diagram to write the expressions for the values at âge 35, at âge 45, and at âge 
55 of a whole life insurance of face value $1000 whose term begins at âge 45 : 

Age 35 36 • • *45 46 47 - • '95 96 

i i • • • i - n -1 • • • i i 

1000 1000•••1000 1000 

2. Apply définition 2 to the set of sums below the line in the following 
diagram to write the expressions for the values at âge 35, at âge 45, and at 
âge 55 of a ten year term life insurance of face value $1000, whose term begins 
at âge 45 : 

Age 35 36- - -45 46 47• - -54 55 

l t •• i ■ i i • • • y— - ] 

1000 1000 - - -1000 1000 

3. Same as Exercise 3, Art. 86, with 44 définition 1 ” replaced by 44 définition 
2 ” 
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88. The value at âge x of any whole life Insurance of face 
value f. Let x + k dénoté the âge when the term of the insurance 
begins. By définition 1, Art. 86, the value V at âge x is given by 

y _ p v k+l d x+k + v*+ 2 d x+k+l + etc. 

lx 

= F v x + k+l d x+k + v x+k+ *d x + k+ 1 4- etc. 

v x l x 


_ p Cx+k + Cx + k +1 4~ etc. 
D x 


_ p Mx+h 

D x 



where the commutation symbol, M x , is defined by 
M x = C x -f Cx +1 + etc., so that — Cx+ k + Cx+h+i + ••• 


If the annual rent is 1, the value, at âge x, of a whole life insurance 
is denoted by A z when the term begins at âge x, and by | A x 
when the term begins at âge x -j- ni, that is, when the term is de- 
ferred ni years. From formula (5i) it follows that 




M x+ n , 
D x 


EXERCISES 

1. Apply formula (5i)' to write the expressions for the values at âge 35, at 
âge 45, and at âge 55, of the whole life insurance of face value $1000 whose 
term begins at âge 45, represented by the following diagram : 

Age35 * 36 • • '45 46 47 • • '95 96 

i-1 . . • i-1-1 • • • i-1 

J000 1000 • • 'JÛOO 1000 

2. Find the expressions for the values at âge 35 and at âge 55 of the whole 
life insurance in Exercise 1 by applying Thcorem IV to the expression for its 
value at âge 45. 

3 . Apply formula (50 to write the expressions for the net single premiums 
at âge 25 of the following $1000 life insurance policies : 

(a) Ordinary whole life, 

(b) Whole life deferred 10 years. 


Digitized by LjOOQie 


Original from 

UNIVERSITY OF CALIFORNIA 


186 


MATHEMATICS OF FINANCE 


4 . Use formula (Si) at i = .035 to compute the value at âge 25 of a $1000 
ordinary whole life insurance. Ans; $308.73. 

6. Find the net single premium at âge 25 of a $1000 whole life insurance 
deferred 10 years. Ans. $241.41. 

6. Dérivé formula (5i) by use of définition 2, Art. 85. 

7. Use formula (50 to write the expressions for the values of A !6 and 

10 i A15. 


89. The value at âge x of any n-year terni insurance of face 
value F. Let x + k dénoté the âge when the term of the insurance 
begins. By définition 1, Art. 86, the value, V, at âge x is given by 

y _ .p V k+ 1 d z+ k + t>* + 2 <j a+ t + i + ••• + V k+n dx+k+n-\ 

lx 

= F v x+k+ 'd x+k + v* +k+i d t+k+ 1 + ••• + n-1 

v*l x 


_ p Cx+k 4 - Cr+k+l + ••• + Çj 

D » 


_ p M x +k Mx+k+\ 

D x 



When the term of the insurance continues throughout the life 
of the insured, dx+*+» = 0 and hence <?*+*+„ = M x+k+ « = 0. It 
follows that formula (5) includes formula (5i). When k — t — l, 
and n = 1, M x+k — * + „ = Cx+t-i, so that formula (5) 

includes formula (5 2 ). Formula (5) should be thoroughly 
mastered. 

It should be especially noted that in formula (1)‘, x + t is the âge 
when the first rent payment is made, while in formula (5), x + k 
is the âge when the term begins. 

If the animal rent is 1, the value at âge x of an n-year term 
insurance is denoted by A ^ when the term begins at âge x, and 
by n, | A l xK] when the term begins at âge x + n,. From formula (5) 
it follows that 

A I _ M x M x + n I À I M r+Bl M x + ni +n 
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EXERCISES 

1. Apply formula (5) to write the expressions for the values at âge 35, at 
âge 45, and at âge 55, of the ten year term life insurance of face value $1000 
whose term begins at âge 45 represented by the following diagram : 

Age'35 36* • •45 46 47' • *54 55 

i-1 . . . i-1-1 . . . i-1 

1000 1000- ' •.1000 JOOO 

2. Find the expressions for the values at âge 35 and at âge 55 of the term 
insurance in Exercise 1 by applying Theorem IV to the expression for its value 
at âge 45. 

3. Apply formula (5) to write the expressions for the net single premiums 
at âge 25 of the following $1000 life insurance policies : 

(a) Ordinary ten year term, 

(b) Ten year term deferred 10 years. 

4 . Use formula (5) at i = .035 to compute the value at âge 25 of a $1000 
ordinary ten year term insurance. Ans. $67.32. 

6. Find the net single premium at âge 25 of a $1000 ten year term insurance 
deferred 5 years. Ans. $57.60. 

6. Dérivé formula (5) by use ôf définition 2, Art. 87. 

7. Use formula (5) to write the expressions for the values of pj-| and 
îo 1^25 nu- 

8. Use formula (5i) to dérivé formula (5) by resolving the n-year term 
insurance whose term begins at âge x 4* k into the différence between two 
whole life insurances whose ternis begin at the âges x + k and x + k + n. 

9. Prove Theorem IV by use of formula (5). 

90. Some important spécial cases of formula (5). By means 
of formula (5) the value at âge x of any life insurance of face value 
F can be written at once. In this article important spécial cases 
are listed for the purpose of comparison. 



Wholb Lira Insurance 

n-Y ear Term Lira Insurance 

Term begins at âge x 

F 

D x 

ci M x Mx+n 

D x 

Term deferred ni years 

ci Mx+n, 

p M x ± nj Mt± n x +n 

D x 

D x 

Term forbome n years 

M*a . n 

ri Mx—n M x 

D x 

Dx 
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An n-year term life insurance whose term is forbome n years is 
usually called a forbome life insurance. In the application of 
forbome insurance it is frequently convenient to hâve x for the 
âge at the beginning of the term rather than at the end. When 
this is done, the formula listed above for the value of a forbome 
n-year term. insurance becomes, upon replacing i by i + n, 


y = P M x Mz +n 

-Di+n 

When F = 1, the value of V is denoted by Jc x . Hence 
' M x - M x+n 


JCx = 


D 


( 6 ) 


x+n 


When n = 1, „fc* is denoted by k x . From formula (6) it follows 


that 


k x = 


Cx 

D z+ i 


Values of k x based on the American Expérience Table at 3^% 
are given in Table XIII. 


EXERCISES 

1. Write the expressions for the values of fc» and iJctt- 

2. Compute the value of 

91. Life annuities and life insurances combined ; n-year endow- 
ment insurance. In the preceding articles in this chapter the 
values at âge x of life annuities and of life insurances hâve been 
determined. The value at âge x of ’any combination of a life 
annuity and of a life insurance may be found by summing the 
separate values. A common form among such combinations is 
an n-year endowment insurance, which combines an n-year term 
insurance with a pure endowment due in n years. If the face 
value of each of these is F, the value at âge x of the term insurance 

is F M x ~ and that of the pure endowment is F~^- 

Ux 

It follows that the value, V, at âge x of an n-year endowment 
insurance of face value, F, is given by 

y _ p M x M x + n -f- D x + n /j\ 
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When F = 1, the value of V is denoted by A X n\, so that 

A _ M x M x-f-n Dx+n 

^ ~ Z) x 

The values of other combinations of life annuities and lîfe 
insurances can be written at once by use of formulas (1) and (5). 

The value of F for an n-year endowment insurance policy is 
called the net single 'premium of the policy. A modified form of an 
n-year endowment insurance policy spécifiés the âge at maturity. 
For example, an eridowrnent ai âge 65 issued at âge 22 is the same 
as a 43-year endowment insurance. 

EXERCISES 

1. Apply formulas (5) and (10 to write the expressions for the values at 
âge 35, and at âge 45, of the* $1000 twenty year endowment insuitmce whose 
term begins at âge 45, represented by the following diagram : 

Age 35 36 — 45 46 47 - 64 65 

Insurance ^ ^ 1000 1000 1000 ••• 1000 

Pure endowment 1000 

2. Compute the values at t = .035 of the expressions found in Exercise 1. 

Ans. $360.03 ; $560.23. 

3 . Compute the net single premium at âge 25 of a $1000 ten year endow¬ 
ment insurance. Use i = .035. 

4 . If the net single premium of a 20-year endowment insurance policy 
issued at âge 30 is $1000, what is the face value of the policy? Use i = .035. 

Ans. $1855.90. 

5. Write the expression for the value at âge 30 of a $1000 ordinary 35-year 
term insurance combined with a $1000 whole life annuîty immédiate deferred 
35 years. Draw a diagram similar to that in Exercise 1. Compute the value 
of this expression at i = .035. Ans. $1641.64. 

6. Find the net single premium at âge 27 of a $1000 endowment at âge 60. 

Ans. $398.73. 

92. Relations connecting the symbols denoting the values of 
(1) life insurances, (2) life annuities and life insurances. The 
methods used in Art. 83 to find relations araong life annuity 
symbols lead to similar relations among life insurance symbols. 
For example, the relation among the insurance symbols which 
corresponds to the formula at the end of Art. 83 can be obtained as 
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follows : The Value at âge x of a whole life insurance of face value 
1 is denoted by A x . The value of this same insurance at âge 

x + 1 is + As+i. This is seen at once by resolving the 

L+i 

insurance into a one year term insurance whose term begins at 
âge x and a whole life insurance whose term begins at âge x -f 1 ; 
A x+ 1 dénotés the value at âge x -f- 1 of the whole life component 

and, by formula (52), is the value at âge x + 1 of the one 

ix+l 

year term insurance. Hence by Theorem IV 

= v(q x + p x Ar+ 1) 

This relation can be used to compute a table of values for A x . 

The values of life insurances are based on the d x column in a 
mortality table. The values of life annuities are based on the l x 
column. By use of the relation d x — l x — l x+l , it can be readily 
proved that C x = vD x — D*+i and M x = vN x — Nx+i. The proofs 
are as follows : 

C x = V’+'d; 

= v*+ l (l x - Zx+i) 

= vD x — D x+X 

M x = C x + Cx+i + ••• + C» 

= (vD x — Dx+^ + ÇyDx+i — D x+2 ) + ••• -\-(vD^ — D K ) 

= v(D x + Dx+i + ••• -f- Dÿi) — (D x+i + D x+ 2 + ••• +D k ) 

= vN z — N x+ i 

From this value of M x it follows that the value at âge x of any life 
insurance can be expressed in ternis of values of life annuities. 
For example : 



__ vN x — W x+ i 

D x 

= VSL X — a x = v(l + Or) — Or 

= 1 — d(l + Or) (where v = 1 — d) 

= 1 — da. x 
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EXERCISES 

1. Show that 

(«> A la\ = - a xn\ 0 W A x = A l xii] + J A x 

A lii\ = + Pr^*+i:iï=n) (<*) A x+ 1 = u x A z — k x 

2. Interpret each of the relations in Exercise 1 verbally. Also interpret 
the relation, A, = 1 — d(l + a x ), verbally. 

93. The value of a set of life insurances or a set of life 
annuities. Increasing and decreasing insurances; increasing 
and decreasing annuities. The value at âge x of any set of life 
annuities or of life insurances can be found by summing the values 
of the separate sets. The values of some sets can be found more 
easily, however, by basing the computations on simplified forms 
of the expressions for the sum of the values of the given sets. 
Illustrations are afforded by sets of n life insurances each of face 
value F, or of n life annuities each of rent R, having terms of n, 
n — 1, —, 1 years respectively, ail of which either begin at âge x 
or end at âge x + n. When the terms ail begin at the same âge x, 
the sum forms a decreasing insurance or a decreasing annuity; 
when the terms ail end at the same âge x + n, the sum forms an 
increasing insurance or an increasing annuity. In the increasing 
insurance the face value increases by F each year ; in the decreasing 
insurance it decreases by F each year. Likewise in the increas¬ 
ing annuity the rent increases by R each year ; in the decreasing 
annuity it decreases by R each year. 

The value, V, at âge x of an increasing insurance whose face 
value begins with F and increases by F each year, and whose 
terni begins at âge x can be found by the foliowing process : An 
increasing insurance of F whose term begins at âge x and ends at 
âge x + n is the sum of n term insurances whose terms begin 
at the âges x, x + 1, •••, x + n — 1 respectively and end.at âge 
x + n. Hence 

V = F f ^ 1 M x +n | AL-H M x +n | ... I Afi-f-n—1 M x + n \ 

V Dr D s ^ D k ) 

_ p M x + M x +1 + ••• + M x+n -1 — nM x+ n 

D z 

= F Rt ~ Rz+ " ~ wM *+" whcre R x = M x + M x +, + -, . (8) 
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When F = 1, V is denoted by (/Ahn) ; in this case formula (8) 
becomes 

(IAlnù = Rx Rz+ n - nMl+n (8l) 

i) z 


The expression for the value at âge x of an increasing annuity 
whose first payment is at âge x, can be found in an analogous 
manner. If the rent begins with R and increases by R each year, 
the value, V, is given by 

Y— -D ( FTx — Nz+n . Nx+l—Nx+n i Nx+t — Nx+n , _ i N r-f-n-l ~ N i+A 

\D X D x D x D z ) 


_ P 2T. + + - + jUa-i - nN^n 

D x 

_ p Sx — S x+n — nN x+n 
D x 



where S x = N x + Nx+i + -^*+2 + — 

When R = 1, V is denoted by (/a^ ; in this case formula (9) 
becomes 

(/a^) = S ‘ ~ ~ ,Æ +- (9.) 

Values of the commutation symbols R x and S x are not included 
in the tables at the end of this book.* Their values can be found 
by use of the M - and i^-colunins. 


EXERCISES 

1. Compute the value at. âge 35 of an increasing Insurance of $1000 issued 
at âge 35 for a term of 10 years. Ans. $411.45. 

2. Same as Exercise 1 for an increasing annuity. Ans. $42518.72. 

3. Show that the value at âge s of a whole life increasing insurance of F 
issued at âge x is given by 

V = 

D x 

4 . Compute the value at âge 25 of the insurance in Exercise 1. 

Ans. $268.06. 

* The values of R x and Sx at .03, 035, and .04, are given in Glover’s Tables 
of Applied Mathematics. 
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94. Joint life annuities. In a single life annuity the rent 
payments continue as long during the term as the single life 
survives. In a joint life annuity the rent payments continue as 
long during the term as aU the lives survive ; when any life fails, 
the payments cease. Joint life annuities are classified in a manner 
analogous to single life annuities. In the next three articles 
formulas are developed for the values of joint life annuities involv- 
ing two lives, which are analogous to those for single lives. The 
methods, however, are applicable to any number of lives. In 
Art. 104 an approximate method for computing values of joint life 
annuities is presented. 


95. The value of a joint life annuity defined. If each of the 
l« persons living at âge 28, shown in the mortality table, is paired 
with each of the l 3 t persons living at âge 32, there are ligkz such 
pairs. Of these pairs I 29 I& survive one year, lx>h 4 survive two 
years, and so on. If each of the Waa pairs of persons of âges 
28, 32 holds a ten year temporary joint life annuity policy of an- 
nual rent 1 , the amounts that will be received on these policies at 
the end of 1 , 2 , •••, 10 years are I 29 I 33 , Isolu, ••• W 42 respectively. 
The sum of these amounts, valued as of the âges 28, 32 at an annual 

interest rate t, is t>Wsj -f- + ••• + t> I0 W42 where v = -—-—-• 

M . (1 + *) 
The quotient 


y _ vhd3» 4~ 0?3« -f ••• 4- V W UzUi 

hshî 


gives what is called the value at the âges 28, 32, at an interest rate i 
of this temporary joint life annuity as determined by the mortality 
table. The sum of the amounts due the pairs of annuitants valued 
as of âges 38, 42 at an interest rate i, is (1 + «) 9 Z M fej +(1 + iyixU* 
+ ••• + Ualit- The quotient 


y _ (1 ~h i) 9 Mxs +(1 + i)*h o?34 + "■ + 

hzUt 

gives what is called the value at the âges 38, 42, at an interest 
rate i of this temporary joint life annuity as determined by the 
mortality table. In other words, the value at âges 28, 32 of this 
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ten year temporaiy joint life annuity is the amount that each 
of the ImUi pairs of annuitants must pay to a company so that 
the total of these amounts with interest will be just enough to 
enable the company to pay 1 to each pair of annuitants at the end 
of each year of the term of the annuity. Likewise, the value 
at âges 38, 42 of this joint life annuity is the amount that each of 
the I 3 &I 4 Ï pairs of persons would receive if the rent payments were 
not drawn when they are due but were allowed to accumulate at 
compound interest to the time at the âges 38, 42, and if the fund 
thus created were then equally divided among the Ida pairs of 
survivors. The values at the pairs of âges 28, 32 and 38, 42 of 
this temporary joint life annuity as just defined are included 
in the 

Définition 1. The value at the âges x, y of any joint life annuity 
of annual rent, R, is the quotient obtained by dividing lj, v into the 
sum of the values obtained by applying the compound interest formula 
to each sum of the set consisting of R times the number of pairs living, 
according to the mortality table , at the time of each rent payment 
during the term of the annuity. 

From this définition the value at the âges x, y of an ordinary 
or of a deferred joint life annuity of annual rent R may be viewed 
as the amount that each of the l z l v pairs of annuitants must pay 
to a company so that the total of these amounts with interest will 
be just enough to enable the company to pay R to each pair of 
annuitants living at the, time of each rent payment during the term 
of the annuity. Likewise, the value at the âges x, y of a forbome 
joint life annuity whose term begins n or more years prior to the 
âges x, y, where n is the number of years in the term of the annuity, 
may be viewed as the amount that each of the lj y pairs of sur¬ 
vivors would receive if the rent payments were not drawn when 
they are due but were allowed to accumulate at compound interest 
to the time at the âges x, y and if the fund thus created were then 
equally divided among the lj, v pairs of survivors. 

When the joint life annuity in définition 1 consists of a single 
sum payables the âges x + t, y + t, the définition can be stated 
in the form : 


Digitized by Goo 


Original from 

UNIVERSITY OF CALIFORNIA 



LIFE ANNUITIES AND LIFE INSURANCES 195 


*V 


( 102 ) 
(when t > 0) 


The value, V, al the âges x, y of a one year temporary joint life 
annuity vrith annuel rent R payable al the âges x + t,y + tis given by 

V = Rlf , u +t 

Ixly Di 

“ R* • tPx y 
*±y ' î±l+i 

tcAere - v 2 lj y so thaï D^+t : v+( = v 2 Ix+tly+t. The 
second form of formula (10 2 ) is obtained from the first by multiply- 

*+ V 

ing numerator and denominator by v 2 . When t is positive, V 
is the présent or discounted value at the âges x, y of a sum R to be 
paid at the end of t years in case two persons aged x and y survive 
t years; that is, when t is positive, V is the value at the âges x, y 
cf a joint life pure endowment due in t years. When t is néga¬ 
tive, V is the amount at the end of t years of a sum R paid at the 
âges x + t, y -f- 1 which is allowed to accumulate for t years, or to 
the âges x, y, as a joint life pure endowment. The value at the 
âges x, y ol a joint life pure endowment of 1 due in t years is 
denoted by tExy. R follows that 


tExy = 1/ 


Iz+tly+t _ 


= 0* ' <P*v = 


D 


x+l : y+< 


(IO3) 


Uy ' ' D xv 

In finding the values at two or more pairs of âges of a joint life 
annuity use can be made of the following 

Theorem VI. If V I+l:v+t dénotés the value at the âges x + t, 
y + t of a joint life annuity, ils value V n at the âges x, y is given by 

D x+t : y+i T T 


KlW Wy 


*+< : y+i 


D 


x+t : y+t 


xy 


This theorem is an extension of Theorem III. The proof is left 

D z +t : y+t 


as an exercise. When t is positive, 


D 


is a discount factor; 


XV 


when t is négative, it is an accumulation factor. It should be noted 
that Theorem VI includes formula (10 2 ). 

The value at the âges x, y of the joint life annuity specified by 
any policy js called the net single premium of the policy. 

In the following articles lj v , l^ily+t, and so on will often be 
written l X y, L+i -.y+i, and so on for brevity. 
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EXERCISES 

1. Apply définition 1 to the set of sums below the line in the following 
diagram to Write the expressions for the values at the âges 35, 40, at the âges 
45, 50, and at the âges 46, 51, of a joint whole life annuity of annual rent 100 
with first payaient at the âges 46, 51 : 

A 135 36 • • m 45 46 47- - -89 90 

^ es \40 41 - - -50 51 52- • -94 95 

I - H • • • |-1 ■ | • • • I 1 

2. Compute the value at the âges 25, 30 of a joint life pure endowmcnt of 
$1000 due in 25 yeara. Use i = .035. Ans. $250.69. 

3 . Use définition 1 at t = .035 to compute the value at the âges 90, 92 of 
an ordinary joint whole life annuity immédiate of annual rent $1000. 

Ana. $217.06. 


96. Another définition of a joint life annuity. The expres¬ 
sions given in Art. 95 for the values at the pairs of âges 28, 32 and 
38,42 of a ten year temporary joint life annuity immédiate whose 
terni begins at the âges 28, 32 can be written in the forms : 

v = (at âges 28, 32) and 

*28*32 *28*32 *28*42 

V = tr» + ir*^ + .» + (at âges 38, 42) 

‘Î8*42 *38*42 wUi 


These forms show that the value of this annuity at either pair of 
âges is the sum of the values obtained by applying formula (10*) 
to each sum of the set consisting of 1 at the time of each rent pay- 
ment during the term of the annuity. The value of the temporary 
joint life annuity defined in this way is included in the 


Définition 2. The value al the âges x, y of any joint life annuity 
of annual rent R is the sum of the values obtained by applying the 
formula 

y _ Iz+tly+t _ Dz+t : y-fl 

l z ly Dzy 


to each sum of the set consisting of R at the time of each rent payment 
during the term of the annuity. 
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From this définition and the value of an expectation (Art. 76), 
the value at the âges x, y of an ordinary or of a deferred joint life 
annuity of annual rent R is the sum of the values at the âges x, 
y of the expectations of a pair of annuitants of receiving the rent 
payments during the term of the annuity ; or it is the sum of the 
discounted values at the âges x, y, obtained by use of formula (10 2 ) 
when t is zéro or positive of the set of sums consisting of R at the 
time of each rent payment during the term of the annuity. Like- 
wise, the value at the âges x, y of a forbome joint life annuity, 
whose term begins n or more years prior to the time at the âges x, 
y, where n is the number of years in the term of the annuity, is 
the sum of the amounts at the âges x, y of the same set of sums 
when each is accumulated as a joint life pure endowment, that is, 
by use of formula (KL) when t is zéro or négative. 


EXERCISE 

Apply définition 2 to the set of sums below the line in the following diagram 
to write the expressions for the values at the âges 35, 40, at the âges 45, 50, 
and at the âges 55,60, of a 10 year temporary joint life annuity of annual rent 
100 with first payment at the âges 46, 51 : 



36- 

• *45 

46 

47' • 

• '54 

55 

4 /• 

i a 

• •50 

▲ * 1 

5/ 

53- • 

• ’59 

60 



100 

100 * • 

■ -100 

JOO 


97. The value at the âges x, y of any joint whole life annuity of 
«mmifll rent R. Let x + t, y + t dénoté the âges when the first 
rent payment is made. By définition 1, Art. 95, the value, F, at 
the âges x, y is given by 


y _ jg t/lx+t : y+t + V l+l lz+t+\:v+t+l + etc. 




X+V 


+< 


x + V 


= R 


V 


'■z+t : y+t 


4 » 


+ «+l 


lx+t+Uy+t+1 4- etc. 


X+V 

V 2 l 


xv 


_ r> Dx+t : y+t + Dx+t+i ■. u+i+i 4* etc. 
_ K _ 

Nx+t : v+t 


■xv 


R 


D 


(100 


xy 
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where the commutation symbol is defined by 

Nxy = Dxy + D x+ i : ,+i -f- etc., 
sothat Nx+t-.y+t = Dx+t :y+ t +-Z) x+ j + i :v+<+ i + etc. 


The symbols for the values cf the joint whole life annuities of 
annual rent 1 are analogous to those for single lives given in Art. 80. 
From formula (10i) it follows that 


ni 


a *v = 


a xv = 


_ JVWl: 


v+1 


D 


*V 


fflg+l+n^y+l+n, 

D- 


xy 


a*y = 


n 2 


_ ■ L ' t XV 


D 


XV 


a» = 




m ***y 


D 


xv 


EXERCISES 

1. Apply formula (10i) to write the expressions for the values at the âges 
35, 40, and at the âges 46,51, of the joint whole life annuity of annual rent 1000 
represented by the following diagram : 

A f 35 36- • •45 46 47- • -69 90 

M9es \40 41 • • >50 51 53- • -94 95 

\ I • • • I ■ ■ t — I • • • V < 

1000 1000 • -•1000 1000 

2. Find the expression for the value at the âges 35, 40 of the joint whole life 
anpuity in Exercise 1 by applying Theorem VI to its value at the âges 46, 51. 

3. Apply formula (10i) to write the expressions for the net single premiums 
at the ^ges 25, 35 of the following joint life annuity policies each having an 
annual rent of $1000 : 

(а) Ordinary joint whole life annuity immédiate, 

(б) Ordinary joint whole life annuity due, 

(c) Joint whole life annuity immédiate deferred 10 years, 

C d) Joint whole life annuity due deferred 10 years. 

4. Use formula (10i) to write the expressions for as B: «i, a**:*», io|an:n 
and io | Eîs : 86- 

5. Extend formula (10i) to three lives. 

98. The value at the âges x, y of any n-year temporary joint life 
annuity. Let x + t, y -f t dénoté the âges when the first rent pay- 
ment is made. By définition 1, Art. 95, the value, V , at the âges 
x , y is given by 
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_ r> tflx+t : *+« + 0* +l L+l+l:iH-f+l + # ** + ^ f+n *?»+<+»-1 :y+<+r»-l 


V = R 

*+v 


xy 


+ t. 


*+V 


+ 1 + 1 . 




+ n-l. 




^ 2 lz+t:v+t-\-V 2 lx+t+i :v+*+H- \~ v 2 lx+t+n- 1 : ir+(+n —1 


x+v 
V 2 2 


xy 


_ P Dz+t : n+t + Dr+t+l :y+t+i + •" + ^x-H+n-l :y+<+n-l 

D xy 


__ fi H*+t : v+* Hz+t+n: »+<+» 


D 


( 10 ) 


xy 


The symbols for the values of temporary joint life annuities of 
annual rent 1 are analogous to those for single lives given in Art. 81. 
From formula (10), it follows that 


°xyi»l — 


_ iWv+l • ^ r+l+» : y+ l+n „ _ N z +v Hz+n:v+n 

» tt ZV»l r. 


D 




D 




„ _ A^x+l+üj: -^z+l+nj+nry+l+^+n 

m | a TV*\ f] : 

L/xy 

| _ JV*+*,:y+ ny 

"t “zynl 


D 


xy 


EXERCISES 

1. Apply formula (10) to write the expressions for the values at the âges 
35, 40, at the âges 45,50, and at the âges 55, 60, of the 10-year temporary joint 
life annuity of annual rent $1000 repreeented ty the following diagram : 

36 * • *45 46 47* * •54 55 

^ es \40 41* * *50 51 52* * *59 60 

i-1 • • . i-i-1 • • • i-1 

1000 1000 * * * 1000 1000 

2 . Apply formula (10) to write the expressions for the net single premiums 
at the âges 25, 35 of the following joint life annuity policies each having an 
annual rent of $1000 : 

(a) Ordinary 20-year temporary joint life annuity due, 

(b) Ten year temporary joint life annuity immédiate deferred 5 years. 

3. Use formula (10) to write the expressions for 035:40 ro> * 35 ; 40 roi 

lol a 35:40 Tü> anc * 10 I *35:40 Tü> 

4 . Show that formula (10) includes formulas (10i) and (10 2 ). 
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6. Show that the value of a forbome n-year temporary joint life annuity 
due is given by y = R Nxv - Nz+n . >+ , 

where x, y are the âges at the beginning of the term of the annuity. (See 
formula (2), Art. 82.) 

99. Joint life insurance. In a single life insurance the benefit 
is paid when the insured dies, providing death takes place during 
the term of the insurance. In a joint life insurance the benefit is 
paid when any one of the insured dies, providing death takes place 
during the term of the insurance. The discussion of joint life 
insurances is entirely analogous to that of joint life annuities. 

100. The value of joint life insurance defined. If each of 

the 228 persons living at âge 28 shown in the mortality table is 
paired with each of the kz persons living at âge 32, there are Izdu 
such pairs. Of these pairs W33 survive one year, W34 survive two 
years, and so on. It follows that W32-W33 pairs fail during the 
first year, W33-W34 fail during the second, and so on. If each of 
the W32 pairs of persons of âges 28, 32 holds a ten year term joint 
life insurance policy of face value 1, the amounts that will be 
received on these policies at the end of 1, 2, •••, 10 years are Izdît- 
I 29 I 3 S, I29I33-I30/34, •••, kiUi-ksUi respectively. The sum of these 
amounts, valued as of the âges 28, 32 at an annual interest rate 
i, is v(W32-Wm) + where 

v = -—— • The quotient 
(1 + i ) 

y _ y(^ 28 ? 32 ~? 29 ^ 33 )~b^(^ 29 ? 33 ~^ 30 ? 34 )~l~ ~l~f : 

I 2 &I 32 

gives what is called the value at the âges 28,32, at an interest rate i, 
of this term joint life insurance as determined by the mortality 
table. The sum of the amounts due the pairs of beneficiaries 
valued as of the âges 38, 42 at an interest rate i is (1 -f i) 9 (ltdsr 
^29^33)H - ••• + (£37^41 — ^38^42)• The quotient 

y _ (l+^) 9 (^28^32~?29^3.'t)~l~(l~f~0‘ i (^29^33~?3l^34)~l~ (UlU l-lj&Uz) 

lidii 

gives what is called the value at the âges 38,42, at an interest ratet, 
of this term joint life insurance as determined by the mortality 
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table. In other words, the value at âges 28, 32 of this ten year 
term joint life insurance is the amount that each of the hda pairs 
of insured must pay to a company so that the total of these amounts 
with interest will be just enough to enable the company to pay 1 to 
each pair of beneficiaries at the end of each year of the term of the 
insurance. Likewise, the value at âges 38,42 of this joint life insur¬ 
ance is the amount that each of the hsla pairs of persons would 
receive if the benefits were not drawn when they are due but were 
allowed to accumulate at compound interest to the time at the 
âges 38, 42 and if the fund thus created were then equally divided 
among the l&Ut survivors. The values at the pairs of âges 28, 32, 
and 38, 42 of this term joint life insurance as just defined are 
included in the 

Définition 1. The value at the âges x, y of the insured of any joint 
life insurance of face value, F, is the quotient obtained by dividing l x l„ 
into the sum of the values obtained by applying the compound interest 
formula to each sum of the set consisting of F times the number of pairs 
that fail, according to the mortality table, during each year of the 
insurance term. 

From this définition the value at the âges x, y of an ordinary or 
of a deferred joint life insurance of face value F may be viewed as 
the amount that each of the l x l„ pairs of insured must pay to a 
company so that the total of these amounts with interest will be 
just enough to enable the company to pay F to each pair of bene¬ 
ficiaries at the end of each year during the term of the insurance. 
Likewise the value at the âges x, y of a forbome joint life insurance 
whose term begins n or more years prior to the âges x, y, where n is 
the number of years in the term of the insurance, may be viewed 
as the amount that each of the l x l v pairs of survivors would receive 
if the benefits were not drawn when they are due but were allowed 
to accumulate at compound interest to the time at the âges x, y 
and if the fund thus created were then equally divided among the 
lj v pairs of survivors. 

When the joint life insurance in définition 1 is for a one year 
term beginning at the âges x -f * — 1, y + t — 1, the définition 
can be stated in the form : 
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The vaine, V, al the âges x, y of a joint life Insurance of face value, 
F, for the year beginning at the âges x -\-1 — l,y 1 — 1 is given by 


y _ 1 . h+t-lly+t-l — lz+tly+l _ El Cx+t-1 ; y+i-1 

Uy Dry 


= Fl/ • t-1 Çxy 


(H*) 
(when t > 0 ) 


*+* 


where 
so thaï 


+i 


C zy = V ■' (Ixly- lr+lly+0, 


X+V 


+t 


Cz+t—Uy+t—1 — V 3 (lx+4—lly+t— 1 lx+tly+t). 


The second form of formula (112) is obtained from the fîrst by 

x+v 

multiplying numerato: and denominator by v * . When t is 
positive, V is the présent or discounted value at the âges x, y of a 
benefit, F, to be paid at the end of t years in case two persons, 
aged x and y, both survive t — 1 years but both do not survive 
t years. When t is négative, V is the amount at the âges x, y of 
the benefit, F, paid at the âges x + t, y + t, at the end of a one 
year terni joint life insurance, which is allowed to accumulate for 
t years in accordance with formula (Ils). 

In finding the values at two or more pairs of âges of a joint life 
insurance use can be made of the foliowing 

Theorem VH. If Vz+t-.y+t dénotés the value al the âges x + t, 
y + tof a joint life insurance, its value V** al the âges x,y is given by 

V — .t lz+tly+t T/ _ Dx+t : y+t T( r 

V xy — v —y -J— y x+t : y+t -p- y z+t : *+<• 

This theorem is an extension of Theorem V. The proof is left as 
an exercise. When t is positive, : is a discount factor; 

Dzy 

when t is négative, it is an accumulation factor. It should be noted 
that Theorem VII includes formula (Ils). 

In writing the équations needed for finding the unknowns in 
problems involving life annuities or life insurances, use can be 
made of 


Theorem VIII. If two joint life annuities, two joint life in¬ 
surances, or a 'joint life annuity and a joint life insurance hâve equal 
values at the âges x + t, y + t, thcy hâve equal values at the âges x, y. 
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This theorem is seen to be true by noting that Théo rems VI and 
VII hâve the same discount or accumulation factor, -?+*'■*& ■ 

Dzy 

The value at the âges x, y of the joint life insurance specified by 
any policy is called the net single premium of the policy. 


EXERCISES 

1. Apply définition 1 to the set of sums below the line in the following 
diagram to write the expressions for the values at the âges 35, 40, and at the 
âges 45, 50 of a joint whole life insurance of face value $1000 whose term 
begins at the âges 45, 50 : 



2 . Use définition 1 and i = .035 to compute the value at the âges 90, 92 
of an ordinary joint whole life insurance of face value $1000. Ans. $958.84. 

3. A one year term joint life insurance of $1000 begins at the âgés 40, 50. 
By use of formula (lli) find its value at the âges 60, 70 and at the âges 20, 30. 

Ans. $109.99; $7.89. 

101. Another définition of a value of a joint life insurance. 

The expressions given in Art. 100 for the values at the pairs of âges 
28, 32 and 38, 42 of a ten year term joint life insurance whose 
term begins at the âges 28, 32 can be written in the forms : 

y = v + ^ * 29 . M 3 o* 3 < + ... + t) 10 ^iiW« (atage 8 2 8 , 32 ) 

* 28*32 i 28*32 * 28*32 

y = v ~9 hàrhà * + „-a + ... + hénhfk. ( at âges 38,42) 

l&Uî l»l 42 ^ 38^42 

These forms show that the value of this insurance at either pair of 
âgep is the sum of the values obtained by applying formula (11 2 ) 
to each sum of the set consisting of 1 payable at the end of each 
year of the term of the insurance. The value of the term life 
insurance defined in this way is included in the 
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Définition 2. The value ai the âges x, y of any joint life Insurance 
of face value, F, û the sum of the values obtained by applying the 
formula 

V = Fit ~ Iz+tly+t _ P Cr+t-l: v-H-l 

U, Dxy 

to each sum of the set consisting of F payable al the end of each year 
of lhe term of the insurance. 

From this définition and the value of an expectation (Art. 76), 
the value at the âges x, y of an ordinary or of a deferred joint life 
insurance of face value, F, is the sum of the values at the âges x, y 
of the insured, of the expectations of a pair of beneficiaries of receiv- 
ing F, at the end of each year during the term of the insurance ; or, 
it is the sum of the discounted values at the âges x, y obtained by 
use of formula (112) when t is positive, of the set of sums consisting 
of F at the end of each year of the term of the insurance. Like- 
wise, the value at the âges x, y of a forborae joint life insurance 
whose term begins n or more years prior to the time at the âges 
x, y, where n is the number of years in the term of the insurance, is 
the sum of the amounts at the âges x, y of the same set of sums 
when each is accumulated by use of formula (11*) when t is zéro or 
négative. 

EXERCISE 

Apply définition 2 to the set of sums below the line in the folio wing 
diagram to Write the expressions for the values at the âges 35, 40, at the âges 
45, 50, and at the âges 55, 60, of a 10-year term joint life insurance of face value 
$1000 whose term ljegins at the âges 45, 50. 

Aaes\ 35 36' ' -45 46 47- - -54 55 

^ \40 41 • • *50 51 52 • • -59 60 

h I • • • I ■ \ -1 • • • | 1 

1000 1000 ' - -1000 1006 

102. The value at the âges x, y of any joint whole life insurance 
of face value F. Let x + k, y + k dénoté the âges when the 
term of the insurance begins. By définition 1, Art. 100, the 
value, V, at the âges x, y is given by 
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t>* +2 (k+*+l : y+*+l t+*4-2:v+*4-î) 4" etc. 


y-p V^Klz+kzy+k — lx+k+ lry+*+l) + 


x+v 


V 


+ *+2 


l*y 

(fc+*+l fc+*4-2 : y-f*+2) 4“ GtC. 


=F 


v 


^±y +Jc+ 1 

' (tr+fc:i/+fc “ Z Z 4-*+l:y+*+l) 4" 


*±v 
V 2 i 


*V 


= ^ ^ z +* : 4” Cz+fc+l :j,+*+l 4" GtC. 


=F 


D 


A/x+*: V+ * 


xy 


D 


(lli) 


xy 


where the commutation Symbol M xy is defined by 

Mxy = Cxy + Cx+liy+l + etC., 

sothat M x +k:y+k = Cx+k : y+k 4" :y+*+l 4* etc. 


The symbols for the values of joint whole life insurances of face 
value 1 are analogous to those for single lives given in Art. 88. 
From formula (lli) it fôliows that 



Mxy 

Dxv' 


ni 


I 4»- 


M 


g-fn,: y+»| 

D 


XV 


EXERCISES 

1. Apply formula (lli) to write the expressions for the values at the âges 
35, 40, and at the âges 45, 50, of the joint whole life insurance of face value 
$1000 represented by the following diagram : 

A J 35 36 • • '45 46 47' • '90 91 

*9 es \ 40 41 • • '50 51 53- ' '95 96 

i i • • • i-1-1 • • • i-1 

1000 1000 ' ' '1000 1000 

2 . Find the expression for the value at the-ages 35,40, of the joint whole life 
insurance in Exercise 1 by applying Theorem VII to its value at the âges 45, 50. 

3. Apply formula (lli) to write the expressions for the net single premiums 
at the âges 25, 35, of the following joint life policies each having a face value of 
$ 1000 : 

(а) Ordinary joint whole life insurance, 

(б) Joint whole life insurance deferred 10 years. 

4. Use formula (lli) to write the expressions for 

Azbiib and io|At6 ;i§« 

6 . Extend formula (11 2 ) to three lives. 
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103. The value at the âges x, y of any joint n-year term insurance 
of face value F. Let x + k, y + k dénoté the âges when the term 
of the insurance begins. By définition 1, Art. 1U0, the value, V, at 
the âges x, y is given by 

(k+*+"—l :>+*+»—1 lz+k+n :y+t+n) 

y _ ~ lx+k+l:y+k+l)+ ••• + | _ 

Izv 


x+v 


+l+n 


(lx+k+n -1 :k+*+b-1 ~ lx+k+n : v+*+") 


x+V 


+ A+1 


= F 


(Jx+k:y+k ~ fj+t+1 ;y +*+1 ) + + 


*+v 
V 2 l 


*v 


_ p Cx+k'.y+k +••••+• Cx+k+n-l-.y+k+n-l 


D 


*v 


: p Mz+k\y+k Mz+kA-n -.y+k-z-n 


D 


(H) 


XV 


The symbols for the values of joint life term insurances of face 
value 1 are analogous to those for single lives given in Art. 89. 
From formula (11) it follows that 

A _ M*v M s +%:v+n | A _ Mx+n, : t/+n, Mz+m+n-.y+i^+n 

^ ~ Dry ’ ’ hl lVS1 _ Dry 


EXERCISES 

1. Apply formula (11) to write the expressions for the values at the âges 
35, 40, at the âges 45, 50, and at the âges 55, 60, of the 10 year term joint life 
insurance of face value $1000, represented by the following diagram : 

A f 35 36- - '45 46 47- • •54 55 

/ W es \40 41 - - -50 51 53- - -59 60 

i-1 • • • i-1-1 ... i-1 

1000 1000 - - • 1000 1000 

2 . Apply formula (11) to write the expressions for the net single premiums 
at the âges 25, 35, of the following joint life insurance policies each having a face 
value of $1000 : 

(a) Ordinary 20 year term life insurance, 

(b) Ten year term joint life insurance deferred 5 years. 
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5. Use formula (11) to write the expressions for 

■^35:40 un» an< ^ 10 I ^35:40 Iü> 

4 . Show that formula (11) includes formula (11») and formula (llj). 

8. Show that the value of a forbome n-year term joint life insurance is 
given by 

V = F Mzv Mx+n:v+n 

l)z +»: v+n 

where x, y are the âges at the beginning of the term of the insurance. (See 
formula 6, Art. 90.) 

6. Use formulas (11) and (10i) to write the expressions for the value at the 
âges 25, 30 of a 20-year joint life endowment insurance. 


104. Computation of the values of joint life annuities and of 
joint life insurances. A table giving the values at a given interest 
rate of any one of the commutation symbols D x , N x , C s , M x , R x , 
5 X for each of the 86 âges in the American Expérience Table 
requires only 86 entries. Tables giving the values of any one of 
the corresponding symbols for two, three, four, or more lives 
would require large numbers of entries. Guch tables would be 
impractical to préparé. There are two practical methods in 
common use for computing the value of any joint life annuity or 
insurance. One of these is based on replacing lives of unequal 
âges by an equal number of lives of équivalent equal âges; the 
other is based on replacing lives of unequal âges by a single life 
in which case an appropriate change in the interest rate is needed.* 
An important property of the method of equal âges may be stated 
in the form (using two âges) : If w, w are the equal âges which are 
équivalent to the âges x, y then w -f t, w -f t are the equal âges which 
are équivalent to the âges x + t, y + t. This property is called the 
Law of Uniform Seniorily. From this property it follows that 
formulas (10) and (11) may be written in the forms: 


V = R 


Hxo4-t:v>+l Hui+t+n: w+l+n 


D 


wto 


y — p Mfo+kiio+k — Aftr+fc+w 


Cio') 

(HO 


• For brief expositions of these two methods reference may be made to a paper 
by H. L. Riets in Volume XXVIII of the American Mathematical Monthly, 
page 158 (1921), or to Mathematical Theory of Life Insurance by C. H. Forsyth 
— John Wiley and Son (1924). 
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In this article some examples are solved to show how values of 
joint life annuities and insurances can be computed by the use of 
tables giving the values of joint life commutations symbols for 
equal âges and of n x , the “ force of mortality ” at the âge x. By 
Hx is meant the instantaneous yearly death rate at the âge x. In 


the yearly death rate, q x = -q d* the actual number of deaths 


among the l x persons during the year following the âge x ; in the 
force of mortality the denominator is l x but the numerator is the 
number of deaths that would take place among the l x persons 
during the year following the âge x, if the rate throughout the year 
remained the same as the instantaneous rate at âge x. 

In Table XIV are given Hunter’s Makehamized American Ex¬ 
périence Mortality Table, values of the force of mortality, and 
values at 3£% of the commutation symbols for two equal âges. 
In the table below are given for certain âges the values at 5% of 
the commutation symbols for a single life according to the Ameri¬ 
can Expérience Table and for two lives of equal âges according to 
Hunter’s Makehamized American Expérience Table : 


Age 

x 

D z 

N. 

M x 

Mx 

D zz 

N x , 

M zz 

25 

26291.40 

435657.09 

5545.82 

.00804 

23396.19 

339371.57 

72356.38 

26 

24837.49 

409365.69 

5343 89 

.00809 

21925.55 

315975.38 

68791.01 

27 

23462.44 

384528.20 

5151.57 

.00814 

20545.12 

294049.84 

65427.49 

28 

22162.03 

361065.76 

4938.42 

.00821 

19249.49 

273504.71 

62254.58 

29 

20932.25 

338903.73 

4793.98 

.00827 

18033.56 

254255.22 

59261.65 

30 

19769.12 

317971.48 

4627.62 

.00835 

16891.33 

236221.66 

56426.79 

31 

18669.07 

298202.35 

4468.93 

.00843 

15819.24 

219330.33 

53749.39 

32 

17628.76 

279533.28 

4317.65 

.00853 

14812.74 

203511.09 

51217.36 

33 

16644.79 

261904.52 

4173.14 

.00863 

13867.27 

188698.35 

48816.35 

34 

15713.98 

245259.74 

4034.94 

.00875 

12979.59 

174831.08 

46543.01 

35 

14833.53 

229545.76 

3902.78 

.00888 

12145.40 

161851.49 

44381.88 

36 

14000.79 

214712.22 

3776.40 

.00902 

11361.92 

149706.09 

42330.61 

47 

7318.515 

97755.471 

2663.49 

.01215 

5297.803 

58734.708 

25009.12 

48 

6886.371 

90436.956 

2579.85 

.01265 

4922.039 

53436.905 

23774.25 

49 

6476.407 

83550.585 

2497.81 

.01321 

4567.884 

48514.866 

22576.52 

50 

6087.169 

77074.178 

2416.97 

.01384 

4234.369 

43946.982 

21416.56 

51 

5717.409 

70987.009 

2337.07 

.01453 

3919.986 

39712.613 

20289.09 

52 

5365.975 

65269.600 

2257.90 

.01531 

3623.609 

35792.627 

19191.98 

53 

5031.809 

59903.625 

2179.25 

.01617 

3344.111 

32169.018 

18122.53 

54 

4713.927 

54871.816 

2100.98 

.01712 

3080.668 

28824.907 

17080.54 
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The value of w for a given set of n âges x, y, ••• is found as 
follows : 

(1) Find /i* by means of the relation /a» = — c ^ c ~ • 

» 

(2) Find w by simple interpolation in the table for x and /*,. 

Example 1. Find the equ&l âges équivalent to the âges 25, 27, 34. 

Solution. In this example, n* = **“ Mi< = .00831. Simple inter- 

O 

polation in the table for x and /x, shows that w = 29.75. 

Example 2. Find the equal âges équivalent to the âges 28, 32. 
Solution. In this example m» = — = .00837. Simple interpolation 

in the table for x and n x shows that w = 30.25. 

Example 3. Find the value of <hs :ti at 5%. 

Solution. By formula (10') 

a»:n = tu = where, by Example2, w = 30.25 

= i^f (byinterpolatiOQ) 

= 12.956 

Example 4. Find the value of A K:S2 at 3£%. 

Solution. By formula (11') 

Aa.tt “ where, by Example 2, w = 30.25 

*'WW 

= 11339.33 
25685.03 
- .44148 

EXERCISES 

1. Solve Example 3 at 3J%. 

2 . Solve Example 4 at 5%. Ans. .33542. 

3 . Find the value at 5% of a 30:50 . 

4 . Find the value at 5% of A 25;T0V 

5. Find the value at 5% of a 25;nî1 . 

6. Find the value at 5% of /1 30:53 . 
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105. Survivorship annuities and insurances. The annuifcies and 
insurances considered in Arts. 94 to 104 inclusive are based on 
the joint lives of two or more persons. Combinations of these 
can also be made which are analogous to those considered in Arts. 
91 and 93 for single life annuities and insurances. Other annuities 
and insurances of importance are based on one or more survivors 
of a set of joint lives; A brief treatment is given in this article 
of a few simple annuities and insurances which are based on thc 
survivor of two persons (x) and (y) of âges x and y respectively. 
The values of these annuities and insurances, as well as of many 
others, can be written at once by resolving them into annuities 
and insurances based on a single life, or on joint lives. 

The value, F, of a life annuity immédiate of annual rent, R, 
payable during the joint lives of (x) and (y) and during the life of 
the survivor is given by 

V = R(a z + a* — a zv ) 

Such an annuity is called an annuity for the life of the last survivor. 
When R — 1, F is denoted by a- so that 

n 1 J xv 

Ojÿ = O* + dy — O**. 

The value, F, of a life annuity immédiate of annual rent, R, pay¬ 
able during the life of a designated one [(x) or (y)] after the death 
of the other [(y) or (x)] is given by 

F = R (<z x — üxy) if (x) is the survivor, and by 
F = R{ay — a*,) if (y) is the survivor. 

In the first case the annuity is called a survivorship or reversionary 
annuity on the life of (x) beginning at the death of (y). When 
R = 1, F is denoted by ay|*, so that 

Oy\ x = a x — a xy . 

The value, F, of a life annuity immédiate of annual rçnt, R, 
payable during the life of either one but after the death of the 
other is given by 

F = R{a x + dy — 2 dxy) 

This is a combination of the two cases in the preceding survivorship 
annuity. 
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The value, V, of a joint life annuity immédiate of annual rent, 
R 

combined with a survivorship annuity of annual rent, R, is given 

“ D 

by V = ^ city + R(çlx — dzv), if a: is the survivor; that is, 

a 

V = R(a z — £ dzy) if (x) is the survivor. 

Similarly V = R(dy — ^ a^) if (y) is the survivor. 

The value, V, of a life insurance of face value, F, payable upon 
the death of the survivor of (x) and ( y ) is given by 

V = F(A Z + A V - A zv ). 

Corresponding formulas can be written for more than two lives. 


EXERCISES 

1. Compute the values at and at 5% of a w . 63 . 

2. Compute the values at 3^% and at 5% of j 53 . 

S. Interpret each of the following : 

(a) a x( „ = a„ — a xlf , 

{b) &xÿ = “ a *V> 

(c) + a* +o, — a yt — a xt — a zv 4* a xll2) 

(^) Afÿï ** As 4" Ay 4“ A M Ays Ass A Z y 4* A X y t . 
4. Show that a X |„ = a x \ v . 
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CHAPTER V 


APPLICATION OF LIFE ANNUITIES AND OF LIFE INSURANCES 

106. Introduction. In Chapter IV formulas are derived for 
finding the values at âge x of life annuities and of life insurances 
and a few simple applications are given. In this chapter the 
applications are treated more fully and systematically. The sug¬ 
gestions given in Art. 33, Chapter III, for solving problems based 
on annuities certain are helpful for solving problems based on life 
annuities and life insurances. 

The applications are arranged under three headings as follows : 
tiret, Premiums ; second, Valuation of Policies, Cost of Insurance, 
Dividends, Policy Options; third, Life Estâtes, Remainders, In- 
heritance Taxes. 

Premiums 

107. Premiums defined. Às stated in Arts. 78, 86, and 91, 
Chapter IV, the value of a life annuity, of a life insurance, or of a 
combined life annuity and life insurance which is specified by a 
policy, is called the net single premium of the policy. The net 
single premium is the net cost of the policy at the time it is pur- 
chased. A purchaser of a policy usually finds it more convenient 
to make periodic payments, during the whole or a part of his life, 
which are équivalent to the net cost, than to pay this cost in a lump 
sum. Such payments are called net premiums, and they are 
usually made at the beginning of the payment periods. In other 
words the net premiums of a policy are the rent payments of a 
whole or temporary life annuity due whose value at the time the 
policy is purchased equals that of the net single premium of the 
policy at this time. These premiums are called net level premium 
when they are equal in value. Other forms of net premiums are 
defined in Arts. 112, 120, 121, and 122. Net premiums provide 
companies with funds for the payment of policy benefits. In 

212 
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fact they usually provide more than is necessary for this purpose. 
This is due largely to two factors: first, companies are usually 
able to invest premiums at a higher rate than that used in com¬ 
puting them, and, second, the mortality shown by the table used in 
computing premiums is larger in the early years of policies than the 
actual mortality. In addition to funds for the payment of policy 
benefits companies must also hâve funds for the payment of 
interest on capital invested, for rent, taxes, salaries, and wages, 
agent’s commissions, medical fees, and other expenses connected 
with the administration of its affaire. Net premiums are not 
sufficient to provide these additional funds. They are obtained 
by the addition of certain amounts, called loadings, to the net' 
premiums. The net premiums plus the loadings are called the 
gross or office premiums. The gross premiums are those actually 
paid by the policyholders. The gross premiums must be ample 
to enable companies to pay policy benefits and expenses, as well as 
to build up and maintain an adéquate surplus. Such a surplus 
is necessary since companies cannot conduct business on an 
exact theoretical basis. Gross premiums are considered further in 
Arts. 113 and 114. 

The définition of a net level premium of any policy leads at once 
to an équation which détermines its value. One member of this 
équation is the value at a known âge of the annuity, corresponding 
to the form of payment of the net level premiums; the other 
member is the value at this âge of the net single premium of the 
policy. Otherwise stated, one member of this équation is the 
value at a given âge of the policy benefits and the other member is 
the value at this âge of the premium payments. Formulas (1) 
and (5), Chapter IV, give these values for single lives and formulas 
(10) and (11) for two lives. Theorems V and VIII may be used in 
writing these équations. In Arts. 108 to 111 inclusive these 
pre mium s are determined for some important types of policies. 

108. Net level premiums of life annuity policies. Both mem- 
bers of the équation which détermine the net level annual premiums 
of life annuity policies on single lives can be written by the use of 
formula (1), Chapter IV. When two or more lives are involved, 
formula (10), Chapter IV, is needed. 
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Ex ample 1. Find the net level annual premium, P, of a $1000 whole life 
annuity policy purchased at âge 35 if the first benefit of the policy is payable 
at âge 65 and if the premiums are payable annually, as long as the annuitant 
survives, during the term which begins at âge 35 and ends at âge 65. 

Solution. In the following diagram the benefits are above the line and 
the premiums below the line : 

Age 35 36 *"64 65 66 "'94 95 

Benefits ( life annu/ty) J000 J000 • • iOOO 1000 

•-1 ••• I-1-1 i-1 

Premiums P P • • • P 


Equating the value of the premiums at âge 35 to the value of the benefits 
at this âge givea 

P Nu ~Æ\ = 1000 ^ 

Du D u 

Solving, P = 1000-— = $119.08 

N U ~ Nu 

Exercise 1. Solve Example 1 by equating values at âge 65. 

Exercise 2. Solve Example 1 if the premiums are payable annually from 
âge 35 to âge 50. 

Example 2. Find the net level annual premium, P, of a $1000 pure endow- 
ment policy purchased at âge 25 and due in 15 years if the premiums are pay¬ 
able annually, as long as the annuitant survives, during the term which begins 
at âge 25 and ends at âge 40. 

Solution. In the following diagram the benefits are above the line and 
the premiums below the line : 


Age 25 

Benefits (pore endowmenf) 

26 • • 

•58 

39 

40 

J000 

Premiums P 

p • • 

•P 

P 



Equating the value of the premiums at âge 25 to the value of the benefit at this 
âge gives, 


Solving, 


N26 N 40 _ 2000 

Du Du 

P = 1000 


Dm 


Nu - N 


$42.40 


40 


Exercise 1. Solve Example 2 by equating values at âge 40. 

Exercise 2. Solve Example 2 if the premiums are paid annually from 
âge 25 to âge 35. 
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Example 3. Find the net level animal premium, P, of a $1000 annuity 
policy purchased at âge 35 whose first $1000 is paid at âge 65 if the policy 
provides a ten-year annuity certain foliowed by a whole life annuity, and if the 
premiums are payable annually from âge 35 to âge 65. Use i =■= .035. 

Solution. In this case the policy benefits consist of a ten-year annuity 
certain, followed by a whole life annuity. Equating the value of the premiums 
at âge 65 to that of the benefits at this âge gives 

p *35 ~ *55 = 1000 (1 + 05,.„„) + 1000 ^ 

U 6Ô ^65 

Solving, P = $651.22 


EXERCISES 

1. Compute the net level annual premium, P, payable as a life annuity due 
from âge 25 to âge 50 of a pure cndowment policy of $1000 duc at âge 50. 

2. Same as Exercise 1 except the $1000 is due at âge 60. 

3. Same as Exercise 1 for a whole life annuity policy of $1000 annual rent 
with first payment at âge 50. 

4. Same as Exercise 1 except that the premiums are payable quarterly in- 
stead of annually. Use formula (4), Art. 84. 

5. Same as Exercise 1 for a 20-year temporary life annuity policy of $1000 
annual rent with first payment at âge 50. 

6. Compute the net level annual premium, P, payable as a joint life annuity 
due from the âges 25, 30 to the âges 50, 55 of a joint life pure endowment policy 
of $1000 due at the âges 50, 55. 

7. Same as Exercise 6 for a joint whole life annuity policy of $1000 annual 
rent with first payment at the âges 26, 31. 

8. Same as Example 6 with first payment at age3 50, 55. 


109. Net level premium formulas for life annuity policies. A 

general formula for the net level premium at âge x, corresponding 
to a prescribed form of payment, can readily be found for any life 
annuity policy by the method of equating the value of the pre- 
miums at âge x to that of the benefits at this âge. For an n-pay- 
ment, n-year pure endowment policy of rent, R, issued at âge x, 
whose premiums, P, are payable annually as a life annuity due from 
âge x to âge x + n, the value of P is given by 



R -- 

N x - N x+n 


In this case the équation of value at âge x is P 


N X - N; 


x+n _ 


D x 


= R 


D 


z+n 


D x 
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the value of P given above is found by solving this équation for P. 

When R = 1, P is denoted by — (Art. 82, Chap. IV), so that 
for an n-payment, n-year pure endovmient policy of face value 1 

p _ 1 _ P z J-n 

n u x N t - N z+n 

Similarly for an n-payment whole life annuity of annual rent, R, 
issued at âge x with first payment at âge x -f n, whose premiums, 
P, are payable annually as a life annuity due from âge x to âge 
x + n, the value of P is given by 

P = R —- 

■V, - N z+n 

Since these and like formulas for the net level premiums of other 
life annuity and of life insurance policies can be derived so easily, 
the student is advised to write the équation which détermines the 
value of P in each case rather than to substitute into a formula. 

EXERCISE 

Dérivé the formula for the net level annual premium, P, at âge x of an n-year 
temporary life annuity policy of annual rent, R, with first payment at âge x + t 
if the premiums are payable as a life annuity due from âge x to âge x + t; 
from âge x to âge x 

110. Net level premiums of life insurance policies. Notation. 

The benefits of these policies consist of life insurances so that the 
formulas for the values of life insurances and of annuities are needed 
to write the équations which détermine the net level premiums of 
these policies. 

Example 1. Find the net level annual premium, P, of a 20-payment whole 
life insurance policy of $1000 issued at âge 30. 

Solution. In the following diagram the benefits are above the line and the 
premiums below the line : 

Age 30 31 • • -49 50 • • • 95 96 

Benefits (life insurance) IOOO • • fi000 1000- • fiOOO 1000 

l-1 • • • I-1 • • • l-1 

Premiums P P • • • P 
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Equating the value of the premiums at âge 30 to the value of the benefit afc 
tins âge gives 


P NjSJzJL» = 1000 lv,3a 


M , 


D> « 


D 


80 


Solving, 


1000 


M*o 


m « - n 


$24.71 


60 


Examplb 2. Find the net level annual premium, P, of an ordinary 20- 
year endowment insurance policy of $1000 issued at âge 30. 

Solution. In the following diagram the benefits are above the line and the 
premiums below the line : 


30 3/ • 

( term Insurance 1000 • 

i — ■ ■■ I • 

Premiums P P • 


• 49 50 

1000 

• 1000 1000 

• i-1 

• P 


Equating the value of the premiums at âge 30 to the value of the benefits at this 
âge gives 


P N 30 — NbO 

Dto 


Solving, 


1000 


1000 


Mqq — Mi, o + Dp p 
Di o 

Mots — Mm + Dm 


$39.51 


N 80 - ^60 

Example 3. Same as Example 2 except that the premiums are payable 
quarterly. 

Solution. Equating values at âge 30, using formula, (4) Chapter IV, and 
solving for P, the quarterly premium, gives 


P = 


1000 Mtso- Mus + Dm 
4 Ni o — Nbo — 1(Z>80 — Dm) 


$10.04 


Example 4. Find the net level annual premium, P, of a 20-payment 
increasing insurance of $1000 issued at âge 25 for a term of 20 years. 

Solution. Equating values at âge 25, using formula ( 8 ), Chapter IV, and 
solving for P, gives 

P = 1000 20 = $82.08 

N to — V 45 

Example 5. Find the net level annual premium, P, of a $1000 ordinary 
joint whole life policy issued at the âges 28, 32. 

Solution. Equating values at the âges 28, 32 and solving for P gives 

p = 1000 = 826.73 

N20 lit 
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EXERCISES 

1. Compute the net level annual premium of a $1000 ordinary whole life 

insurance policy issued at âge 35. Ans. $19.91. 

2. Same as Exercise 1 for a 20-payment whole life insurance policy. 

Ans. $27.40. 

3. Same as Exercise 1 for a 20-year endowment insurance policy. 

Ans. $40.12. 

4. Same as Exercise 1 for a 10-payraent, 20-year endowment insurance 
policy. 

B. Same as Exercise 1 for a 10-payment, 10-year term insurance policy. 

8 . Same as Exercise 1 for a 1-payment, 1-year term insurance policy. 

Ans. $8.64. 


111. Net level premium formulas for life insurance policies. 
Notation. A general formula for the net level premium at âge x 
corresponding to a prescribed form of payment, can readily be 
found for any life insurance policy by the method of equating the 
value of the premiums at âge x to the value of the benefits at this 
âge. There is a standard notation for the net level premiums of 
the various forms of life insurance policies of face value 1 issued at 
âge x. In what follows in this article this notation is given for 
the coramon forma of policies, and the formulas for the values of 
the premiums are written. In the ordinary whole life insurance 
policy the premiums are payable annually as a whole life annuity 
due beginning at âge x ; in the limited -payment policies the 
premiums are payable annually as a temporary life annuity due 
beginning at âge x and continuing during a term which is equal 
to the number of payments. In each of the following policies, the 
âge of issue is x and the face value is 1. 

Ordinary whole life insurance policy 

P - Mi. 

1 N x ' 


m-payment whole life insurance policy 



M, 

N x - N x+m 


n-payment, n-year term insurance policy 



M x M z + n % 
N x - N x+ n ’ 
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m-payment, n-year endoivment Insurance policy 


D _ M x M t +n “t" D x +n . 

* rnl 


m* rnl 


N; - N x+m 


nrpayment, n-year endovment Insurance policy 

p = M x - M z+n + D z+n 
m N x - N x+n 

The last policy is usually called an n-year endowment insurance 
policy. 

Exercise. Verify each of the above formulas by equating the value of 
the premiums at âge x to that of the benefits at this âge and solving for the 
premium. 

The above notation is extended to premiums of joint life in¬ 
surance policies by replacing x by xy, and to premiums payable m 
times a year by affixing (m) in parenthesis to the upper right of the 
symbols. For example, dénotés the net level premium 

payable annually of a joint whole life insurance policy of face 
value 1 for two lives, and P ü m) dénotés the net level premium 
payable m times a year of a whole life insurance policy of face value 
1 for a single life. 

EXERCISES 


1. Show that A z = P«(-l + a x ) = P x a I . Interpret this relation vcrbally. 


2. Use the relations 

A x = î — d& x 

(Art. 92) 

A x = P x a z 

(Exercise 1) 

to show that 

( «) p- = f - d 

ftz 

-ÎA. 

^ ^-p.+d 
(d) a x = L=L^ 

« — p.V< 



Interpret each of these formulas verbally. 

S. Write the formulas for P 25;3 g, an d ^ 25:30 2îTI* 

4. Write the formulas for 2 <Æ and P® 2ÏT> 
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112. Natural Premiums. Fuil preliminary term net premiums. 

The net single premium for a one-year term insurance issued at 
âge x is called the natural ■premium at âge x of this insurance. 
By putting F = t = 1 in formula (5 2 ), Chapter IV, it is seen that 
the natural pre mium , Ain* °f an insurance of 1 issued at âge x is 
given by 



The natural premiums for insurance issued one year at a time 
through a term of years evidently increase with the âge and so 
differ from the net level premiums considered in Arts. 110 and 111. 

The full preliminary term net premiums of any given life insurance 
policy issued at âge x are defined as follows : The net premium for 
the first year is the natural premium at âge x for the face of the 
policy ; the net premium for each subséquent year of the premium 
payment period is the net level premium at âge x + 1 of a like 
policy issued at âge x + 1 for a term which ends at the same time 
as that of the given policy. The premiums subséquent to the first 
are called renewal premiums. For example, under the full pre¬ 
liminary term plan the first net premium of any life insurance 
policy of face value 1 issued at âge 30 is denoted by A 3 o : n; when 
the policy is ordinary whole life each renewal premium is denoted 
by Psi 5 when it is a 20-payment life, each renewal premium is 
denoted by i B P 3 i ; when it is a 20-year endowment, each renewal is 
denoted by P 31 

Gross premiums of policies are usually level and so it follows that 
the full preliminary term premiums allow a larger loading for the 
first year than for the later years. This is usually désirable, par- 
ticularly for new companies, since the expenses on a policy for the 
first year are heavier than for the later years. For limited pay¬ 
ment policies, however, having large gross premiums, as for example 
10-year endowment, or 10-payment whole life insurance policies, 
the full preliminary term net premiums provide loadings for the 
first year which are larger than are needed to cover the extra 
expenses for the year. To avoid this situation various states hâve 

* P\n is also used to represent the natural premiums. 
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adopted laws modifying the full preliminary term net premiums. 
Some of these modified forma of preliminary term premiums are 
discussed in Arts. 120, 121, and 122 after the subject of reserves 
has been considered. 

Example 1 . Compute the natural premium at âge 30 for a $1000 policy. 

Solution. The natural premium in this case is 1000 = $8.14. 

Examplb 2. Compute the value of each renewal full preliminary term 
net premium of à $1000 ordinary whole life insurance policy issued at âge 30. 

Solution. Equating the value of the renewal premiums at âge 31 to the 
value of the insurance at this âge gives 

P.I ^ = 1000 

u%\ 

Solving, P, i = 1000 ^51 = $17.08 

Mi i 

EXERCISES 

1. Write the formulas for the full preliminary term premiums of the follow- 
ing life insurance policies issued at âge 25 : 

(o) Ordinary whole life, (c) 10-year endowment, 

(b) 30-payment life, (d) 10-payment 20-year endowment. 

f 

2. Compute the values of the premiums in Exercise 1 (b) and 1 (d). 

113. Gross premiums based on net level and full preliminary 
net term premiums. As stated in Art. 107 gross premiums are 
formed by adding loadings to the net premiums, and, when in- 
vested, they must provide a company with funds for the payment 
of policy benefits, expenses, and surplus. A portion of the surplus 
provided is held for unforeseen contingencies, and the remainder is 
given to those to whom it belongs. In stock companies issuing 
only non-participating policies it goes to the stockholders. In 
strictly mutual companies, the insured or their beneficiaries par- 
ticipate in this surplus ; it is paid to the insured in the form of 
dividends, or to the beneficiaries in a lump sum or some other 
form of équivalent benefit. In mixed companies, part goes to the 
stockholders and part to the policyholders. The loadings in the 
gross premiums of participating policies are usually larger than of 
non-participating since any excess is returned to the insured. 
In this article no attempt is made to discuss the general theory 
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underlying methods of loading. A few examples will be given, 
however, to illustrate some of these methods for participating 
policies. The study of actual loading formulas affords a good 
way of learning the principles used. An attempt by the student 
to discover these formulas for policies issued by the various 
companies is an excellent exercise. 

The following table of net premiums on $1000 policies may be 
used in applying loading formulas : 



Whole Life 

20-Payment Life 

20-Year En dow ment 

Natural 

Premium 

Age 

Net Level 

Prelimi- 
nary Term 
Renewala 

H9 

Prelimi» 
nary Term 
Renewals 

Net Level 

Prelimi- 
nary Term 
Renewala 

7.54 

20 

13.48 

13.77 

20.72 


38.90 

41.36 

7.79 

25 

15.10 

15.48 

22.53 

23.68 

39.14 

41.61 

8.14 

30 

17.19 

17.68 

24.71 

26.02 

39.51 

41.99 

8.64 

35 

19.91 

20.55 

27.40 

28.89 

40.12 

42.63 

9.46 

40 

23.50 

24.36 

30.75 

32.47 

41.18 

43.75 

10.79 

45 

28.35 

29.51 

35.07 

37.09 

43.08 

45.77 

13.31 

50 

34.99 

36.59 

40.82 

43.22 

46.46 

49.35 

17.94 

55 

44.13 

46.34 

EU, 

51.60 

52.21 

55.43 

25.79 

60 

56.83 

59.92 

59.85 

63.44 

61.65 

65.43 


In the formulas given in the exercises which follow G dénotés 
the gross premium on a $1000 policy. In some of these formulas 
the loadings are based on net premiums ; in others, they are based 
on gross premiums. 


EXERCISES 

1. Compute the gross premiums for the âges 25 and 50 of a $1000 ordinary 
whole life policy by use of the formulas : 

(а) G = 1000 Px (1 + .3) 

(б) G = 1000 Px (1 + .2) 

(c) G = 1000 P* (1 + .2)4- 1 


Digitized by Google 


Original from 

UNIVERSITY OF CALIFORNIA 











































































APPLICATION OF LIFE ANNUITIES 


223 


2. Compute the gross premiums for the âges 25 and 50 of a $1000 20- 
payment whole life policy by use of the formulas 

(a) G = 1000 [»oP*(l + .2) + P,(.l)], 

(fc) G = 1000 [ Î0 P*( 1 + .15)+ P»(.15)], 

(c) G = 1000UP*(1 + .1)+ P,(.l)] + 1, 

(d) G = 1000 [»P.(1 + .105)+ P*(. 105)1. 

3. Compute the gross premiums for the âges 25 and 50 of a $1000 20-year 
endowment insurance policy by use of the formulas obtained by replacing h>P x 
in each of the formulas givcn in Exercise 2 by P x ^y\. 

4. Compute the gross premiums for the âges 25 and 50 of a $1000 whole life 
policy by use of the formula, obtained by solving G = 1000 P x + .14 G + 1 
for G, 

G = 1000 Px -t - 
.86 

5. Compute the gross premiums for the âges 25 and 50 of a $1000 10- 
payment whole life policy by use of the formula 

G = 1000 loPl +1 
.86 

6 . Same as Exercises 1, 2, 3, 4, and 5 when the full preliminary term 
renewal premiums are used in place of the net level premiums. 

7. Détermine the amount of loading in each gross premium in Exercises 
1 to 5 inclusive. 

8 . Détermine the amount of loading for the first year and for each sub¬ 
séquent year in each gross premium in Exercise 6. ( 

9. Same as Exercises 1 and 4 when P x is replaced by P®\ 

10. Compute the gross premiums payable semi-annually for the âges 25 
and 50 of a $1000 whole life policy by multiplying the results found in Exercise 
1 by ,52. (Note that this method is simpler than that of Exercise 9.) 

11. Interpret each of the formulas in Exercise 2 verbally. 

114. Gross premiums on retum premium policies. The 

benefits provided by some policies include the return of the gross 
premiums without interest. These gross premiums constitute an 
increasing insurance. In this article the gross premiums are found 
for a few policies which provide for the retum of the gross premiums. 

Example 1. Find the gross premium for an increasing insurance of $1000 
issued at âge 35 for a term of 30 years if the loading is 13 per cent of the gross 
premium. 

Solution. By the method in Example 4, Art. 110, the net level premium 
on this increasing insurance is $206.79. Hence if G dénotés the gross premium, 
Q = 206.79 + .13 G. Solving, G = $237.69. 
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Example 2. A ten-year “term-endowment” policy provides that if the 
insured dies during. the ten years, the beneficiary receives the face of the policy 
plus the premiums paid ; but if the insured survives the ten-year terra, he gets 
the amount of the premiums paid. The gross premium at âge 35 on the 
corapany’s regular 10-year term policy for $1000 is $13.10. Find the gross 
premium, assuming a 30 per cent loading on increasing insurance and a 15 
per cent loading on 10 -year pure endowment. 

Solution. Let G dénoté the gross premium. By the method in Example 2, 
Alt. 108, the net level annual premium for a pure endowment of 10 G issued 
at âge 35 and due in 10 years is .07765 (10 G). The gross premium for this pure 
endowment is then .07765 (10 G)(1.15). By the method in Example 4, Art. 110, 
the net annual premium for an increasing insurance of G issued at âge 35 for a 
term of 10 years is .04972 G. The gross premium for this increasing insurance 
is then .04972 G (1.3). 

Hence G = 13.10 + .04972 (1.3) G + .07765 (1.15) 10 G. Solving, 
G = $308.96. 

• Example 3. A policy issued at âge 35 provides a pure endowment of 
$1300 at âge 65 with the return of the premiums paid in the event of death 
before âge 65. Find the gross premium on this policy if the net level premium 
for the increasing insurance is loaded as in Example 1, and if the gross premium 

P' for the $1300 pure endowment is given by P' = — +1, where P is the net 

.87 

level premium for this pure endowment. 

Solution. Let G dénoté the gross premium on this policy. By the resuit 
found in Example 1 the gross premium for the increasing insurance of G is 
.23769 G. By the method in Example 2, Art. 108, the level net premium P» 
on the $1300 pure endowment, is $16.7918. The gross premium P' for this 

pure endowment is then P' = + 1 =$20.301. Hence G =20.30+.23769 G. 

.87 

Solving for G gives G = $26.63. 

EXERCISES 

1. Show that the gross premium, G, for an ordinary whole life insurance 
of $1000 issued at âge x with return of ail gross premiums paid prior to death 
is given by 

q = 1000 M z (l + p)+ cN x 
N x - R x ( 1 + p) 

the loading being a constant c, plus p times the net annual premium P. 

[Hint. Eliminate P from P ^ = 1000 M * + GRz and G = P(1 + p) + c 

D x 

and solve for G. J 

2. Compute G in Exercise 1 for p = .25, c = 1 and x = 25. 

3. Compute the net annual premium for an ordinary whole life insurance 
of $1000 issued at âge 25 with return of ail net premiums paid prior to death. 
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Valuation of Policies, Cost of Insurance, Dividends, Poticy 

Options 

115. Reserves defrned. The table of premiums in Art. 113 
shows that the net level premium of a $1000 ordinary whole life 
insurance policy issued at âge 20 is $13.48. The same table shows 
that the natural premiums are smaller than this net level premium 
for âges under 51 and larger for âges over 54. In other words the 
net level premiums of this policy provide more than is needed to 
pay death losses during each of the earlier years and less than is 
needed during each of the later years. The parts of the premiums 
of the early years not needed for mortality are accumulated at 
compound interest and held by the company to meet the heavier 
mortality during the later years. The amount so held at any âge 
after the âge of issue is called the reserve, or value of the policy, 
at that âge. For example, the reserve on the above policy at the 
end of two' years is given by 

ko(13.48 - 7.54)(1.035) 8 + ki(13.48 - 7.59)(1.035) = $12 fil 

ln 

where 7.54 and 7.59 are the natural premiums at the âges 20, 21, 
respectively. This method of computation becomes more tedious 
as the âge at which the reserve is to be found becomes larger. 

A simple method of computation is obtained by viewing the 
reserve on the policy at âge 20 -f- n as the value at âge 20 + n of 
the premiums paid from âge 20 to âge 20 + n less the value at 
âge 20 + n of the insurance (death losses) whose term begins at 
âge 20 and ends at âge 20 + n. These values can be written at 
once by use of formulas (1) and (5), Çhapter IV. By this method 
the reserve on the $1000 ordinary whole life policy at the end of 
two years is given by 

13.48 Nn ~ - 1000 ^---^ = $12.61 

D 22 Dn 

Another simple method of computation is obtained by viewing 
the reserve on this policy as the value at âge 20 + n of the whole 
life insurance whose term begins at âge 20 -f- n. less the value at 
âge 20 + n of the premiums (13.48) paid from âge 20 + n through 
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life. The value of the whole Life insurance at âge 20 -f n is the net 
single premium at this âge, and this net single premium would of 
itself be just enough to enable the company to pay ail future death 
losses. The company receives, however, the premiums (13.48) 
from âge 20 -\-'n through life. It foliows that the net single 
premium at âge 20 + n less the value at this âge of the future net 
annual premiums (13.48) is the reserve at âge 20 + n on the 
ordinary whole life policy issued at âge 20. By this method the 
reserve on the $1000 ordinary whole life policy at the end of two 
years is given by 

1000 13.48= $12.61 

D22 D 22 

The value of any policy at the end of n years after the âge of 
issue may be found by methods analogous to those just given for 
a whole life insurance policy issued at âge 20. The définitions of 
reserve upon which the last two methods of computation are based 
may be stated in the general forms : 

1. The value, or terminal reserve, at âge x + n of a 'policy issued 
at âge x is the value at âge x 4- n of the net premiums of the policy 
paid from âge x to âge x + n less the value at âge x + n of the bene- 
Jits provided by the policy from âge x to âge x + n. 

2. The value, or terminal reserve, at âge x + n of a policy issued 
at âge x is the value at âge x + n of the benefits provided by the policy 
from âge x + n to the end of its term less the value at âge x -f- n of 
the net premiums of the policy from âge x + n to the end of the term 
during which the premiums are paid. 

The method of computation based on the first form of définition 
is called the rétrospective method; that based on the second form 
is called the prospective method. In Arts. 116 and 117 these 
methods are applied to find expressions. for the reserves of the 
common forms of policies. 

116. Rétrospective and prospective methods of valuation. 
Notation. By use of the définitions in Art. 115 and the formulas 
for the values of life annuities and life insurances the expressions 
for the terminal reserve under the rétrospective and the prospective 
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methods can be written at once. The two expressions give the 
sanie value of a given policy under a given set of net premiums, but 
one may be simpler to compute than the other. 

Example 1. Use the net level premiums, Pss, to find the terminal reserve, 
V , at the end of 20 years of a whole iife insurance policy of face value 1 issued 
at âge 25. 

Solution. The policy benefits and premiums are represented by the 
following diagram. 


Age 25 26' 

Benefits (Iife insurance) 1 • 

I-1 • 

Premiums P?s Peè 




The reserve is to be found at the point A in this diagram, that is, at âge 45. 
By the rétrospective method this reserve is the value at âge 45 of the premiums 
to the left of the vertical line through A less the value at âge 45 of the benefits 
to the left of this line. By the prospective method this reserve is the value 
at âge 45 of the benefits to the right of this line less the value at âge 45 of the 
premiums to the right of it. That is, using formulas (1) and (5), Chapter 
IV, by the 

Rétrospective method : V « N * ~ - Mu ~ Mu = .21304 

Prospective method : V = — Pu = .21304 

Du, Du 

Exercise 1. By replacing P 25 by its value in commutation symbols, show 
that the two expressions for V are equal. 

Exercise 2. Write the expression for the reserve of this policy at âge 95. 
(Use the prospective method.) 

Exercise 3. Write the expression for the reserve of this policy at âge 26. 
(Use the rétrospective method.) 

Example 2. Use the full preliminary term net premiums, ^ 25 :n an d 
it Pu, to find the terminal reserves, V, at the end of 15 years and at the end of 
30 years of a $1 20-payraent Iife insurance policy issued at âge 25. 

Solution. The policy benefits and premiums are represented by the 
following diagram : 


Age 25 26-69 40 41—44 45-55 56-95 96 
Benefits (Iife insurance) 1—1 1 fil — 1 1 — 1 Pl •••1 1 

1 ••• I r I ••• t 1 ••• < ••• I ■ ■ \ 

Premiums A&jj /9p^/9^s /9^r6 is^ 6 m /9^6 


» 


Digitized by Google 


Original from 

UNIVERSITYOF CALIFORNIA 



228 


MATHEMATICS OF FINANCE 


, The reserves are to be found at the points A and B in this diagram. By the 
rétrospective method the reserve at A is given by 

V = uP, y »-~ Nt0 - ~ = .30148 

UiO i/40 

In this case the reserve at âge 26 is zéro. By the prospective method the 

reserve at B is given by V = = .56615. 

Du 

Exercise 1. Use the prospective method to write the expression for the 
reserve at A and show that it is the same as that found by the rétrospective 
method. 

Exercise 2. Use the rétrospective method to write the expression for the 
reserve at B and show that it is the same as that found by the prospective 
method. 

Exercise 3. Find the reserves at A and B on a $1000 policy of the type 
in Example 2. 

Example 3. Use the net level premiums, fod the terminal 

reserves, V, at the end of 10 years and at the end of 20 years, of a $1 20-year 
endowment insurance policy issued at âge 25. 

Solution. The policy benefits and the premiums are represented by the 
following diagram : 

Age 25 26**.34 35 S6---44 45 

Pure endowment 1 

Life insurance 1 • • • / / £ i ... / ^2 

l-1 ••• I--1 ••• l-^ 

Premiums P B5:m P 25 :?5l'' F 25:ïïl fy&ïül 

The reserves are to be found at the points A and B in this diagram. By the 
rétrospective method the reserve at A is given by 

v = P 2 *:W N25 ~ N35 - Mz5 ~ M ** = .39621 

«35 ^35 

By the prospective method the reserve at B is 1. 

Exercise 1. Use the prospective method to write the expression for the 
reserve at A and show that it is the same as that found by the rétrospective 
method. 

Exercise 2. Use the rétrospective method to write the expression for the 
reserve at B and show that it equals 1. 

EXERCISES 

1. Use net level premiums to compute the terminal reserve, at the end of 
5 years, of a $1000 10-year term insurance policy issued at âge 25. 

2. Use net level premiums to compute terminal reserve, at end of 10 vears, 
of a $1000 ordinary joint whole life insurance policy issued at âges 28, 32. 
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117. Reserve formulas based on net level and on full preliminary 
tenn net premiums. Notation. A general formula for the ter¬ 
minal reserve at âge x + n, under a given set of premiums, can 
readily be obtained for any policy issued at âge x by eîther the 
rétrospective or the prospective method. There is a standard no¬ 
tation for this reserve under the net level annual premiums for the 
various forms of life insurance policies of face value 1 issued at 
âge x. In what follows in this article this notation is given for 
the common form of policies, and the formulas for the values of the 
terminal reserve at âge x + n lt that is, at the end of the n x ,K policy 
year, are written. 


Ordinary whole life insurance 'policy 
Rétrospective method : 

T/ _ D AT x +n, üfz+n, 

x - r x - - 

Uz+nt ^x+n, 

Prospective method : 


D 


_ M x + n, _ p iVx+n, 


’x+n, ■^x+n, 

m-payment whole life insurance policy 
Rétrospective method : 


ni 


< m y - p -^x+n, _ Mx Mx+n, 

s. m, n,:m v x — m* * _ ^ 


D, 


D : 


n x ^ m, 


_ jj A^x A" z+m M x Mz+ n, 

— m* x —~ ^ 


D 


x+n, 


D 


x+n, 


Prospective method : 

n , < m V = ^ x+n ' — p -^x+m ~ Ax+m 

'*'1 —* * t-v m4 * 77 


n ^ m, 


'*+«1 
M x +iu 


D 


*+nj 


n-year endowment insurance policy 
Rétrospective method : 

1/ £> N r+n, M x Afi-fn, 

r i xîp = -- 




D 


x+n, 


■Dx+n, 
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Prospective method : 

T/ M x + n, Mz+n “t - D x +n p ATx+n, Ax+»» 

"i ’ zn] K * xn\ p: 

X-'i+n, ^x+n, 

It should be noted that when n x = n, „7 i51 = 1 . 

n-payment, n-year term Insurance policy 

Rétrospective method : 

1/1 _ D 1 — Nz+ n, M x — M x+ni 

Wj * xn\ r xn\ n n 

U x+n t U z+*x 

Prospective method : 

171 _ Afx4- B| M z+n D1 Nx+ni ATx+n 

“i K x*i n * n 

^*+n, ^x+n, 

Exercise. Verify that the two methods lead to the samc terminal reserve 
for each of the above insurance policies. 

The notation for the net level premium reserves of a given policy 
can be used also to represent the full preliminary term premium 
reserves of the policy. For example, the full preliminary term 
premium reserve at the end of fifteen years of an ordinary whole 
life policy of face value 1 issued at âge 30 is represented by 14 F 31 
and that of a 20 -payment life policy is represented by U: i 9 F 3 i. 

Under full preliminary term valuation the first year’s insurance 
of a given policy is treated as a one-year term policy and the sub¬ 
séquent years as a policy of the same kind whose term ends at the 
same time as that of the given policy but begins at an âge one year 
higher. In this method of valuation there is no reserve at the end 
of the first year. By the prospective method it is seen that the 
full preliminary term premium reserve and the net level premium 
reserve of a given policy are equal in value at the end of the pre¬ 
mium payment term or at any subséquent time. The two reserves 
are not equal, however, at any âge prior to that at the end of the 
premium payment term, the reserve based on the net level pre- 
miums being greater in this case than that based on the full pre¬ 
liminary term premiums. This follows at once by the prospective 
method upon noting that the full preliminary term renewal 
premium is greater than the net level premium. For some 
policies the différences between these reserves are large during the 
early policy years. For example, on a $1000 10-year endowment 
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insurance policy issued at âge 25, the net level premium reserve 
at the end of the second year is $167.66 and the full preliminary 
term premium reserve is $93.24. In this case the différence is 
$74.42. On this policy the différences range from $82.08 at the 
end of the first year to zéro at the end of the tenth year. For such 
policies-the modified preliminary term plans of valuation discussed 
in Arts. 120 to 123 inclusive are more satisfactory than the full pre¬ 
liminary term plan. 

EXERCISES 

1. Write the symbols which represent the net level premium réserves at 
the end of 1, 2, 10, and 15 years of the following policies of face value 1 issued 
at âge 35: ordinary whole life ; 25-payment life; 15-year endowment; 
15-year term. 

2. Same as Exercise 1 except that the net level premiums are replaced by 
the full preliminary term premiums. 

3. Show that ni V z = A z + ni — Px «*+„, = 1 - 

[Hint. Use Exercise 2, Art. 111.] 

4. The following table shows the net level premium reserves and the full 
preliminary term premium reserves after 1, 2, 10, 15, 20, and 25 years for 
some $1000 insurance policies issued at âge 35 ; the first row for each year gives 
the net level premium reserves and the second row gives the full preliminary 
term reserves : 


Yeab 

Ordinary 

20 - Payment 

IC-Payment 

15-Year 

2 C - Year 

Life 

Lu- E 

Life 

Endowment 

Endowment 

1 

11.76 

19.58 

37.73 

48.80 

32.86 

X 

0.00 

0.00 

0.00 

0.00 

0.00 

O 

23.91 

39.90 

77.01 

99.63 

67.06 


12.29 

21.01 

42.79 

53.44 

35.37 

10 


232.19 

456.00 

592.44 

395.99 


219.96 

456.00 

571.53 

375.46 

15 

219.15 

384.02 

508.49 

1000.00 

664.10 

209.85 

377.22 

508.49 

1000.00 

652.58 

20 

310.75 

566.15 

566.15 


1000.00 

302.54 

566.15 

566.15 


1000.00 

25 

407.30 

626.92 

626.92 



400.25 

626.92 

626.92 




Verify a few of these reserves. 
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118. Fackler’s accumulation formula. By means of the 
formulas for the values of life annuities and of life insurances a 
formula can be written which is useful in computing tables of 
reserves of a given policy. The net level premium reserves at the 
end of ni years and of ni + 1 years of an ordinary whole life policy 
of face value 1 issued at âge x are represented by ^F* and «,+iF, 
respectively. By the rétrospective method it is seen that «,+iF* 
is the value of „,F X + P x accumulated as a pure endowment from 
âge x -f- ni to âge x -f- ni + 1 less the value at âge x + ni + 1 of 
the insurance (death losses) whose term begins at âge x + ni and 
ends at âge x + ni + 1. Hence by formulas (1 2 ) and (5 2 ), 
Chapter IV, 

« + iV. = UV. + P.) 

== (n l ^z "f” I*z)Uz+n x k x +n x 

where «*+,, and k x+Kl are the valuation symbols defined in Arts. 82 
and 90, Chapter IV. This relation connecting „,+iF* and »,F, 
is called Fackler’s accumulation formula. An analogous formula 
can be written for any policy. Another accumulation formula is 
given in Exercise 8 bel jw. 

EXERCISES 

1. Compute iF« and ,F»t by the use of Fackler’s Formula. 

2. Show that n,+,V z = x + P* • t - ik x+ni . 

3. Use the relation given in Exercise 3, Art. 117, to show that 

,V = V 4- -it"; r 

n,4-l “ z — ni “ n i 

a x 

[Note that this formula is well suited for computing a table of reserves 
when life annuity tables are available.] 

119. Cost of Insurance. If death occurs during the ni th policy 
year of an ordinary whole life insurance policy of face value 1 
issued at âge x, 1 — F* will be needed at the end of the year in 
addition to the net level reserve, n ,F x , at that time to pay the face 
value of the policy. This sum 1 — „,F X is called the amount at 
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risk during the ni th policy year. The value of the expectation that 
the amount at risk will be paid at the end of the year is then 
i (1 — bjP*), where 1 is the probability that a person 
aged x + ni — I will die within one year. The value of this 
expectation is the mortality cost during the year. It is called the 
cost of insurance for the rai th policy year, and it will be represented 
by the Symbol n JK x . It follows that 

nJK-x — Çi+n,-1 (1 n,F*) 

• 

A similar formula can be written for any other insurance policy. 
Analogous formulas can also be written based on full preliminary 
terni reserves and on the modified preliminary terni reserves 
discussed in Arts. 120 to 123 inclusive. 

Ex ample. Compute the cost of insurance during the lOth policy year of a 
11000 20-year endowment insurance policy issued at âge 35. 

Solution. In this case the cost of insurance is given by 
1000 ioK M;!rol = 1000 q u (1 — 10^35:2^ 

= 1000 (. 010829 ) (. 60401 ) 

= $ 6.54 

Exercise. Solve this example if the full preliminary term reserve is used 
instead of the net level reserve. 

If the reserve, + P x , at the beginning of the n, + l th 
policy year of an ordinary whole life insurance policy of face 
value 1 issued at âge x be improved at interest for one year and the 
cost of insurance be deducted the différence obtained is the termi¬ 
nal reserve at the end of the year. This leads to the important 
relation, 

n 1+ lFx =(n,Vx + Pz)( 1 + i)~ n t +\Kz 

Exercise 1. Verify this relation by substituting expressions for the values 
of the symbols occurring in it. 

Exercise 2. Solving 

•h+iV» =(n,V» + P,)(l +0- 7x + n,(l - * 1+ iF,) for ,,+iV, givcs 
=(»,F, + Px) JL±1 . - 

Show that this is Fackler’s formula in another form. 
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EXERCISE 


The following table shows the cost of insurance under net level réserves 
during the l Bt , 5 lh , 10 th , 15““, 20 lh , and 25 th years for some $1000 insurance 
policies issued at âge 35 : 


Year 

Ordinary 

20-Payment 

IO-Payment 

15-Year 

20-Year 

Life 

Life 

Life 

Endowment 

Endowment 

i 

8.84 

8.77 

8.61 

8.51 

8.65 

5 

8.99 

8.58 

7.62 

7.04 

7.88 

10 

9.36 

8.32 

5.89 

0.00 

6.54 

15 

10.23 

8.07 

6.44 


4.40 

20 

11.99 

7.55 

7.55 


0.00 

25 

14.65 

9.22 

9.22 




Verify a few of these costa. 


120. Modified preliminary term valuation. Ordinary whole 
life basis. Loadings based on net level premiums are uniform in 
size. They were well suited for paying policy expenses when these 
were spread over the whole premium payment term. They are not 
well suited at présent, however, since much of the expense, such 
as agents’ commissions and medical and inspection fees, occurs 
during the first year of insurance. Under the net level plan the 
first-year loading is not sufficient to cover the first-year expense 
of a policy and it must be supplemented from the surplus funds. 

Loadings based on full preliminary term net premiums are much 
larger for the first year and somewhat smaller for subséquent years 
than those based on the net level premiums of a given policy. 
These loadings are not satisfactory for limited payment life and 
for endowment insurance policies which hâve short premium pay¬ 
ment terms, since for such policies the first-year loadings are 
greater than what is needed for first year expenses. For example, 
a $1000 10-year endowment insurance policy issued at âge 25 has 
a naturel premium of $7.79 and a level net premium of $86.45. 
If this policy carries a gross premium of $103.39, the first-year 
loading under the net level plan is $16.94, while that under the full 
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preliminary term plan is $95.60. This last araount is greatly in 
excess of what should be allowed for first-year loading. 

The insurance laws of each state in the United States specify 
the minimum amount which a company doing business in the state 
can hold as a reserve on each policy. To remove the objection 
to excessive' first-year loading for some policies under full prelim¬ 
inary term valuation certain modified preliminary term methods 
are used. In this article the so-called modified 'preliminary term 
valuation * is presented. In this method the ordinary whole life 
insurance policy is used as a basis for the modifications.** 

If m is the number of years in the premium payment term of a 
given policy issued at âge x, it was seen in Art. 117 that the full 
preliminary term premium reserve at the end of the m ,h policy 
year equals the net level premium reserve at this time, but is less 
than the net level at the end of any earlier policy year. Under 
modified preliminary term valuation the reserve of this policy is 
brought up to the net level at the end of m years by adding to the 
full preliminary term reserve at the end of ni years, where ni 
equals 1, 2, • • *, m, of an ordinary whole life policy issued at âge x 
and having the same face value as the given policy, the value at 
âge x + ni of a life annuity due whose term begins at âge x and 
ends at âge x -f- ni and whose annual rent is the net annual pre¬ 
mium of a pure endowment issued at âge x and due in m years with 
face value equal to the net level premium reserve at âge x + m 
of the given policy less the full preliminary term reserve at this 
âge of the ordinary whole life policy. Ordinary whole life policies 
and ordinary term policies are not affected by this method of 
valuation. If the pure endowment annual premium corresponding 
to any policy of face value 1 issued at âge x is denoted by r x , the 
first year premium under modified preliminary term valuation is 
Aip + ir* and each subséquent premium is P x+X + **. 

Example 1. Use modified preliminary term valuation to find the net 
annual premiums of a $1000 15-year endowment insurance policy issued at 
âge 25. 

* This is sometimes called straight modified preliminary term valuation. 

** The Ohio Standard uses this method for ail limited payment life and endow- 
ment policies having fewer than twenty annual premiums. 
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Solution. In this case 1000(1 — uV») is the différence bctween the net 
level premium reserve of the given policy at the end of 15 years and the full 
preliminary terni reserve of the ordinary whole life policy. By Art. 109 it 
follows that, for this policy, 


1000 T» = 1000(1 - u V n ) 


D 


40 


Nu — N"4o 

= $39.83 

Hence the required premiums are 

First year: 1000 Aj 6T] + 39.83 = 7.79 + 39.83 = $47.62 
Last fourteen years : 1000 P» + 39.83 = 15.48 + 39.83 = $55.31 
Exercise 1. Show that, under modified preliminary terrn valuation, the 
net annual premiums of an n-year endowment insurance policy of face value 1 
issued at âge x are 


First year : 


D s 


+ *x 


[ where x, = - - * - l V*+\ 


xU, 


Last n — 1 years : P x +1 + t s J 
Exercise 2. Show that, under modified preliminary terrn valuation, the 
net annual premiums of an m-payment, n-year endowment insurance policy 
of face value 1 issued at âge x are 

C, 


First year : 


D, 


+ T, 


Aj-f-w: n-mj m— 


where x» 

Last m — 1 years : P r+ i + t* ] 

Exercise 3. Express the values of x, in Exercises 1 and 2 in commuta¬ 
tion symbols. 

Example 2. Use modified preliminary terrn valuation to find the net 
annual premiums of a $1000 10-payment whole life insurance policy issued at 
âge 25. 

Solution. In this case 1Ô00(A U — 9 y*) is the différence between the 

net level premium reserve of the given policy at the end of 10 years and the 

full preliminary terrn reserve of the ordinary whole life policy at this time. 

By Art. 109 it follows, that for this policy, 

1000 X* = 1000 (A„ - ,F m ) gg— 

As* — 

= $22.58 

Hence, the required premiums are 

First year: 1000 A^ 5T] + 22.58 = 7.79 + 22.58 = $30.37 

Last nine years: 1000 P 26 + 22.58 = 15.48 + 22.58 = $38.06 

Exercise 4. Show that, under modified preliminary terrn valuation, the 
net annual premiums of an m-payment whole life insurance policy issued at 
âge x are 


First year : 


C x 


+ 


D x 
P* +1 4- T x 


where x» = —£±!ü 


- 




xU a 


Last m — 1 years : 

Exercise 5. Express t s in Exercise 4 in commutation symbols. 
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In computing reserves under modifîed preliminary term valua¬ 
tion, it is convenient to résolve the net premiums into the two sets 
of which they are composed, viz. : the pure endowment pre mium s, 
and the full preliminary term ordinary whole life premiums. 
Tables of net level premium reserves can then be used in the 
computations. 

Example 3. Compute the terminal reserves under modified preliminary 
term valuation after 1, 5, and 10 years of a $1000 10-payment life insurance 
policy issued at âge 25. 

Solution. The net premiums for this policy are given in the solution of 
Example 2. Upon resolving these premiums into the two component sets 
used in finding them, it is seen by the rétrospective method that the terminal 
reserves to be found are 

First year: 22.58 u th *= $23.55 

Fifth year: 1000 A V n + 22.58 6 u îs - 33.54 + 128.55 = $162.09 
Tenth year: 1000 9 V» + 22.58u)Ui 4 = 82.42 + 288.1G = $370.58 
Exercise 6. Solve Example 3 by use of the prospective method of com¬ 
puting reserves. [Note that the reserve after 10 years is the net single 
premium, Au.] 

EXERCISES 


1. The following table shows the net premiums under modified preliminary 
term valuation of some $1000 insurance policies issued at âge 35 : 


Yeab 

20-Payment 

Life 

IO-Payiient 

Life 

15-Year 

Endowment 

20-Year 

Endowment 

First . . . 

16.38 

34.32 

44^54 

29.10 

Subséquent 

28.28 


56.44 

41.00 


Verify the premiums for the 20-year endowment insurance policy. 

2. Show that, for an w-payment life insurance policy of face value 1 issued 
at âge x t the terminal reserve under modified preliminary term valuation after 

1 year is t x u x 

t years (1 < t < m) is <_i7,+i + tu s 
t years (t ^ m) is A z + t 

where tt x is given in Exercise 4 under Example 2. 

3. Show that, for an n-year endowment insurance policy of face value 1 

issued at âge x, the terminal reserve under modified preliminary term valuation 

after , 

1 year is r x u x 

t years (1 < t < n) is t-iV x+ i + t s t u x 
n years is 1 

where t s is given in Exercise 1 under Example 1. 
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Hence the required premiums are 

First year: 1000 A^ lT] + 32.35 - 7.79 + 32.35 = *40.14 

Last fourteen years : 1000 19 P 2 fl + 32.35 = 23.68 + 32.35 = *56.03 

Exercise 1. Show that when n ^ 20, the net annual premiums under 
the Illinois Standard of an n-year endowment insurance policy of face value 
1 issued at âge x are 

First year : ^ + t* 

Last n — 1 years : n -iP*+i + x r . 


where x* = -- : 

nU s 


Exercise 2. Show that when m ^ 20, the net annual premiums under the 
Illinois Standard of an m-payment n-year endowment insurance policy of face 
value 1 issued at âge x are 


First year : 

Last m — 1 years : 


+ Vx 


IB* *+l 


where r x = l+w:n - g| i ~ * 

mU x 


Ex ample 2. Find the net annual premiums under the Illinois Standard 
of a *1000 30-year endowment insurance policy issued at âge 30. 


Solution. In this case, lOOOGoFaorwi “ A 50 ) is the différence between the 
net level premium reserve of the given policy at the end of 20 years and the full 
preliminary term reserve of the 20-payment Üfe policy at this time. By 
Art. 109 it follows that, for this policy, 


1000 x 30 


— IOOOGoFso : 3XTI A 60 ) 

= S0.50 


D 50 

N 30 ~ N ô0 


Hence the required premiums are 

First year: 1000 A£ 0X] + 0.50 = 8.14 + 0.50 = $8.64 

Next nineteen years : 1000 1 9 P 31 + 0.50 « 26.02 + 0.50 = $26.52 
Last ten years: 1000 Pzo.zo] - *25.21 


Exercise 3. Show that when n > 20, the net annual premiums of an 
n-year endowment insurance policy of face value 1 issued at âge x 9 which, 
under the Illinois Standard, is valued on a 20-payment Üfe basis are 


First year: 

Next nineteen years : 
Last n - 20 years : 


C *4- 

W x + * x 

19^1+1 4 " *x 


where ir T = 


20^ zn] 


s+20 


20 U X 


xn\ 


Exercise 4. When x r = 0 in Exercise 3, show that P^ = 2 o P r In 
this case the net level n-year endowment insurance premium at âge x equala 
the net level 20-payment üfe insurance premium at âge x. 


Example 3. Find the net annual premiums under the Ilünois Standard 
of a *1000 10-payment üfe insurance policy issued at âge 25. 


Digitized by Google 


Original from 

UNIVERSITY OF CALIFORNIA 



APPLICATION OF LIFE ANNUITIES 


241 


Solution. In this case, 1000 (A u — 9: i 9 V' n ) is the différence between the 
net level premium reserve of the given policy at the end of 10 years and the 
full preliminary term reserve of the 20-payment life policy at this time. By 
Art. 109 it follows that for this policy 

1000 jj = 1000 (Au - , :la Vu) — 

Nu “ Nu 

= $15.36 


Hence the required premiums are 

First year: 1000 A^ :J] + 15.36 = 7.79 + 15.36 = $23.15 

Last nine years : 1000 Ï9 P M + 15.36 = 23.68 + 15.36 = $39.04 

Exercise 5. Show that when m < 20, the net annual premiums under the 
Illinois Standard of an m-payment life insurance policy of face value 1 issued 
at âge x are 

First year : TT + r * 

Last 771 — 1 years : u P* + i + ** 

Example 4. Compute the terminal reserves under the Illinois Standard 
after 1, 8, and 15 years of a $1000 15-year endowment insurance policy issued 
at âge 25. 

Solution. The net annual premiums for this policy are given in the 
solution of Example 1. Upon resolving these premiums into the two com- 
ponent sets used in finding them it is seen by the rétrospective method that 
the terminal reserves to be found are 


► where t* 


“ m—1 ! 19 F 


r+\ 


mU x 


First year: 32.35 = $33.76 

Eighth vear: 1000 7:lf F* + 32.35 n uu - 130.32 + 315.34 = $445.66 
Fifteenth year: 1000 + 32.35 n uu = 301.48 -f 691.51 = $999.99 


Exercise 6. Solvc Example 4 by use of the prospective method of com¬ 
puting reserves. [Note that the reserve after 15 years is $1000.] - 


EXERCISES 

1. The following table shows the net annual premiums under the Illinois 
Standard of some $1000 policies issued at âge 35 : 


Yeab 

10-Pa.y- 

MENr 

Life 

15-Pay- 

MENT 

Life 

IVYear 

Endow¬ 

ment 

20-Yeàr 

Endow¬ 

ment 

25-Ybar 

Endowment 

15-Pay- 

MENT 

Endow¬ 

ment 

AT 65 

First . . 

26.97 

14.61 

36.93 

21.36 

12.75 

20.58 

Subséquent 

47.22 

34.85 

57.18 

41.61 

(2 to 20) $33.00 
(21 to 25) $31.50 

40.83 


Verify the premiums for the 25-ycar endowment and the 15-payment 
endowment at 65. 
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2. Show that, under the Illinois Standard, the net annual premiums of a 
25-year endowment insurance policy are full preliminary term when the âge 
of issue is equal to or greater than 46, and modified preliminary terra (20- 
payment life baais) when the âge of issue is less than 46. [See Fackler and 
Fackler, Illinois Standard Tables.] 

5. Show that, under the Illinois Standard, the net premiums of an endow¬ 
ment insurance at 65 are full preliminary term when the âge of issue is equal to 
or less than 37, and modified preliminary term when the âge of issue is greater 
than 37. 

4. Show that for an m-paymcnt (m < 20), whole life insurance policy of 
ace value 1 issued at âge x, the terminal reserve under the Illinois Standard 
after 

1 year is x z u z 

t years (1 < t < m) is.|_i ;w F, + i + r xt u x 
t years (t ^ m) is A z+ i 
where x z is given in Exercise 5, Example 3. 

6. If the m-payment life policy in Exercise 4 is replaced by an n-year 
endowment insurance policy (n £ 20), write the corresponding expressions for 
the terminal reserves. [See Exercise 1, Example 1 for x,.] 

6. Same as Exercise 5 for an m-payment n-year endowment insurance 
policy, (m ^ 20). [See Exercise 2, Example 1 for x z .) 

7. The foliowing table shows the terminal reserves after 1, 2, 5, 15, 20, 
and 25 years under the Illinois Standard of some $1000 policies issued at 
âge 35. 


Year 

10-Pat- 
ment Life 

I5-Pat- 
ment Life 

15-Year 

Endowment 

20-Year 

Endowment 

25-Year 

Endowment 

15-Patmbnt 
Endowment 
AT 65 

i 

-19.14 

6.23 

29.54 

13.28 

4.29 

12.46 

2 

60.15 

33.74 

81.40 

48.17 

29.78 

46.49 

5 

193.59 

122.93 

250.46 

161.54 

112.34 

157.06 

10 

456.00 

296.73 

584.19 

383.76 

272.86 

373.66 

15 

509.49 

508.49 

1000.00 

657.29 

467.68 

640.03 

20 

560.15 

566.15 


1000.00 

706.27 

735.05 

25 

626.92 

626.92 



1000.00 

850.55 


Verify a few of these reserves. 


122. New Jersey Standard. The New Jersey Standard is the 
same as the Illinois Standard for a limited payment life and for an 
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endowment Insurance policy whose full preliminary term renewal 
premium8 are greater than the full preliminary term renewal pre¬ 
miums of a 20-payment life policy issued at the same âge and 
having the same face value. These policies are valued on the 
basis of a 20-payment life preliminary term policy by the method 
described in Art. 121. 

Under the New Jersey Standard any policy whose full pre¬ 
liminary term renewal premiums are less than the full prelim¬ 
inary term renewal premiums of a 20-payment life policy issued 
at the same âge and having the same face value and for which the 
premium charged for the first year’s insurance is greater than 150% ♦ 
of the net premium (natural) for this year’s insurance, is valued 
as follows : The terminal reserve of any such policy issued at âge x 
is brought up to the net level premium reserve at the end of 
twenty years by adding to the full preliminary term premium 
reserve at the end of ni years, where ni = 2, 3, . . ., 20, of the 
given poücy the value at âge x + n L of a life annuity due whose 
term begins at âge x + 1 and ends at âge x + ni and whose annual 
rent is the net annual premium of a pure endowment issued at 
âge x + 1 and due in 19 years with face value equal to the net 
level premium reserve at âge x + 20 of the given policy less its 
full preliminary term premium reserve at this age v These policies 
hâve no reserve at the end of the first year. Thiirïnethod applies 
to limited payment life and to endowment insurance policies which 
are not valued on the 20-payment life basis as well as to ordinary 
whole life policies. In what follows in this article ir x+ \ will dénoté 
the annual pure endowment premium which corresponds to any 
policy of face value 1. 

Policies, other than industrial, which do not corne under either 
of the two methods described may be valued, under the New 
Jersey Standard, on the full preliminary term plan. As stated in 
Art. 121, the term policies commonly issued by companies are 
usually valued, however, on the net level premium basis. 

Example 1. Find the net annual premiums, under the New Jersey 
Standard, of a $1000 ordinary whole life policy issued at âge 25. 

Solution. In this case, 1000 (mEi* — 19 F-») is the différence between the 
net level premium reserve and the full preliminary term premium reserve of 
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the given policy at the end of 20 years. By Art. 109 it follows thafc, for this 
policy, 

1000 x» = 1000UV* - U V„) D « - $0.20 
Hence the required premiums are 

First yèar : 1000 A^.^ = $ 7.79 

Next nineteen years: 1000 P 28 + 0.20 = 15.48 + 0.20 = $15.68 

After twenty years : 1000 P u = $15.10 

Exercise 1. Show that, under the New Jersey Standard, the net annual 
premiums of an ordinary whole Iife policy of face value 1 issued at âge x are 

First year : -Ç? 

. Next nineteen years : P,+i + t* where x x = (,„F, - 19 F I+I ) -- 

After twenty years: P t Nr+i — 

Example 2. Find the net annual premiums, under the New Jersey Stand-? 
ard, of a $1000 25-payment life insurance policy issued at âge 25. 

Solution. In this case, 1000 (jo:«Fi 5 — umFse) is the différence between 
the net level premium reserve and the full preliminarv term premium reserve 
of the given policy at the end of 20 years. By Art. 109, it follows that, for this 
policy 

1000 = lOOOU:»^ - a . H V 9 )-- P« = $0.13 

Hence the required premiums are “ “ 

First year: 1000 A^r, = $7.79 

Next nineteen years : 1000 M P 2ft + 0.13 = 20.58 + 0.13 = $20.71 

Last five years : 1000 20^25 = $19-77 

Exercise 2. Show that, under the New Jersey Standard, the net annual 
premiums of an m-payment (m > 20 ) life insurance policy of face value 1 
issued at âge x are 

First year : 

Next nineteen years : «_iP I+ , + x , +1 

where r I+1 =( J 0 : *F r - W:m _ 1 F I+1 ) — D *+» - 

~ Af x +1 — Nx+20 

After twenty years : m P, 

Example 3. Find the net annual premiums, under the New Jersey 
Standard, of a $1000 30-year cndowment insurance policy issued at âge 35 . 
Solution. In this case, 7 r 30 is given by 

1000 V 3a = 1000 ( 20 f 33:TO1 - I9 F 36 .^) - ■ D * 

= $0.27 A*36 - -"as 

and the required premiums are 

First year: 1000 A^.^ = $8.64 

Next nineteen years: 1000 Pg,,^ + 0.27 = $27.44 + 0.27 = $27.71 
Last ten years : 1000 P 36;30! = $26.31 
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Exercise 3. Show that, under the New Jersey Standard, the net annual 
premiums of an »-year endowment insurance policy of face value 1 issued at 
âge i which is valued on a full preliminary policy are 

First year : —■ 

Next nineteea years : P x +i: n- T\ + T *+ 1 
where r x +\ =( 20 ^ 2^1 “ i®^*+i:i=n) v-- 

Last n — 20 years : 

Ex ample 4. Compute the terminal reserves under the New Jersey Stand¬ 
ard, after 1, 2, 8, and 25 years of a $1000 ordinary whole life policy issued at 
âge 25. 

Solution. The net annual premiums for this policy are given in the solu¬ 
tion of Example 1. Since the first premium is the natural premium there is 
no reserve at the end of one year. Using the rétrospective method for the 
reserves after two and eight years and the prospective method for the reserves 
after 25 years, the reserves are found to be 

n _ ._J_ 1 rr i rtn 


Second year : 
Eighth year : 


1000 ,F*+ .20 g* = $8.17 
1000 7 y*+ .20 ~ N " = $63.55 


Twenty-fifth year : 1000 A w - 15.10 = $288.97 

Dh 0 


EXERCISES 

1. The following table shows the net annual premiums under the New 
Jersey Standard of some $1000 policies issued at âge 35. 


Endowment 
at 65 


Year 

Ordinary 
Whole Life 

30-Payment 

Life 

First . 

8.64 

8.64 

Next ninetecn . . 

20.81 

23.37 

After twenty . . . 

19.91 

22.28 



8.64 


28.89 


13.59 


33.84 


Verify the premiums for the 30-payment life and the 20-payment endowment 
at 65. 

2. Show that for an ordinary whole life insurance policy of face value 1 
issued at âge x the terminal reserve under the New Jersey Standard after 
1 year is 0 

t years (1 < t < 20) is ,_,F I+1 + jr I+I(( _ 1 u I+)) 
t years (f £ 20) is A x+t — P x 

Dz+t 

where x, + i is given in Exercise 1, Example 1. 
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3. If the ordinary whole life policy in Exercise 2 is replaced by an m-pay- 
ment life policy (m > 20), Write the corresponding expressions for the terminal 
reserves. [See Exercise 2, Example 2 for ir 1+ i.J 

4. Same as Exercise 3 for an n-year endowment insurance policy which, 
under the New Jersey Standard, is valued on a full preliminary term n-year 
endowment insurance policy. [See Exercise 3, Example 3 for x« + i.] 

5. The following table shows the terminal reserves after 1, 2, 5, 10, 20, and 
25 years under the New Jersey Standard of some $1000 policies issued at âge 35 : 


Year 

Ordinary 
Wrole LirE 

30-Payment 

Life 

20-Pàyment 

Life 

20-Payment 

Endowment 

AT 65 

i 

0 

0 

0 

5.17 

mssm 

12.5G 

15.24 

21.01 

31.58 

5 

52.74 

04.18 

88.88 

117.16 

10 

128.42 

157.40 

219.96 

283.73 

15 

215.06 

266.40 

377.22 

486.26 

20 

310.75 

391.61 

566.15 

723.05 

25 

407.30 

528.47 

626.92 

850.55 


Verify a few of these reserves. 


123. Other State standards. Select and ultimate valuation. 

By the use of the methods presented in the preceding articles the 
net premiums and the terminal reserves of policies can be deter- 
mined under the standards of valuation adopted by most of the 
states in the United States. New York State, however, is an 
exception. In this state the so-called select and ultimate method 
of valuation is in use.* In this method, use is made of the principle 
that a company is benefited through the addition of new policy 
holders because of the light mortality among them for several 
years. This light mortality is due to sélection based on careful 
medical examination. This method requires companies to use 
certain specified percentages of mortality shown by the American 
Expérience Table in finding the minimum values of a policy during 

* Insurance companies operating in New York may, at their option, use the 
Illinois Standard of valuation or the select and ultimate method of valuation. 
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the first five years of insurance. These percentages range from 
50% for the first year to 95% for the fifth year. 

For the study of the standard of valuation used in a given state, 
a copy of the law relating to the valuation of policies in the state 
should be obtained. 

124. Initial and mean réservés. The terminal reserve of a 
policy for a given policy year is the value of the policy at the end 
of this year. This reserve does not include the net premium pay¬ 
able at the beginning of the following year. The value of the 
policy at the beginning of a given policy year, just after a premium 
is paid, is called the initial reserve for this year. The initial reserve 
of a policy for its n th policy year is then the terminal reserve of the 
policy after n — 1 years plus the net premium payable at the 
beginning of the n th year. The initial reserve of a policy for a year 
subséquent to the premium payment term is evidently the same 
as the terminal reserve for the preceding year. If the value of an 
ordinary whole life policy of face value 1 issued at âge x at the 
beginning of its n th policy year is represented by „I X , then 

ni x = n— 1 Vx + PX 

The définition of initial reserve leads to a similar formula for any 
other policy. 

In submitting annual reports to state departments of insurance, 
each company is required to value its policies at a specified date, 
which is usually December 31 Bt . Since policy years do not usually 
end December 31 st , terminal reserves are not applicable in finding 
values at this date. The value of any policy at the end of a 
calendar year might be found by the use of a formula which would 
give its value n + k years (k < 1) after its date of issue. This 
process would involve tedious computations, however. In 
America, it is customary to use the average of initial and terminal 
reserves in finding the values of policies at the end of a calendar 
year. This practice is based on the assumption that the dates of 
issue of policies issued during any calendar year are distributed 
uniformly throughout the year, so that on the average they are 
issued about the middle of the year. The value of a policy obtained 
by taking the arithmetic mean of its initial and terminal n lh year 
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reserves is called the mean reserve of the policy for the n th policy 
year. The mean reserve for the n th year of an ordinary whole life 
policy of face value 1 issued at âge x is given by 


Mean Reserve = nIz 


xV* 4- P x + n V x 
2 


A similar formula can be written for any policy. 


EXERCISES 

1. Find the mean reserves for the tenth policy year under the Illinois 
Standard of the polieies in Exercises 1 and 7, Art. 121. 

2. Same as Exercise 1 for the polieies in Exercises 1 and 5, Art. 122. 

S. Same as Exercise 1 for the polieies in Exercises 1 and 4, Art. 120. 

4. Same as Exercise 1 for the polieies in Exercise 3, Art. 117. 

126. Surplus and dividends. The surplus provided by the gross 

premiums (see Art. 107) is derived principally from the foliowing 
sources : 

1. Interest earaed in excess of that provided by the rate used in 
computing premiums and reserves, 

2. Mortality savings, 

3. Loadings in excess of expenses. 

As stated in Art. 113 in stock insurance companies surplus is 
distributed to the stockholders in the form of dividends on the 
stock ; in mutual insurance companies the surplus is returned to 
the policy holders ; in mixed companies, part of the surplus goes 
to the stockholders and the rest goes to the policy holders. A 
method in common use in America of distributing surplus among 
the policy holders is the contribution plan. This plan was first 
introduced in 1863 by Sheppard Homans, actuary of the Mutual 
Life Insurance Company of New York. The dividend formula he 
introduced can be derived readily from the relation given in Art. 
119 which expresses the terminal reserve for the (ni 4- l) th policy 
year in terms of that for the ni th year and the cost of insurance. 
This relation for an ordinary life policy can be written in the fora, 

(n,V* + P,)(l + i)~ nt+lVx ~ ~ n,+lF x) = 0 
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This relation is based on the theoretical assnmptions that an 
interest rate, i, will be earaed and that the mortality table used will 
give the mortality accurately. In practice, however, the interest 
rate eamed by a company is larger than that assumed in computing 
premiums and reserves, the actual mortahty is more favorable than 
that given by the mortality table, and the gross premium less the 
necessary expense is usually greater than the net premium. It 
follows that if the actual expérience of a company is used in place 
of the theoretical assumptions, the left-hand member of the above 
relation becomes positive and represents the contribution to surplus 
during the (ni 4- 1)°* policy year. Let l'z+n,, d' x+ni , and i' repre- 
sent a company’s own expérience and let e dénoté the proportionate 
expense of the policy for its (n t + 1)** year. Replacing 
d x+ni , i , and P x in the left-hand member of the above relation by 
1'*+ »!> d'x+mi i', and G, — e respe ctively, where G, is the gross 
premium received by the company, gives 

Contribution to surplus = *,V*(1 + t')+(G* — e)(l + i ') — «,+iF» 

- (1 - -+.*%) 

I *+«, 

This is Mr. Homans’ formula as first introduced. If l dénotés the 
loading, so that G x = P, + l, the formula can be written 
Contribution to surplus = [(n,F, + P x )( 1 + i') — .,+iFJ 

* X+rt x 

The three component parts of this formula correspond to the three 
sources of surplus mentioned at the beginning of this article. 
An analogous formula could be written for any policy. 

To apply formulas of the type just discussed a participating 
company would need to use a mortality table based on its own 
expérience as well as the actual interest rate earned. Most com- 
panies do not apply such formulas now, but they use in some form 
or other the three sources of divisible surplus exhibited by these 
formulas.* The forms in which these sources are used by com- 

* For an excellent présentation of methods of surplus distribution actually in use 
æe a paper in Vol. XI, Part I, No. 23, June 1922 of the Record of tho Amorican 
Institute of Actuaries by J. Charles Riets, actuary of the Midland Mutu&l Life 
Inauranoe Company, Columbua, Ohio. 
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panies show wide variations. The interest element in a dividend 
formula is often determined as that percentage of the reserve which 
equals the différence between the interest rate a company is likely 
to earn over a period of years and that used in computing reserves. 
Some companies which détermine the interest element in this way 
use initial reserves, some use terminal reserves, and some use mean 
reserves. The mortality element in the dividend formula is often 
determined as a percentage of the cost of insurance, the percentages 
used being graded usually to correspond to the âge. The loading 
element is often determined by deducting an expense charge from 
the loading, the expense charge usually being a percentage of the 
gross premium plus a constant. For further information regarding 
the ways in which the chief sources of surplus are used in dividend 
formulas and for information regarding the actual constants used 
in these formulas reference may be made to the paper by Mr. J. 
Charles Rietz cited above. In this paper the dividend formulas 
of thirty companies are given. 

126. Policy options. Cash surrender values, paid-up insurance, 
extended insurance. When a life insurance policy matures, the 
proceeds are paid to the beneficiary in a manner specified in the 
policy. In case of whole life and endowment insurance policies 
the proceeds are paid in cash or in some équivalent form. The 
équivalent form of settlement can be selected from those specified 
in the policy by the insured at any time during the term of the 
policy, or by the beneficiary upon death of the insured in case the 
insured has made no sélection. These optional methods of settle¬ 
ment ordinarily provide for instalments which form annuities 
certain, life annuities, or both annuities certain and life annuities 
whose rent is payable once or more annually. In some of the 
options the whole cash value is paid in the form of équivalent 
instalments ; in others, part is paid in cash and the rest in instal¬ 
ments. The unknowns in these optional methods of settlement 
can be readily computed by use of the formulas for the values of 
annuities and of insurances. Besides the ordinary forms of policies 
there are spécial forms each of which provides a particular kind of 
settlement. These spécial forms include the retirement annuities, 
the guaranteed income, and the child and educational endowments. 
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At the end of each year during the term of a life insurance policy, 
the policy has a cash or surrender value which is equal to the 
terminal reserve less a surrender charge whose maximum amount 
is regulated by State law. The surrender charge actually made 
varies with different companies, but it is usually small ; often 
there is no charge at ail. At any time when a policy is in force 
the insured has the privilège of obtaining a loan on it for an 
amount which may be equal or nearly equal to the cash value at 
the time. If the insured allows a policy to lapse, the cash value 
less any indebtedness is payable to him in cash or in some équiva¬ 
lent form. Two common équivalent fonns are extended insurance 
and paid-up insurance. Under extended insurance, the one who 
surrenders his policy is insured during a stated term for an amount 
which equals the face of the policy, or the face of the policy less the 
indebtedness. Under paid-up insurance, the one who surrenders 
his policy is insured for a stated amount during the remainder of 
the term of the policy he surrenders. Policies usually specify the 
cash and loan values, the amount of paid-up insurance, and the 
term of the extended insurance for each year during the term of 
the policy. The term in extended insurance and the face value in 
paid-up insuranpe are easily determined by the use of the formula 
for the value of a life insurance. 

Ex ample 1. Under the New Jersey Standard, the terminal reserve at the 
end of 25 yeara of a $1000 ordinary whole life policy issued at âge 35 is $407.30. 
If the fuU amount of this reserve is allowed as a cash surrender value, how much 
paid-up insurance will it purchase? 

Solution. Substitution into the formula, V = F for the value at âge x 
of a whole life insurance issued at âge x gives * 

407.30 = F(.62692) 

Solving, . F = $649.68 

Example 2. If the cash surrender value at the end of 25 years of the policy 
in Example 1 is used to purchase extended insurance of $1000 face value, find 
the term of the insurance. 

Solution. Substitution into the formula for the value at âge x of an 
n-year term insurance issued at âge x, gives 

407.30 = 1000 Mt0 ~ 

1 ' 00 

Solving, M w +n = — .4703 D w 

= 1151.435 
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By interpolation in Table XIII, 

60 + n = 77 yrs. 195 days 
n = 17 yrs. 195 days. 

Example 3. Solve Example 2 if there is a surrender charge of $5. 
Solution. In this case $402.30 is the net single premium of the extended 
insurance and the équation in n becomes, 

402.30 = Mta ~ 

Deo 

Solving, Mto+n = M 90 — .4023 D » 

= 1651.357 

By interpolation, 60 + n = 74 yrs. 249 days, 

n = 14 yrs. 249 days. 

Example 4. Assuming that the policy in Example 1 is surrendered at the 
end of 25 years, and that it carries a loan of $100 at that time, and allowing a 
surrender charge of $5, find the term of extended insurance of $900 face value. 
[Note that in this case the face of the policy is reduced by the amount of the 
loan. This is common practice. Discùss reason.] 

Solution. In this example the amount available for the purchase of 
extended insurance is $302.30 and the équation in n becomes, 

302.30 = 900 Mm ~ Mt0 ^ 

Solving, -Mm- 

= 2139.588 

By interpolation, 60 + n = 72 yrs. 71 days. 

n = 12 yrs. 71 days. 

• % 

Example 5. Under the New Jersey Standard the terminal reserve at the 
end of 10 years of a $1000 20-year endowment insurance policy issued at âge 
35 is $383.75. If the policy is surrendered at this time, and this reserve less 
$5 is used to purchase a $1000 10-year term insurance and a pure endowment 
of face value F due in 10 years, find F . 

Solution. The net single premium of a $1000 10-year term insurance 
issued at âge 55 is $106.65. It follows that 383.75 — 106.65 — 5 = $272.10 
is the net single premium of the pure endowment. Substitution into 

V = F %=, gives 
A'* 

272.10 = F 

Du, 

Solving, F = 272.1 ^ 

L>66 

= $440.96 
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EXERCISES 

1. Solve Example 1 under net level reserves. 

2. Solve Example 2 under net level reserves. 

3. Solve Example 3 under net level reserves. 

4. Solve Example 4 under net level reserves. 

6 . Solve Example 5 under net level reserves. 

6 . If the policy in Example 5 is surrendered at the end of 4 years and if the 
cash value at that time is $122.23, find the term of the extended insurance of 
$1000 face value that can be purchased if a surrender charge of $5 is made. 

7. Find the face value of the paid-up insurance, term 14 years, that can be 
purchased for the cash value of the policy in Exercise 6. 

Life Estâtes, Remainders, Inheritance Taxes 

127. Life estâtes and remainders. Bequests are often made 
such that the whole or a part of the income from an estate goes to a 
given person during his life. The income received by such a person 
is called a life estate. Other bequests leave the whole or a part 
of the income from an estate to a person during a part of his life. 
More generally, there are bequests which leave the income from an 
estate to two or more persons for ail or part of their lives. At the 
end of the ternis during which the incomes are bequeathed the 
estate is given to one or more parties. A party who is bequeathed 
an estate after its income has beenenjoyed byone or more persons 
holds what is called a remaimter in the estate. In settling estâtes 
of this sort it is usually necessary to find the présent values of the 
whole and the temporary life estâtes and also of the remainders. 
The values of the life estâtes are found by the use of the formulas 
for the values of annuities. The values of the remainders con- 
sidered in this article can be found by the use of the formulas for 
the values of insurances. According to the laws of some States, 
however, the values of the remainders are found by deducting the 
values of the life estâtes from the appraised value of the estate. 
In the solutions of the examples in this article, the American 
Expérience table at 5% is used for one life and Ilunter’s Make- 
hamized American Expérience table at 5% is used for two lives 
(Art. 104, Chapter IV). The answers are given to the nearest 
dollar. 
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Example 1. By the terms of a will the income at 5% annually of a $10000 
estate goes to a widow aged 50 during her life. Find the value of her life 
estate. 

Solution. The value, V, of her life estate is given by 

V = 500 aso 

= 500 (11.66175) 

= $5831 

Example 2. By the terms of the will in Example 1, the estate goes to a 
hospital when the widow dies. Find the value of this remainder. 

Solution 1. In this solution the value V is found by use of the insurance 
formula 

V = 10000 

= 10000 (.3970598) 

= $3971 

Solution 2. In this solution the value V is found by deducting the resuit 
found in Example 1 from $10000. That is 

V = 10000 - 5830.88 
= $4109 

(Account for the different results in these solutions.) 

Example 3. By the terms of a will the income at 5% annually of a $10000 
estate goes to a son aged 25 for 10 yeara or so long as he lives during the 10 
yeare, after which the estate is bequeathed to a charitable institution. Find 
the value of each legacy. 

Solution. The value of the son’s legacy is given by 

V = 500 a 26: kj] 

= 500 Nm ~ 

D 26 

= 500(7.4037) 

= $3702 

By the method of solution 1, Example 2, the value of the remainder is given 
by 

V = 10000 A 2B: nn 

- îoooo 

= 10000(.626690) 

= $0267 

By the method of solution 2, Example 2, the value of the remainder is given by 

V = 10000 - 3701.85 
= $6298 
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Example 4. The income at 5% annuaily of a $10000 estate is bequeathed 
to two persons aged 28 and 32 during their joint lives, after which the estate is 
given to a third party. Find the values of the Life estate and the remainder. 

Solution. The value of the life estate is given by 

V = 500 <*28: 32 

= 500(12.95G) 

= $6478 

By the method of solution 1, Example 2, the value of the remainder is given by 

V = 10000 A*: 32 
= 10000 (.33542) 

= $3354 

By the method of solution 2, Example 2, the value of the remainder is given by 

V = 10000 - 6478 
= «3522 

Examplb 5. The income at 5% annuaily of a $10000 estate is bequeathed 
to (x) aged 28 and ( y ) aged 32 equally as long as they both live and ail to the 
Burvivor as long as he lives. Fihd the value of the bequest. 

Solution. The value of the bequest is given by 

V = 500(<*28 H" 032 — 028 : 32) 

= 500(15.292 + 14.857 - 12.95G) 

= $8597 

Example 6 . Find the value of each interest in the estate in Example 5. 
Solution. The value of the interest of (x) is given by 

V = 500(<*28 à 028: lî) 

= $4407 

The value of the interest of (y) is given by 

V = 500(<*32 — *1-028:82) 

= $4190 

Example 7. A son aged 30 is bequeathed $500 at the end of each year he 
lives after the death of his mother, aged 53. Find the value of his legacy. 

Solution. The value of his legacy is given by 

V = 500(a w - <*20 : ss) 

= 500(15.08425 - 10.03887) 

= $2522.69 

Exercise 1. If the mother is given the income during her life, find the 
value of the son’s legacy by the method of solution 2, Example 2. 

Example 8 . The income at 5% annuaily of a $10000 estate goes to a 
hospital until one of two sons aged 28 and 32 dies. Then the income goes to the 
survivor during his life. Find the value of the survivons interest. 
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Solution. The value of this legacy is given by 

V — 500(a» -j- ctn — 2 dit;ti) 

= 500(4.2375) 

= 12119 

Examplb 9. The estate in Example 5 ia given to ( 2 ) at the death of the 
survivor of ( 2 ) and (y). Find the value of the legacy to ( 2 ). 

Solution. The value of this survivorship insurance is given Dy 
V = 10000(A» + -<4*i — 

= 10000(.22419 + .24492 - .33542) 

= $1337 

Exercise 2. Find the value of this legacy by deducting the value of the 
bequest to ( 2 ) and (y) from 10000. 

The above solutions of simple examples in valuing life estâtes 
and remainders are based on life annuities and life insurances 
involving one or two lives. Similar problems involving one, two, 
three, or more lives can be solved readily by use of the same methods 
and tables giving the values of commutation symbols for two, 
three, or more lives of equal âges. For valuing more complex 
estâtes additional formulas are needed for the values of contingent 
annuities and insurances.* In valuing estâtes in a given state 
the law of the state pertaining to such valuation should be 
consul ted. 

EXERCISE 

Solve each of the above examples by use of 3$-% tables. 

128. Inheritance taxes. The détermination of inheritance taxes 
affords one of the important applications of the évaluation of 
estâtes. The tax laws of each state which levies inheritance taxes 
specify the rates and the exemptions for various classes of suc- 
cessors to a given estate. By means of these exemptions and rates 
the amount of inheritance taxes that must be paid by a given 
successor can be easily computed from the value of the inheritance. 
Under the Ohio Law, for example, there are four classes of suc- 
cessors, the first of which consists of a wife or a minor child. For 
this class the exemption is $5000 and the rates are as follows: 

*See Institute of Actuaires Textbook, Part II, for a full treatment of annuities 
a :d insurances. 
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1 % on $25000 or part thereof over the exemption; 2% on next 
$75000 or part thereof ; 3% on next $100000 or part thereof ; 

4% on the balance. According to this law a widow or a minor . s 
child who inherits property whose total value is $250000 would 
pay, 25000(.01) + 75000(.02) + 100000(.03)+ 45000(.04)= $6550 
in inheritance taxes. 


Digitized b y Google 


Original from 

UNIVER5ITY OF CALIFORNIA 





Digitized by 


Original from 

UNIVER5ITYOF CALIFORNIA 



TABLES 


Pages 

Table I . 260-281 

Table I (Supplément). 282-283 

Table II. 284 

Table III. 285-293 

Table IV. 294-302 

Table V. 303-311 

Table VI. 312-320 

Table VII. 321-329 


Pages 

Table VIII . 330 

Table IX. 331 

Table X. 332 

Table XI. 333 

Table XII .. 334-335 

Table XIII. 336 

Table XIV . 337 


Digitized by Goo 


Original from 

UNIVERSITYOF CALIFORNIA 


















MATHEMATICS OF FINANCE 


100-11S 


TABLE I 


Proportional Parts Proportional Parts Proportional Parts Proportional Parts 


43 
86 
130 

4 173 

5 217 

6 2(50 

7 303.8 
B 347.2 



00 0000 0-434 
4321 47f>l 
8600 0026 
01 2X37 3259 
7033 7451 


1301 1734 
5600 6038 
0876 *0300 
4100 4521 
82S4 8700 


02 1189 1603 2010 2428 2841 

06 530G 5715 0125 0533 (>042 

07 9384 9780 *0195 *0000 *1004 

08 03 3424 3820 4227 4628 5029 

7426 7825 8223 8620 9017 


2160 2598 3029 3461 3891 
6400 6894 7321 7748 8174 
*0724 *1147 *1570 *1993 *2415 
4940 5360 5779 0197 6616 
9110 9532 9947 *0361 *0775 

3252 3004 4075 4480 4896 
73.50 7757 8164 8571 8978 
*1408 *1812 *2216 *2619 *3021 
5430 5830 6230 6629 7028 
9414 9811 *0207 *0602 *0998 


04 1393 1787 
5323 5714 
9218 9606 
05 3078 3463 
6905 7286 

00 0698 1075 


2182 2.576 2969 
0105 6495 6885 
9993 *0380 *0706 
38-16 4230 4013 
7666 8046 8420 


3362 3755 
7275 7064 
♦1153 *1538 
4990 5378 
8805 9185 

2582 2958 


4148 4540 4932 
' 8053 8 44 2 8830 
*1924 *2309 *2094 
5700 6142 6524 
9563 9942 *0320 
• 

3333 3709 4083 


38.3 

76.6 

114.9 

153.2 

191.5 

229.8 

268. 

306. 
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Proportional Parts Proportional Parts Proportional Parts Proportional Parts 


El 

EZX 

EZ3 

38.0 

37.9 

37.8 

76.0 

75.8 

75.6 

114.0 

113.7 

113.4 

152.0 

151.6 

151.2 

190.0 

189.5 

189.0 

228.0 

227.4 

226.8 

266.0 

265.3 

264.6 

301.0 

303.2 

302.4 

342.0 

341.1 

340.2 


36.8 

73.6 

110.4 

147.2 
184.0 
220.8 
257.6 

294.4 

331.2 


36.7 

73.4 

110.1 

146.8 

183.5 
220.2 

256.9 

293.6 
330.3 


36.6 

73.2 

109.8 

146.4 
1830 
219.6 
256.2 

292.8 

329.4 


877 

376 

m 

37.7 

37.6 

37.5 

75.4 

75.2 

75.0 

113.1 

112.8 

112.5 

150.8 

150.4 

150.0 

188.5 

188.0 

187.5 

226.2 

225.6 

225.0 

263.9 

263.2 

262.5 

301.6 

300.8 

300.0 

339.3 

338.4 

337.5 

365 

364 

m 

36.5 

36.4 

36.3 

73.0 

72.8 

72.6 

109.5 

109.2 

108.9 

146.0 

145.6 

145.2 

182.5 

182.0 

181.5 

219.0 

218.4 

217.8 

255.7 

254.8 

254.1 

292.0 

291.2 

290.4 

328.5 

327.6 

326.7 


37.4 

74.8 

112.2 

149.6 
187.0 
224.4 
261.8 
299.2 

336.6 



37.1 

74.2 

111.3 

148.4 

185.5 

222.0 

259.7 

296.8 

333.9 




35.6 

71.2 

106.8 

142.4 
178.0 
213.6 
240.2 
284.8 

320.4 


34.4 

68.8 

103.2 

137.6 
172.0 
206.4 
240.8 

275.2 

309.6 


35.5 

71.0 

106.5 
142.0 

177.5 


35.0 

70.0 

105.0 

140.0 

175.0 

210.0 

245.0 

280.0 

315.0 



362 361 | 360 | | 369 | 358 | 367 


36.2 

72.4 

108.6 

144.8 
181.0 
217.2 
253.4 
289.6 

325.8 


34.9 

69.8 

104.7 

139.6 

174.5 

209.4 

244.3 

279.2 

314.1 



34.7 

69.4 

104.1 

138.8 

173.5 

208.2 

242.9 

277.6 



34.5 

69.0 

103.5 
138.0 

172.5 
20 
24 
27 


34.3 
68.6 
102.9 
137.2 
171.5 
205.8 
240.1 
274.4 
308 7 


307.8 9 


34.0 

68.0 

102.0 

136.0 

170.0 

204.0 

238.0 

272.0 

306.0 


■■ IS 


203.4 

237.3 

271.2 

305.1 


LOGARITHMS 


15 06 0698 

1075 

1452 

1829 

2206 

16 

4458 

4832, 

5206 

5580 

5963 

17 

8186 

8557 

8928 

9298 

9668 

18! 07 1882 

2250 

2617 

2985 

3352 

i.| 

5547 

5912 

6276 

G640 

7004 

10 07 9181 

9543 

9904 *0266 *0626 

21 

08 2785 

3144 

3503 

3861 

4219 

22 

6360 

6716 

7071 

7426 

7781 

13 

9005 *0258 *0611 

*0963 *1315 

14 09 3422 

3772 

4122 

4471 

4820 

25 

6910 

7257 

7604 

7951 

8298 

26 

10 0371 

0715 

1059 

1403 

1747 

37 

3804 

4146 

4487 

4828 

5169 

28 

7210 

7549 

7888 

8227 

8505 

29 

110590 

0926 

1263 

1599 

1934 

30 11 3943 

4277 

4611 

4944 

5278 


2582 2958 
6326 6699 
*0038 *0407 
3718 4085 
7368 7731 

*0987 *1347 
4576 4934 
8136 8490 
*1667 *2018 
5169 5518 


3333 

7071 

*0776 

4451 

8094 

*1707 

5291 

8845 

*2370 

5866 


3709 

7443 

*1145 

4816 

8457 

*2067 

5647 

9198 

*2721 

6215 


4083 
7815 
*1514 
5182 
8819 

8 

*2426 9 
6004 
9552 
*3071 
6562 


9681 *0026 
3119 3462 
6531 6871 
9910 *02 V* 
3275 3009 
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130-150 


TABLE I 


Proportion al Parts 

pROPOBTIONAL PARTS 

Proportïonal Parts 

Proportïonal Parts 


32.2 

64.4 

96.6 

128.8 

161.0 

193.2 

225.4 

257.6 

289.8 


32.1 

64.2 

96.3 

128.4 

160.5 

192.6 

224.7 

256.8 

288.9 
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Proportional Parts I Proportional Parts I Proportion al Parts Proportional Parts 



29.0 

58.0 

87.0 

116.0 

145.0 

174.0 

203.0 

232.0 

261.0 


27.8 

55.6 

83.4 

111.2 

139.0 

166.8 

194.6 

222.4 

250.2 




27.7 

55.4 

83.1 

110.8 

138.5 
166.2 
193.9 

221.6 


27.6 

55.2 

82.8 

110.4 

138.0 

165.6 

193.2 

220.8 


249.3 248.4 


28.7 

57.4 

86.1 

114.8 

143.5 

172.2 

200.9 

229.6 

258.3 


27.5 
55.0 

82.5 

110.0 

137.5 
165.0 

192.5 
220.0 

247.5 


28.6 

57.2 

85.8 

114.4 
143.0 
171.6 
200.2 
228.8 

257.4 



199.5 
228.0 

256.5 





m 270 




159.0 

185.5 

212.0 









0 1*84 


17 6091 

6381 

6670 

6959 

7248 

7536 

7825 

8113 

8401 

8689 

8977 

9264 

OlOQ 

9552 

0.4 1 K 

9839 *0126 

ono n 

*0413 *0699 *0986 *1272 *1558 

00*70 OKKC OQOO 4 100 4 4071 

io itm 

4691 

4975 

5259 

5542 

5825 

6108 

6391 

6674 

6956 

72301 

7521 

7803 

8084 

8366 

8647 

8928 

9209 

9490 

9771 *0051 

19 0332 

0612 

0892 

1171 

1451 

1730 

2010 

2280 

2.567 

28*46 

3125 

3403 

3681 

3959 

4237 

4514 

4792 

5069 

5346 

5623 

5900 

6176 

6453 

6729 

7005 

7281 

7556 

7832 

8107 

8382 

8657 

8932 

9206 

9481 

9755 

*0029 *0303 *0577 *0850 *1124 

20 1397 

1670 

1943 

2216 

2488 

2761 

3033 

3305 

3577 

3848 

20 4120 

4391 

4663 

4934 

5204 

5475 

5746 

6016 

6286 

6556 

6826 

7096 

7365 

7634 

7904 

8173 

8441 

8710 

8979 

9247 

9515 

9783 *0051 *0319 *0586 

*0853 

*1121 

*1388 

*16.54 

*1921 

21 2188 

2454 

2720 

2986 

3252 

3518 

3783 

4049 

4314 

4.579 

4844 

5109 

5373 

5638 

5902 

6166 

6430 

6694 

6957. 

7221 

7484 

7747 

8010 

8273 

8536 

8798 

9060 

9323 

9.585 

9846 

22 0108 

0370 

0631 

0892 

1153 

1414 

1675 

1936 

2196 

2456 

2716 

2976 

3236 

3496 

3755 

4015 

4274 

4533 

4792 

.5051 

6309 

5568 

5826 

6084 

6342 

6600 

6858 

7115 

7372 

7630 

7887 

8144 

8400 

8657 

8913 

9170 

9426 

9682 

9938 *0193 

23 0449 

0704 

0960 

1215 

1470 

1724 

1979 

2234 

2488 

2742| 
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264 


MATHEMATICS OF FINANCE 



Proportional Parts Proportional Parts Pboportional Parts Proportional Parts 


25.5 
51.0 

76.5 
102.0 

127.5 
153.0 

178.5 
204.0 

229.5 


25.4 

50.8 

76.2 

101.6 

127.0 

152.4 

177.8 

203.2 

228.6 


25.3 

50.6 

75.9 

101.2 

126.5 

151.8 

177.1 

202.4 

227.7 


25.2 

50.4 

75.6 

100.8 

126.0 

151.2 

176.4 

201.6 

226.8 



25.1 

50.2 

75.3 

100.4 

125.5 

150.6 

175.7 

200.8 
225.9 



23.9 

47.8 

71.7 

95.6 

119.5 

143.4 

167.3 

101.2 

215.1 


23.4 

46.8 

70.2 

93.6 

117.0 

140.4 

163.8 

187.2 

210.6 


23.3 

46.6 

69.9 

93.2 

116.5 

139.8 

163.1 

186.4 

209.7 


23.2 

46.4 

69.6 

92.8 

116.0 

139.2 

162.4 

185.6 

208.8 



N 

0 12 3 4 

5 6 7 8 9 

170 

23 0449 

0704 

0960 

1215 

1470 

1724 

1979 

2234 

2488 

2742 

71 

2996 

3250 

3504 

3757 

4011 

4264 

4517 

4T70 

5023 

5276 

72 

5528 

5781 

6033 

6285 

6537 

6789 

7041 

7292 

7544 

7795 

73 

8046 

8297 

8548 

8799 

9049 

9299 

9550 

9800 *0050 *0300 

74 

24 0549 

0799 

1048 

1297 

1546 

1795 

2044 

2293 

2541 

2790 

75 

3038 

3286 

3534 

3782 

4030 

4277 

4525 

4772 

5019 

5260 

76 

5513 

5759 

6006 

6252 

6499 

6745 

6991 

7237 

7482 

7728 

77 

7073 

8219 

8464 

8709 

8954 

9198 

9443 

C687 

9932 *0176 

78 

25 0420 

0664 

0908 

1151 

1395 

1638 

1881 

2125. 

2368 

2610 

79 

2853 

3096 

3338 

3580 

3822 

4064 

4306 

4548 

4790 

5031 

180 

25 5273 

5514 

5755 

5996 

6237 

6477 

C718 

6958 

7198 

7439 

81 

7679 

7918 

8158 

8398 

8637 

8877 

9116 

9355 

9594 

9833 

82 

26 0071 

0310 

0548 

0787 

1025 

1263 

1501 

1739 

1976 

2214 

83 

2451 

2688 

2925 

3162 

3399 

3636 

3873 

4109 

4346 

4582 

84 

4818 

5054 

5290 

5525 

5761 

5996 

6232 

6467 

6702 

6937 

85 

7172 

7406 

7641 

7875 

8110 

8344 

8578 

8812 

9046 

9279 

86 

9513 

9746 

9980 *0213 *0446 

*0679 *0912 *1144 *1377 *1609! 

87 

27 1842 

2074 

2306 

2538 

2770 

3001 

3233 

3464 

3096 

39271 

88 

4158 

4389 

4620 

4850 

5081 

5311 

5542 

5772 

6C02 

6232 

89 

6462 

6692 

6921 

7151 

7380 

7609 

7838 

8067 

8296 

8525 

190 

27 8754 

8982 

9211 

9439 

9667 

9895 *0123 *0351 *0578 *0806 

91 

28 1033 

1261 

1488 

1715 

1942 

2169 

2396 

2622 

2849 

3075 

92 

3301 

3527 

3753 

3979 

4205 

4431 

4656 

4882 

5107 

5332 

93 

5557 

5782 

6007 

6232 

6456 

6681 

6905 

7120 

7354 

7578 

94 

7802 

8026 

8249 

8473 

8696 

8920 

9143 

9366 

9589 

9812 

95 

29 0035 

0257 

0480 

0702 

0925 

1147 

1369 

1591 

1813 

2034 

96 

2256 

2478 

2699 

2920 

3141 

3363 

3584 

3804 

4025 

4246 

97 

4466 

4687 

4907 

5127 

5347 

5567 

5787 

6007 

6226 

6446 

98 

6665 

6884 

7104 

7323 

7542 

7761 

7979 

8198 

8416 

8635 

ü 

8853 

9071 

9289 

9507 

9725 

9943 *0161 *0378 *0595 *0813 


30 1030 

1247 

1464 

1681 

1898 

2114 

2331 

2547 

2764 

2980 



22.5 

22.4 

45.0 

44.8 

67.5 

67.2 

90.0 

89.6 

112.5 

112.0 

135.0 

134.4 

157.5 

156.8 

180.0 

179.2 

202.5 

201.6 
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TABLE I 


265 



Proportion al Parts I Propobtional Parts I Proportional Parts Proportional Parts 




30 1030 

1247 

1464’ 

1681 

1898 

2114 

2331 

2547 

2764 

2980 

01 

3106 

3412 

3628 

3844 

4059 

4275 

4491 

4706 

4921 

5136 

oa 

5351 

5566 

5781 

6996 

6211 

6425 

6639 

6854 

7068 

7282 

03 

7496 

7710 

7924 

8137 

8351 

8564 

8778 

8991 

9204 

9417 


9630 

9843 *0056 *0268 *0481 

♦0693 *0906 *1118 *1330 *1542 

05 

31 1754 

1966 

2177 

2389 

2600 

2812 

3023 

3234 

3445 

3656 

06 

3867 

4078 

4289 

4499 

4710 

4020 

5130 

5340 

5551 

5760 

07 

5970 

6180 

6390 

6599 

6809 

7018 

7227 

7436 

7646 

7854 

08 

8063 

8272 

8481 

8689 

8898 

9106 

9314 

9522 

9730 

9938 

OS 

32 0146 

0354 

0562 

0769 

0977 

1184 

1391 

1598 

1805 

2012 

110 

32 2219 

2426 

2633 

2839 

3046 

3252 

3458 

3665 

3871 

4077 

11 

4282 

4488 

4694 

4899 

5105 

5310 

5516 

5721 

5926 

6131: 

11 

6336 

8541 

6745 

6950 

7155 

7359 

7563 

7767 

7972 

8176! 

13 

8380 

8583 

8787 

8991 

9194 

9398 

9601 

9805 *0008 *0211! 

14 

33 0414 

0617 

0819 

1022 

1225 

1427 

1630 

1832 

2034 

2236 

15 

2438 

2640 

2842 

3044 

3246 

3447 

3649 

3850 

4051 

4253 

16 

4454 

4655 

4856 

5057 

5257 

5458 

5658 

5859 

60§9 

6260 

17 

6460 

6660 

6860 

7060 

7260 

7459 

7659 

7858 

8058 

8257 

18 

8456 

8656 

8855 

9054 

9253 

9451 

9650 

9849 *0047 *0246 

19 

34 0444 

0642 

0841 

1039 

1237 

1435 

1632 

1830 

2028 

2225 

UO 

34 2423 

2620 

2817 

3014 

3212 

3409 

3606 

3802 

3999 

4196 

11 

4392 

4589 

4785 

4981 

5178 

5374 

5570 

5766 

5962 

6157 

11 

6353 

6549 

6744 

6039 

7135 

7330 

7525 

7720 

7915 

8110 

13 

8305 

8500 

8094 

8889 

9083 

9278 

9472 

9666 

9860 *0054 

24 

35 0248 

0442 

0636 

0829 

1023 

1216 

1410 

1603 

1796 

1989! 

m 

2183 

2375 

2568 

2761 

2954 

3147 

3339 

3532 

3724 

3916 1 

4108 

4301 

44S3 

4685 

4876 

5068 

5260 

5452 

5643 

fS34 

*7 

GO 2 6 

6217 

C4C8 

6509 

6700 

6981 

7172 

7363 

7554 

7744 

ED 

7935 

8125 

8316 

8506 

8696 

8886 

9076 

9266 

9456 

9646 

L 

9835 *0025 *0215 *0404 *0593 

♦0783 *0072 *11G1 *1350 *1539 

B 

36 1728 

1917 

2105 

2294 

2482 

2671 

2859 

3048 

3236 

3424 
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MATHEMATICS OF FINANCE 


230-270 


TABLE I 


Proportion al Parts Proportion al Part» Proportion al Parts I Proportion al Parts 



130 36 1728 1917 2105 2294 2482 2671 2859 3048 3236 3424 

31 3612 3800 3988 4176 4363 4551 4739 4926 5113 5301 

31 5488 6675 5862 6049 6236 6423 6610 6796 6983 7169 

33 7356 7542 7729 7915 8101 8287 8473 8659 8845 9030 

34 9216 9401 9587 9772 9958 *0143 *0328 *0513 *0698 *0883 


33 37 1068 

36 2912 

37 4748 

38 6577 

31 8398 

140 38 0211 
41 2017 

41 3815 

43 5606 

44 7390 


1253 1437 1622 
3096 3280 3464 
4932 5115 5298 
6759 6942 7124 
8580 8761 8943 

0392 Ô573 0754 
2197 2377 2557 
3995 4174 4353 
5785 5964 6142 
7568 7746 7923 


1806 1991 2175 2360 2544 2728 

3647 3831 4015 4198 4382 4565 

5481 6664 5846 6029 6212 6394 

7300 7488 7670 7852 8034 8216 

9124 9306 9487 96G8 9849 *0030 

0934 1115 1296 1476 1656 1&7 

2737 2917 3097 3277 3456 3636 

4533 4712 4891 5070 5249 5428 

6321 6499 6677 6856 7034 7212 

8101 8279 8456 8634 8811 8989 


46 9166 9343 9520 9698 9875 *0051 *0228 *0405 *0582 *0759 

46 39 0935 1112 1288 1464 1641 1817 1993 2169 2345 2521 

47 2697 2873 3048 3224 3400 3575 3751 3926 4101 4277 

48 4452 4627 4802 4977 5152 5326 5501 5676 5850 6025 

46 6199 6374 6548 6722 6896 7071 7245 7419 7592 7766 

660 39 7940 8114 8287 8461 8634 8808 8981 9154 9328 9501 

61 9674 9847 *0020 *0192 *0365 *0538 *0711 *0883 *1056 *1228 

68 40 1401 1573 1745 1917 2089 2261 2433 2605 2777 2949 

66 3121 3292 3464 3635 3807 3978 4149 4320 4492 4663 

64 4834 5005 5176 5346 5517 5688 5858 6029 6199 6370 

66 6540 6710 6881 7061 7221 7391 7561 7731 7901 8070 

66 8240 8410 8579 8749 8918 9087 9257 9426 9595 9764 

67 9933 *0102 *0271 *0440 *0609 *0777 *0946 *1114 *1283 *1451 

58 41 1620 1788 1956 2124 2293 2461 2C29 2706 2964 3132 

5» 3300 3467 3635 3S03 3970 4137 4305 4472 4639 4806 


860 41 4973 
61 6641 

68 8301 

63 9950 

64 42 1604 


67 0511 


5140 5307 5474 5641 5808 5974 6141 6308 

6807 6973 7139 7306 7472 7638 7804 7970 

8467 8633 8798 8904 9129 9295 9460 9625 

*0121 *0280 *04.51 *0616 *0781 *004.5 *1110 *1275 

1768 1933 2097 2261 2420 2590 2754 2918 

3410 3.574 3737 3901 4065 4228 4302 4555 

5045 5208 5371 5534 5697 5860 6023 6186 

6674 6836 6999 7101 7324 7480 7048 7811 

8297 8459 8621 8783 8044 9106 9268 9429 

9914 *0075 *0236 *0398 *0559 *0720 *0881 *1042 


6474 
8135 
9791 
*1439 
3082 1 
S 

4718 3 
6349 
7973 
9591 
*1203 


270[43 1364 1525 1685 1846 20071 2167 2328 2488 2649 2800 
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TABLE I 


267 


270-310 


TABLE I 


Proportion al Parts ProportionàY Parts Proportional Parts I Proportional Parts 



270 43 1364 

71 2969 

72 4569 

73 6163 

74 7751 

75 9333 

76 44 0909 

77 2480 
4045 
5604 


G 


1525 1685 1846 2007 2167 2328 2488 2649 2809 

3130 3290 3450 3610 3770 3930 4090 4249 4409 

4729 4888 5048 5207 5367 5526 5685 5844 6004 

6322 6481 6640 6799 6957 7116 7275 7433 7592 

7909 8067 8226 8384 8542 8701 8859 9017 9175 

9491 9648 9806 9964 *0122 *0279 *0437 *0594 *0752 
1066 1224 1381 1538 1695 1852 2009 2166 2323 

2637 2793 2950 3106 3263 3419 3576 3732 3889 

4201 4357 4513 4660 4825 4081 5137 5293 544915 

5760 5915 6071 6226 6382 6537 6692 6848 7003 6 


60.0 59.6 59.2 

75.0 74.5 74.0 

90.0 89.4 88.8 

105.0 104.3 103.6 
120.0 119.2 118.4 
135.0 134.1 133.2 


44 7158 
8706 

82 45 0249 

83 1786 

84 3318 

85 4845 

86 6366 

87 7882 

88 9392 
81 46 0898 


7468 7623 
9015 9170 
0557 0711 
2093 2247 
3624 3777 

5150 5302 
6670 6821 
8184 8336 
9694 9845 
1198 1348 


7778 7933 
9324 9478 
0865 1018 
2400 2553 
3930 4082 

5454 5606 
6973 7125 
8487 8038 
9995 *0146 
1499 1649 


8088 8242 
9633 9787 
1172 1326 
2706 2859 
4235 4387 

5758 5910 
7276 7428 
8789 8940 
*0296 *0447 
1799 1948 


6062 

7579 

9091 

*0597 

2098 


8552 
*0095 
1633 
3165 
4692 .^ 

62141* 
7731 
9242 
*0748 
2248 




46 2398 
3893 
5383 
6868 
8347 


M 9822 
•6 47 1292 
•7 2756 
•8 4216 
M 5671 


2548 2697 2847 2997 3146 3296 3445 3594 3744 

4042 4191 4340 44C0 4639 4788 4936 5085 5234 

6532 5680 5829 5977 6126 6274 6423 6571 6719 

7016 7164 7312 7460 7C08 7756 7904 8052 8200 

8495 8643 8790 8938 0085 9233 9380 9527 9675 

9969 *0116 *0263 *0410 *0557 *0704 *0851 *0998 *1145 

1438 1585 1732 1878 2025 2171 2318 2464 2010 

2903 3049 3195 3341 3487 3633 3779 3925 4071 

4362 4508 4653 4799 4944 5090 5235 5381 5526 

5816 5962 6107 6252 6397 6542 6687 6832 6976 


,47 7121 7268 7411 7555 7700 7844 7989 8133 8278 8422 

01 1 8566 8711 8855 8999 9143 9287 9431 9575 9719 9863 

48 0007 0151 0294 0438 0582 0725 0869 1012 1156 1299 

1443 1586 1729 1872 2016 2159 2302 2445 2588 2731 
2874 3016 3159 3302 3445 3587 3730 3872 4015 4157 

05 4300 4442 4585 4727 4869 5011 5153 5295 5437 5579 

06 5721 5863 6005 6147 6289 6430 6572 6714 6855 6997 

07 7138 7280 7421 7563 7704 7845 7986 8127 8269 8410 

08 8551 8692 8833 8974 9114 {255 9396 9537 9677 9818 

9958 *0099 *0239 *0380 *0520 *0661 *0801 *0941 *1081 *1222 


•Il 


810 49 1362 1502 1042 1782 1922 2062 2201 2341 2481 2621 
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MATHEMATICS OF FINANCE 


310-350 


TABLE I 


Proportion al Parts Proportional Parts Proportional Parts Proportion al Parts 


140 

139 

mm 

137 

136 

136 

lEnEX 

14.0 

13.9 

13.8 

1 

13.7 

13.6 

13.5 

1 

13.4 

13.3 

28.0 

27.8 

27.6 

2 

27.4 

27.2 

27.0 

2 

26.8 

26.6 

42.0 

41.7 

41.4 

3 

41.1 

40.8 

40.5 

3 

40.2 

39.9 

56.0 

55.6 

55.2 

4 

54.8 

54.4 

54.0 

4 

53.6 

53.2 

70.0 

69.5 

69.0 

5 

68.5 

G8.0 

67.5 

6 

67.0 

66.5 

84.0 

83.4 

82.8 

6 

82.2 

81.6 

81.0 

G 

80.4 

79.8 

98.0 

97.3 

96.6 

7 

95.9 

95.2 

94.5 

7 

93.8 

93.1 

112.0 

111.2 

110.4 

8 

109.6 

108.8 

108.U 

8 

107.2 

106.4 

126.0 

125.1 

124.2 

9 

123.3 

122.4 

121.5 

9 

120.6 

119.7 




310 49 1362 
11 2760 

11 4155 

13 6544 

14 6930 

8311 
1$ 9687 

17 50 1059 

18 2427 
lt 3791 

320 50 6160 

21 6505 

22 7856 

23 9203 

24 510545 


330 51 8514 
31 9828 

33 52 1138 

33 2444 

34 3746 


1502 1642 1782 1922 2062 2201 2341 2481 2621 

2900 3040 3179 3319 3458 3597 3737 3876 4015 

4294 4433 4572 4711 4850 4989 5128 5267 5406 

5683 5822 5960 6099 6238 6376 65L5 6653 6791 

7068 7206 7344 7483 7621 7759 7897 8035 8173 

8448 8586 8724 8862 8999 9137 9275 9412 9550 

9824 9962 *0099 *0236 *0374 *0511 *0648 *0785 *0922 

1196 1333 1470 1007 1744 1880 2017 2154 2291 

2564 2700 2837 2973 3109 3246 3382 3518 3655 

3927 4063 4199 4335 4471 4607 4743 4878 5014 

6286 5421 5557 5693 5828 5964 6099 6234 6370 

6640 6776 ' 6911 7046 7181 7316 7451 7586 7721 

7991 8126 8260 8395 8530 8664 8799 8934 9068 

9337 9471 9606 9740 9874 *0009 *0143 *0277 *0411 

0679 0813 0947 1081 1215 1349 1482 1616 1750 

2017 2151 2284 2418 2551 2684 2818 2951 3084 

3351 3484 3017 3750 3883 4016 4149 4282 4415 

4681 4813 4946 5079 5211 5344 5476 5609 5741 

6006 6139 6271 6403 6535 6668 0800 6932 7064 

7328 7460 7592 7724 7855 7987 8119 8251 8382 

8646 8777 8909 9040 9171 9303 9434 9566 9697 

9959 *0090 *0221 *0353 *0484 *0615 *0745 *0876 *1007 

1269 1400 1530 1601 1792 1922 2053 2183 2314 

2575 2705 2835 2966 3096 3226 33.56 3486 3616 

3876 4006 4130 4266 4396 4526 4G56 4785 4915 




5045 
6339 

37 7630 

38 8917 
53 0200 


J 


340 53 1479 
41 2754 

43 4026 

48 5294 

44 6558 

48 7819 

44 9076 

47 54 0329 
1579 
2825 

54 4068 


5563 5693 
6856 6985 
8145 8274 
9430 9559 
0712 0840 

1990 2117 
3264 3391 
4534 4661 
5800 5927 
7063 7189 

8322 8448 
9578 9703 
0830 0955 
2078 2203 
3323 3447 

4564 4688 


5951 6081 6210 
7243 7372 7501 
8531 8660 8788 
9815 9943 *0072 
1096 1223 1351 « 
7 

2372 2500 2627 8 
3045 3772 3899 
4914 5041 5167 
6180 0300 6432 
7441 7567 7693 

8699 8825 8951 
9954 *0079 *0204 
1205 1330 1454 
2452 2576 2701 
3696 3820 3944 

4937 5060 5183 
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TABLE I 


269 



LOGARITHMS 



PROPORTIONAL P A RTS 


124 I 123 I 122 


B 


K> 54 4068 4192 4316 4440 4564 4088 4812 4936 50G0 5183 

51 5307 5431 5555 5678 5802 5925 6049 6172 6296 6419 

Il 6543 6606 6789 6913 7036 7159 7282 7405 7529 7652 

13 7775 7898 8021 8144 8267 8389 8512 8635 8758 8881 

54 9003 9126 9249 9371 9494 9616 9739 C8G1 9984 *0106 

55 55 0228 0351 0473 0595 0717 0840 0962 1084 1206 1328 

56 1450 1572 1694 1816 1938 2060 2181 2C03 2425 2547 

57 2668 2790 2911 3033 3155 3276 33C8 3519 3G10 3762 

65 3883 4004 4126 4247 4368 4489 4610 4731 4852 4973 

I» 5094 5215 5336 5457 5578 5699 5820 5940 6061 6182 

360 55 6303 6423 6544 6664 6785 6905 7026 7116 7267 7387 

61 7507 7627 7748 7868 7988 8108 8228 8349 8469 8589 

63 8709 8829 8949 9068 9188 9308 9428 9.548 9667 9787 

63 9907 *0026 *0146 *0265 *0385 *0504 *0624 *0743 *0863 *0982 

64 56 1101 1221 1340 1459 1578 1698 1817 1936 2055 2174 

66 2293 2412 2531 2650 2769 2887 3006 3125 3244 3362 

66 3481 3600 3718 3837 3955 4074 4192 4311 4429 4548 

67 4CG6 4784 4903 5021 5139 5257 5376 5494 5612 5730 

68 5848 5966 0084 6202 6320 6437 6555 6073 6791 6909 

59 7026 7144 72G2 7379 7497 7614 7732 7849 7967 8084 

870 50 8202 8319 8436 8554 8671 8788 8905 9023 9140 9257 

71 9374 9491 9608 9725 9842 9959 *0070 *0193 *0309 *0426 

72 57 0543 0660 C776 0893 1010 1126 1243 1359 1476 1592 

rs 1709 1825 1942 2058 2174 2291 2407 2523 2039 2755 

74 2872 2988 3104 3220 3336 3452 35G8 3084 3800 3915 


76 4031 4147 4263 4379 4494 4610 4720 4841 4957 5072 

76 5188 5303 5419 5.534 5650 5765 5880 5996 6111 6226 — 

77 6341 6457 6572 6687 6802 6917 7032 7147 7262 7377 1 

78 7492 7607 7722 7836 7951 8066 8181 8295 8110 8525 

79 8639 8754 8868 8983 9097 9212 9326 9441 9555 9669 

80 57 9784 9898 *0012 *0126 *0241 *0355 *0469 *0583 *0697 *0811 

81 58 0925 1039 1153 1267 1381 1495 1608 1722 1830 1950 

81 2063 2177 2291 2404 2518 2631 2745 2858 2^72 3085 

88 3199 3312 3426 3539 3652 3765 3879 3912 4105 4218 

84 4331 4444 4557 4670 4783 4890 5C09 5122 5235 5348 

86 5461 5574 5686 5799 5912 6024 6137 6250 C3C2 6475 

88 6587 6700 6812 6925 7037 7149 7262 7374 7486 7599 

87 7711 7823 7936 8047 8160 8272 8384 8496 8008 8720 

88 8832 8944 9056 9167 9279 9391 9503 9015 9726 9838 

89 9950 ♦0061 *0173 *0284 *0396 *0507 *0619 *0730 *0842 *0953 

90 59 1065 1176 1287 1399 1510 1621 1732 1843 1955 2006 

91 2177 2288 2399 2510 2621 2732 2843 2954 3064 3175 

92 3286 3397 3508 3618 3729 3840 3950 4061 4171 4282 

93 4393 4503 4614 4724 4834 4945 5055 5165 5276 5386 

•4 5496 5606 5717 5827 5937 6047 6157 6267 6377 6487 


95 6597 6707 6817 6927 7037 7146 7256 7366 7476 7586 

96 7695 7805 7914 8024 8134 8243 8353 0462 8572 8681 

97 8791 8900 9009 9119 9228 9337 9446 9556 9665 9774 

96 9883 9992 *0101 *0210 *0319 *0428 *0537 *0646 *0755 *0864 

99 60 0973 1082 1191 1299 1408 1517 1625 1734 1843 1951 

00 60 2060 2169 2277 2386 2494 2603 2711 2819 2928 3036 
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MATHEMATICS OF FINANCE 


400-450 


TABLE I 


■400 60 2000 2169 2277 
01 3144 3253 3361 

02 4226 4334 4442 

03 5305 5413 5521 

04 6381 6489 6596 

05 7455 7562 7669 

06 8526 8633 8740 

07 9594 9701 9808 

08 61 0660 0767 0873 
OS 1723 1829 1936 

410 61 2784 2890 2996 

11 3842 3947 4053 

12 4897 5003 5108 

13 5950 6055 6160 

14 7000 7105 7210 

15 8048 8153 8257 

15 9093 9198 9302 

17 62 0136 0240 0344 

18 1176 1280 1384 

1S 2214 2318 2421 

420 62 3249 3353 3456 

21 4282 4385 4488 

22 5312 5415 5518 

23 6340 6443 6546 

24 7366 7468 7571 

25 8389 8491 8593 

25 9410 9512 9613 

27 63 0428 0530 0631 

28 1444 1545 1647 

29 2457 2559 2660 

430 63 3468 3569 3670 

31 4477 4578 4679 

32 5484 5584 5685 

33 6488 6588 6688 

34 7490 7590 7690 

35 8489 8589 8689 

36 9486 9586 9636 

37 64 0481 ‘ 0581 0680 

3B 1474 1573 1672 
39 2465 2563 2662 

440 64 3453 3551 3650 

41 4439 4537 4636 

42 5422 5521 5619 

43 6404 6502 6000 

44 7383 7481 7579 

45 8360 84.58 8555 

46 9335 9432 9530 

47 65 0308 0405 0502 

48 1278 1375 1472 

49 2246 2343 2440 

450 653213 3309 3405 


LOGARITHMS 


2386 2494 2603 2711 2819 2928 3036 

3469 3577 3686 3794 3902 4010 4118 

4550 4658 4766 4874 4982 5089 5197 

5628 6736 58*4 6951 6059 6166 6274 4 

6704 6811 6919 7026 7133 7241 7348 5 

6 

7777 7884 7991 8098 8205 8312 8419 

8847 8954 9061 9167 9274 9381 9488 

9914 *0021 <0128 *0234 *0341 *0447 *0554 
0979 1086 1192 1298 1405 1511 1017 

2042 2148 2254 2360 2466 2572 2678 

3313 3419 3525 3630 3736 1 * 

4370 4475 4581 4686 4792 ? 

5424 5529 5634 5740 5845 1 * 

6476 6581 6686 6790 0895 

7525 7629 7734 7839 7943 

8571 8676 8780 8884 8989 

9G15 9719 9824 9028 *0032 
0656 07G0 0864 0908 1072 

1695 1799 1903 2007 2110 

2732 2835 2939 3042 3146 

3766 3869 3973 4076 4179 4 

4798 4901 5004 5107 5210 6 

5827 5929 6032 6135 G238 6 

0853 6956 7058 71G1 7203 7 

7878 7980 8082 8185 8287 8 

8900 9002 9104 9206 9308 

9919 *0021 *0123 *0224 *0320 
0936 1038 1139 1241 1342 

1951 2052 2153 2255 2356 

2903 3064 3105 3206 3367 


3872 3973 4074 4175 4276 4376 0 

4880 4981 5081 5182 5283 5383 7 

5886 5986 6087 6187 6287 6388 a 

6889 6989 7089 7189 7290 73C0 

7890 7990 8090 8190 8290 8389 


8988 9088 
9984 *0084 
0978 1077 
1970 2069 
2959 3058 

3946 4044 
4031 5029 
5013 6011 
6804 6902 
7872 7969 


9188 

*0183 

1177 

2168 

3156 


9287 

*0283 

1276 

2267 

3255 


9387 
*0382 2 
1375 8 
2366 2 
3354 5 
6 

4340 
5324 
W 
7285 
8262 


87.50 8848 8045 9043 9140 9237 * 
9724 9821 9919 *0016 *0113 *02101* 
0696 0793 0890 0987 1084 1181 
1666 1762 1859 1956 2053 2150 
2633 2730 2826 2923 3019 3116 

3598 3695 3791 3888 3984 4080 
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TABLE I 


271 


450-500 


TABLE I 


LOGARTTHMS 


65 3213 3309 3405 3502 3598 3695 3791 3888 3984 4080 

51 4177 4273 4369 4465 4562 4658 4754 4850 4940 5042 

61 5138 5235 5331 5427 6523 5619 6715 6810 5900 6002 

68 6098 6194 6290 6386 6482 6577 6673 6769 6864 6960 

64 7056 7152 7247 7343 7438 7534 7629 7725 7820 7916 

66 8011 8107 8202 8298 8393 8488 8584 8679 8774 8870 

66 8965 9000 9155 9250 9346 9441 9536 9031 9726 9821 

6T 9916 *0011 *0106 *0201 *0206*0391 *0486 *0581 *0076 *0771 
68 66 0865 0960 1055 1150 1245 1339 1434 1529 1623 1718 

1813 1907 2002 2096 2191 2286 2380 2475 2569 2663 


Proportional Parts 


DIQD 

9.6 

9.5 

9.4 

19.2 

19.0 

18.8 

28.8 

28.5 

28.2 

38.4 

38.0 

37.6 

48.0 

47.5 

47.0 

57.0 

57.0 

56.4 

67.2 

66.5 

65.8 

70.8 

76.0 

75.2 

80.4 

85.5 

84.0 


M 


66 2758 2852 2947 3041 3135 3230 3324 3418 3512 360 7 

€1 3701 3795 3889 3983 4078 4172 4260 4360 4454 4548 

tt 4642 4736 4830 4924 5018 5112 5206 5299 5393 5487 

•S 5581 5675 5769 5862 5950 6050 6143 6237 6331 6424 

•4 6518 6612 6705 6799 6892 6986 7079 7173 7266 7300 

88 7453 7546 7640 7733 7826 7920 8013 8106 8199 8293 

86 8386 8479 8572 8665 8759 8852 8945 9038 9131 0224 

«7 9317 9410 9503 9596 9689 9782 0875 9967 *0060 *0153 

88 07 0246 0339 0431 0524 0017| 0710 0802 0895 0988 1080 

6» 1173 1265 1358 1451 1543, 1636 1728 1821 1913 2005 



«70 67 2098 
Tl 3021 
T* 3942 

73 4861 

74 5778 


781 6694 

7607 
771 8518 

1 9428 

7» 68 0336 

68 1241 
81I 2145 
3047 
3947 
841 4845 


5742 
88I 6636 
87 | 7529 

8420 
9309 


I 

s 


69 0196 
911 1081 

1965 
2847 
3727 


2467 2560 2652 2744 2836 2929 

3300, 3482 3574 3666 3758 3850 

4310 4402 4494 4586 4677 47G9 

5228 5520 5412 5503 5595 5687 

6145 6236 6328 6419 6511 6602 

7059 7151 7242 7333 7424 7516 

7972 8063 8154 8245 8336 8427 

8882 SC73 90G4 9155 C240 CC37 

97911 9882 9973 *00G3 *0154 *0245 

0698 0789 0879 0970 1000 1151 


1603 1693 1784 1874 1964 2055 f 

250G 2590 2G8G 2777 2GC7 2957 ! ° 

3407 3497 3587 3077 37G7 3857 

4307, 4390 44SG 4576 40GÔ 475C 

5204 , 5294 5383 5473 5563 5G52 


6100 6189 6279 6368 6458 6547 

6994 7083 7172 7261 7351 7440 

7886 7075 8064 8153 8242 8331 

8776 88G5 8953 9042 9131 9220 

9664 S753 9841 9930 *0019 *0107 

0550 0639 0728 0816 0905 0993 

1435, 1524 1012 1700 1789 1877 

2318 ( 2406 2494 2583 2671 2759 

3199 3287 3375 3463 3551 3639 

4078 4160 4254 4342 4430 4517 


88 4605 4093 4781 4868 4956 5044 6131 5219 5307 5394 

88 5482 5569 5657 5744 5832 5919 6007 6094 6182 62G9 

87 6356 6444 6531 6618 6706 6793 6880 6968 7055 7142 

88 7229 7317 7404 7491 7578 7665 7752 7839 7926 8011 

88 8101 8188 8275 8362 8449 8535 8622 8709 8796 8883 

18 

89 8970 9057 9144 9231 9317 9404 9491 9578 9664 9751 8 
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272 MATHEMATICS OF FINANCE 


500-550 TABLE I 


LOGÀRITHMS 

Proportion al Parts 

N 

0 

1 

2 

3 

4 

4 

• 

7 

8 

t 


m 

El 

85 

590 

GO &«/ 4 0 

9057 

9144 

9231 

9317 

9404 

9491 

9578 

9664 

9751 

1 

8.7 

8.6 

8.5 

01 

0838 

9924 *0011 

*0098 *0184 

*0271 

*0358 *0444 *0531 

*0617 


17.4 

17.2 

17.0 

02 

70 0704 

0790 

0877 

0963 

1050 

1136 

1222 

1309 

1395 

1482 


26.1 

25.8 

25.5 

03 

15G8 

1G54 

1741 

1827 

1913 

1999 

2086 

2172 

2258 

2344 


34.8 

34.4 

34.0 

04 

2431 

2517 

2603 

2689 

2775 

2861 

2947 

3033 

3119 

3205 


43.5 

43.0 

42.5 











. 

52.2 

51.6 

51.0 

06 

3291 

3377 

3403 

3549 

3635 

3721 

3807 

3893 

3979 

4065 


60.9 
no r 

60.2 
as s 

59.5 

68.0 

76 5 

06 

4151 

4236 

4322 

4408 

4494 

4579 

4665 

4751 

4837 

4322 

* 

78 3 

mm 

.4 

07 

08 

5008 

5004 

5179 

5265 

5350 

5430 

5522 

5607 

5093 

5778 





58G4 

6718 

5049 

6803 

6035 

6888 

6120 

6974 

6206 

7059 

0291 

7144 

6376 

7229 

6402 

7315 

6547 

7400 

6032 

7485 


84 

83 

09 


1 

8.4 


8.3 | 

610 

70 7570 

7655 

7740 

7826 

7911 

7996 

8081 

8166 

8251 

8336 

8 

a 

16.8 

25.2 

33.6 

42.0 

50.4 

58.8 

16.6 

24.9 

33.2 

41.5 

49.8 

58.1 

11 

8-121 

8506 

8591 

8G76 

87G1 

8846 

8931 

0015 

9100 

0185 

A 

19 

9270 

0355 

0440 

9524 

9009 

9694 

9779 

0803 

9948 

*0033 

% 

R 

13 

71 0117 

0202 

0237 

0371 

0456 

0540 

0025 

0710 

0794 

0879 

6 

7 

14 

09G3 

1048 

1132 

1217 

130 

1335 

1470 

1554 

1039 

1723 












8 

67.2 

66.4 

15 

1807 

1802 

1976 

2000 

2144 

2229 

2313 

2397 

2481 

2560 


75.0 

74.7 

2050 

2734 

2318 

2302 

2980 

3070 

3154 

3238 

3323 

3407 






16 






17 

3491 

3575 

3059 

3742 

3826 

3910 

3994 

4078 

4162 

424G 



BS 


18 

4330 

4414 

4497 

4581 

4665 

4749 

4333 

4916 

5000 

5084 

« 





19 

5167 

5251 

5335 

5418 

6502 

5586 

5G09 

5753 

5836 

5920 

□ 


o.z 

16.4 













□ 


24.6 


520 

71 C003 

6087 

G170 

C254 

6337 

6421 

6504 

6588 

6671 

G754 

4 


32.8 


21 

6338 

6921 

7004 

7088 

7171 

7254 

7338 

7421 

7504 

7587 



41.0 


22 

7071 

7754 

7837 

7920 

8003 

8086 

8109 

8253 

8330 

8419 



49.2 


23 

85C2 

8585 

8GG8 

8751 

8834 

8017 

9000 

CC33 

91G5 

C248 



57.4 


24 

9331 

0414 

9497 

9580 

9663 

9745 

9828 

9911 

9994 

*0077 



65.6 














73.8 


25 

72 0159 

0242 

0325 

0407 

0490 

0573 

0655 

0738 

0821 




$1 


23 



1151 














iUuo 

I *-oO 

ioio 


1401 


1L>40 

l/ZO 






27 

1811 

1893 

1975 

20:8 

2140 

2222 

2305 

2387 

2409 

2552 



8.1 


23 

2034 

2710 

2708 

2831 

2963 

3045 

3127 

3209 

320! 

3374 

a 


16.2 


29 

3456 

3538 

3620 

3702 

3784 

3866 

3948 

4030 

4112 

4194 

3 


24.3 













4 


32.4 


630 

72 4276 

4358 

4440 

4522 

4604 

4685 

4707 

4849 

4931 

5013 

D 

6 


40.5 
48 6 


31 

5095 

5176 

5258 

5340 

5422 

5503 

5585 

56G7 

5748 

5830 

7 


56 7 


32 

5912 

5993 

6075 

6156 

6238 

0320 

6401 

6483 

65G4 

G04G 

8 


64 8 


33 

6727 

6809 

6890 

6972 

7053 

7134 

7216 

7207 

7379 

7460 

9 


79 Q 


34 

7541 

7623 

7704 

7785 

7866 

7948 

8029 

8110 

8191 

8273 








80 

35 

8354 

8435 

8510 

8597 

8678 

8759 

8841 

802& 

0003 

0084 

1 


8.0 

16.0 

24.0 

32.0 

40.0 


36 

9105 

9246 

9327 

9408 

9480 

9570 

9G51 

9732 

0S13 

0893 

Q 



37 

9974 *0055 *0136 

*0217 *0298 

*0378 *0459 *0540 *0021 

*0702 

Q 



38 

73 0782 

0863 

0944 

1024 

1105 

1186 

1266 

1347 

1428 

1508 

4 



39 

1589 

1669 

1750 

1830 

1911 

1991 

2072 

2152 

2233 

2313 

B 














6 


48.0 


640 

73 2394 

2474 

2555 

2635 

2715 

2796 

2876 

2956 

3037 

3117 

7 


66.0 


41 

3197 

3278 

3358 

3438 

3518 

3598 

3679 

3759 

3839 

3919 

8 


04.0 


42 

3999 

4079 

4160 

4240 

4320 

4400 

4480 

4560 

4640 

4720 

9 


72.0 


43 

4800 

4880 

4960 

5040 

5120 

5200 

5279 

5359 

5439 

5519 











44 

5599 

5679 

5759 

5838 

5918 

5998 

6078 

6157 

6237 

6317 



IV 













1 


7.9 


46 

6397 

6476 

6556 

6635 

6715 

6795 

6874 

6954 

7034 

7113 

a 


15.8 


46 

7193 

7272 

7352 

7431 

7511 

7590 

7670 

7749 

7829 

7908 

3 


23.7 


47 

7987 

8007 

8146 

8225 

8305 

8384 

8463 

8543 

8622 

8701 

4 


31.6 


48 

8781 

8800 

8939 

9018 

9097 

9177 

9256 

9335 

9414 

9493 

3 


39.5 


49 

9572 

9651 

9731 

9810 

9889 

9968 *0047 *0126 *0205 

*0284 

6 


47.4 













7 


55.3 


1 560 

74 0363 

0442 

0521 

0600 

0678 

0757 

0836 

0915 

0994 

1073 

8 

9 


63.2 

71.1 
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TABLE I 


273 



LOGABITHMS 


Proportional Parts 


*50 74 0363 

0442 

0521 

0600 

0678, 

0757 

0836 

0915 

0994 

ti 

1152 

1230 

1309 

1388 

1407 

1546 

1624 

1703 

1782 

61 

1939 

2018 

2096 

2175 

2254 

2332 

2411 

2489 

2568 

63 

2725 

2804 

2882 

2961 

3039 

3118 

3196 

3275 

3353 

64 

3510 

3588 

3667 

3745 

3823 

3902 

3980 

4058 

4136 

65 

4293 

4371 

4449 

4528 

4606 

4684 

4762 

4840 

4919 

66 

5075 

5153 

5231 

5309 

5387 

5465 

5543 

5621 

5699 

67 i 

5855 

5933 

6011 

6089 

6167 

0245 

6323 

6401 

6479 

68 

6634 

6712 

6790 

6868 

6945 

7023 

7101 

7179 

7256 

69 

7412 

7489 

7567 

7645 

7722 

7800 

7878 

7955 

8033 

| 

660 74 8188 

8266 

8343 

8421 

8498 

8576 

8653 

8731 

8808 

61. 

8963 

9040 

9118 

9195 

9272 

9350 

9427 

9504 

9582 

61 

9736 

9814 

9831 

9968 

*00451*0123 *0200 *0277 *0354 

63 

75 0.508 

0586 

0663 

0740 

0S17 

0894 

0971 

1048 

1125 

64 j 

1279 

1356 

1433 

1510 

1587 

1664 

1741 

1818 

1895 

65 

2048 

2125 

2202 

2279 

2356 

2433 

2509 

2586 

2663 

66 

2816 

2893 

2970 

3047 

3123 

3200 

3277 

3353 

3430 

67 

3583 

36G0 

3736 

3813 

3889-, 3966 

40-42 

4119 

4195 

66 

4348 

4425 

4501 

4578 

4654 

4730 

4807 

4883 

.4960 

69 | 

5112 

5189 

5265 

5341 

5417 

5494 

5570 

5646 

5722 

570 i 

75 5875 

5951 

6027 

6103 

6180 

6256 

6332 

6408 

6484 

71, 

0636 

6712 

6788 

6864 

6940 

7016 

70C2 

7168 

7244 

T3 

7390 

7472 

7.548 

7G21 

7700 

7775 

7851 

7927 

8003 

73 i 

8155 

8230 

8306 

8382 

8158 

8533 

8009 

8085 

8761 

74 | 

8912 

8988 

9063 

9139 

9214 

9290 

9366 

9441 

9517 

75 1 

9668 

9743 

9819 

9894 

9970 

*0045 *0121 *0196 *0272 

76 76 0422 

0498 

0573 

0649 

0724 

0799 

0875 

0950 

1025 

77 

1176 

1251 

1326 

1402 

1177! 

1552 

1627 

1702 

1778 

78, 

1928 

2003 

2078 

2133 

2228 

2303 

2378 

2153 

2529 

79| 

2679 

2754 

2829 

2004 

2978 

3053 

3128 

3203 

3278 

580 76 3428 

3503 

3578 

3653 

3727 

3802 

3877 

3952 

4027 

81 

4176 

4251 

4326 

4400 

4475 

4550 

4624 

4609 

4774 

81 

4923 

4998 

5072 

5147 

5221 

5296 

5370 

5445 

5520 

83 

5669 

5743 

5818 

5892 

5966 

6041 

6115 

6190 

6264 

84 

6413 

6487 

6562 

6636 

6710 

6785 

6859 

6933 

7007 

85 

7156 

7230 

7304 

7379 

7453 

7527 

7601 

7675 

7749 

86 

7898 

7972 

8016 

8120 

8194 

8268 

8312 

8410 

8490 

87 

8638 

8712 

8786 

8860 

8934 

9008 

<X)S 2 

9150 

9230 

88 

9377 

9451 

9525 

9599 

9673 

9746 

9820 

9894 

990S 

89 

77 0115 

0189 

0263 

0336 

0410 

0184 

0557 

0631 

0705 

690 177 0852 

0926 

0999 

1073 

1146 

1220 

1293 

1367 

1440 

91 1 

1587 

1661 

1734 

1808 

1881 

1955 

2028 

2102 

2175 

92 < 

2322 

2395 

2468 

2542 

26151 

2688 

2762 

2835 

2908 

93 

3055 

3128 

3201 

3274 

3348 

3421 

3494 

3567 

3640 

94 

3786 

3860 

3933 

4006 

4079 

4152 

4225 

4298 

4371 

90 

4517 

4590 

4663 

4736 

4809 

4882 

4955 

5028 

5100 

96 

5246 

5319 

5392 

5465 

5538 

5610 

5683 

5756 

5829 

97 

5074 

6047 

6120 

6193 

6265 

6838 

6411 

6183 

6556 

98 

6701 

6774 

6846 

6919 

6992; 

7064 

7137 

7209 

7282 

99 

7427 

7499 

7572 

7644 

7717 

7789 

7862 

7934 

8006 

600|77 8151 

8224 

8296 

8368 

8441 

8513 

8585 

8658 

8730 


8885 | 
9659 J 
*0431 2 
1202 2 
1972 7 
8 

2740 
3506 
4272 
5036 
5799 a 
8 

6560 4 
7320 
8079 
8856 
9592 


*0347 
1101 
1853 
2604 2 
3353 8 
4 

4101 “ 
4SI 8 7 
5594 
6338 
7082 


7823 
8561 
9303 
* 00-12 4 
0778 5 
6 

1514 ! 

2248 « 
2981 
3713 
4444 
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MATHEMATICS OF FINANCE 


600-650 


TABLE I 


LOOARITHMS 


Phoportional Parts 


600 77 8151 
01 8874 
02 9596 
03 78 0317 
04 1037 


610 78 5330 

11 6041 

12 0751 

13 7460 

14 8168 


8441 8513 8585 8658 8730 8802 

9163 9236 9308 9380 9452 9524 

9885 9957 *0029 *0101 *0173 *0245 

0605 0677 0749 0821 0893 0965 

1324 1396 1468 1540 1612 1684 

2042 2114 2186 2258 2329 2401 

2759 283 1 2902 2974 3046 3117 

3475 3546 3618 3689 3761 3832 

4189 4261 4332 4403 4475 4546 

4902 4974 5045 Si 16 5187 6259 

5615 5686 5757 5828 5899 5970 

6325 6396 6467 6538 6609 6680 

7035 7106 7177 7248 7319 7390 

7744 7815 7885 7956 8027 8098 

8451 8522 8593 8663 8734 8804 


15 

8875 

8946 

9016 

9087 

9157 

16 1 

9581 

9651 

9722 

9792 

9863 

17 

79 0285 

0356 

0426 

0496 

0567 

18 

0988 

1059 

1129 

1199 

•1269 

19 

1691 

1761 

1831 

1901 

1971 

620 79 2392 

2462 

2532 

2602 

2672 

21 

3092 

3162 

3231 

3301 

3371 

22 

3790 

3860 

3930 

4000 

4070 

23 

4488 

4558 

4627 

4697 

4767 

24 

5185 

5254 

5324 

5393 

5463 

26 

5880 

5949 

0019 

6088 

6158 

26 

6574 

6644 

6713 

6782 

6852 

27 

7268 

7337 

7406 

7475 

7545 

28 

7960 

8029 

8098 

8167 

8236 

29 

8651 

8720 

8789 

8858 

8927 

630 79 9341 

9409 

9478 

9547 

96’6 

31 80 0029 

0098 

0167 

0236 

0305 

32 

0717 

0786 

0854 

0923 

0992 

33 

1404 

1472 

1541 

1609 

1678 

34 

2089 

2158 

2226 

2295 

2363 

35 

2774 

2842 

2910 

2979 

3047 

36 

3457 

3525 

3594 

3662 

3730 

37 

4139 

4208 

4276 

4344 

4412 

33 

4821 

4889 

4957 

5025 

5093 

39 

5501 

5569 

5637 

5705 

5773 

640 80 6180 

6248 

6316 

6384 

6451 

41 

6858 

6926 

6994 

7061 

7129 

42 

7535 

7603 

7670 

7738 

7806 

43 

8211 

8279 

8346 

8414 

8481 

44 

8886 

8953 

9021 

9088 

9156 

45 

9560 

9627 

9694 

9762 

9829 

46 

81 0233 

0300 

0367 

0434 

0501 

47 

0904 

0971 

1039 

1106 

1173 

48 

1575 

1642 

1709 

1776 

1843 

49 

2245 

2312 

2379 

2445 

2512 

650 81 2913 

2980 

3047 

3114 

3181 


6297 6366 6436 6505 
6990 7060 7129 7198 
7683 7752 7821 7890 
8374 8443 8513 8582 
9065 9134 9203 9272 

9754 9823 9892 9961 
0442 0511 0580 0648 
1129 1198 1266 1335 
1815 1884 1952 2021 
2500 2568 2637 2705 

3184 3252 3321 3389 
3867 3935 4003 4071 
4548 4616 4685 4753 
5229 5297 5365 5433 
5908 5976 6044 6112 

6587 6655 6723 6790 
7264 7332 7400 7467 
7941 8008 8076 8143 
8616 8684 8751 8818 
9290 9358 9425 9492 

9964 *0031 *0098 *0165 
0636 0703 0770 0837 
1307 1374 1441 1508 
1977 2044 2111 2178 
2646 2713 2780 2847 


3181 3247 3314 3381 3448 3514 
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650-700 TABLE I 


LOGARITHMS 

Pbopobtional Parts 

H 

0 

1 

2 

i 

4 

5 

• 

T 

8 

9 


47 

650 

81 2913 

2980 

3047 

3114 

3181 

3247 

3314 

3381 

3448 

3514 

1 

6.7 

51 

3581 

3648 

3714 

3781 

3848 

3914 

3981 

4048 

4114 

4181 

S 

13.4 

51 

4248 

4314 

4381 

4447 

4514 

4581 

4647 

4714 

4780 

4847 

n 

20.1 

53 

4913 

4980 

5046 

5113 

6179 

5246 

5312 

5378 

5445 

5511 

n 

26.8 * 

64 

5578 

5644 

5711 

6777 

6843 

5910 

6976 

6042 

6109 

6175 

5 

33.5 












• 

40.2 

55 

6241 

6308 

6374 

6440 

6.506 

6573 

6639 

6705 

6771 

6838 

H 

46.9 

63.6 

60.3 

56 

6904 

6970 

7036 

7102 

7169 

7235 

7301 

7367 

7433 

7499 

H 

67 

7565 

7631 

7698 

7764 

7830 

7896 

7962 

8028 

8094 

8160 

U 

58 

51 

660 

8226 

8885 

81 9544 

8292 

8951 

9610 

8358 

9017 

9676 

8424 

9083 

9741 

8490 

9149 

9807 

8556 

9215 

9873 

8622 

9281 

9939 

8688 

9346 

•0004 

8754 

9412 

•0070 

8820 

9478 

•0136 


48 

1 

t 

a 

6.6 

13.2 

19.8 

26.4 

33.0 

39.6 

46.2 

61 

82 0201 

0267 

0333 

0399 

0464 

0530 

0595 

0661 

0727 

0792 

H 

63 

0858 

0924 

0989 

1055 

1120 

1186 

1251 

1317 

1382 

1448 

H 

63 

1514 

1579 

1645 

1710 

1775 

1841 

1906 

1972 

1037 

2103 

U 

64 

2168 

2233 

2299 

2364 

2430 

2495 

2560 

2626 

2691 

2756 

7 












6 

52.8 

65 

66 

2822 

3474 

2887 

3539 

2952 

3605 

3018 

3670 

3083 

3735 

3148 

3213 

3865 

2279 

3930 

3344 

3409 

9 

59.4 

3800 

3996 

4061 


M 

67 

4126 

4191 

4256 

4321 

4386 

4451 

4516 

4581 

4646 

4711 


63 

4776 

4841 

4906 

4971 

5036 

5101 

5166 

5231 

5296 

5361 


6.5 

13.0 

61 

5426 

5491 

5556 

5621 

6686 

5751 

5815 

5880 

5945 

6010 














19.5 

670 

82 6075 

6140 

6204 

6269 

6334 

6399 

6464 

6528 

6593 

6658 

4 

26.0 

71 

6723 

6787 

6852 

6917 

6981 

7046 

7111 

7175 

7240 

7305 

5 

32.5 

71 

7369 

7434 

7499 

7563 

7628 

7692 

7757 

7821 

7886 

7951 

• 

39.0 

73 

8015 

8080 

8144 

8209 

8273 

8338 

8402 

8467 

8531 

8595 

7 

45.6 

74 

8660 

8724 

8789 

8853 

•8918 

8982 

9046 

9111 

9175 

9239 

8 

52.0 












9 

58.5 

75 

9304 

93e8 

9432 

9497 

9561 

9625 

9690 

9754 

9818 

9882 


64 

76 

9947 


•0204 

*0268 

*0332 

*0396 










77 

83 0589 

0653 

0717 

0781 

0845 

0909 

0973 

1037 

1102 

116G 


6.4 

73 

1230 

1294 

1358 

1422 

I486 

1550 

1614 

1678 

1742 

1806 


12.8 

71 

1870 

1934 

1998 

2062 

2126 

2189 

2253 

2317 

2381 

2445 


. 19.2 













25.6 

680 

83 2509 

2573 

2637 

2700 

2764 

2828 

2892 

2956 

3020 

3083 


32.0 

38 4 

81 

3147 

3211 

3275 

3338 

3402 

34G6 

3530 

3593 

3657 

3721 


44 8 

81 

3784 

3848 

3912 

3975 

4039 

4103 

4166 

4230 

4294 

4357 

R 

61 2 

83 

4421 

4484 

4548 

4611 

4675 

4739 

4802 

4866 

4929 

4993 

B 

67.6 

64 

5056 

6120 

5183 

5247 

5310 

5373 

5437 

6500 

5564 

5627 




48 

85 

5691 

6754 

5817 

5881 

5944 

6007 

6071 

6134 

6197 

6261 

1 

6 3 

86 

6324 

6.387 

6451 

6514 

6577 

0641 

6704 

6767 

6830 

6894 


12.0 

18 Q 

87 

6957 

7020 

7083 

7140 

7210 

7273 

7336 

7399 

7462 

7525 

a 

88 

7588 

7652 

7715 

7778 

7841 

7904 

7967 

8030 

8093 

8156 

4 


81 

8219 

8282 

8345 

8408 

8-171 

8534 

8597 

8660 

8723 

8780 

5 

31.5 












6 

37.8 

690 

83 8849 

8912 

8975 

9038 

9101 

9164 

9227 

9289 

9352 

9415 

7 

44.1 

91 

9478 

9541 

9604 

9667 

9729 

9792 

9855 

9918 

9981 

*0043 

8 

50.4 

91 

84 0100 

0169 

0232 

0294 

0357 

0420 

0482 

0545 

0608 

0671 

9 

56.7 

93 

0733 

0796 

0859 

0921 

0984 

1046 

1109 

1172 

1234 

1297 


48 

94 

1359 

1422 

1485 

1547 

1610 

1672 

1735 

1797 

1860 

1922 


95 

1985 

2047 

2110 

2172 

2235 

2297 

2360 

2422 

2484 

2547 

B 

6.2 

12.4 

96 

2609 

2672 

2734 

279B 

2859 

2921 

2983 

3046 

3108 

3170 


18.6 

97 

3233 

3295 

3357 

3420 

3482 

3544 

3606 

3669 

3731 

3793 


24.8 

96 

3855 

3918 

3980 

4042 

4104 

4166 

4229 

4291 

4353 

4415 


31.0 

H 

4477 

4539 

4601 

4664 

4726 

4788 

4850 

4912 

4974 

5036 

6 

37.2 












7 

43.4 

700 

84 5098 

5160 

5222 

5284 

5346 

5408 

5470 

5532 

5594 

5656 

8 

9 

49.6 

55.8 
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MATHEMATICS OF FINANCE 
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TABLE I 
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750-800 
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MATHEMATICS OF FINANCE 


800-850 TABLE I 


LOGARITHMS 

Pbopobtional Pabtb 

N 

0 

1 

a 

S 

4 

S 

• 

7 

8 

8 


84 

a 

90 3090 

3144 

3199 

3253 

3307 

3361 

3416 

3470 

3524 

3578 

1 

5.4 

01 

3633 

3687 

3741 

3795 

3849 

3904 

3958 

4012 

4066 

4120 


10.8 

oa 

4174 

4229 

4283 

4337 

4391 

4445 

4499 

4553 

4607 

4661 

8 

16.2 

03 

4716 

4770 

4824 

4878 

4932 

4986 

5040 

5094 

5148 

5202 


21.0 

04 

5256 

5310 

5364 

6418 

6472 

5526 

5580 

5634 

5688 

5742 


27.0 












6 

32.4 

05 

5796 

5850 

5904 

5958 

6012 

6066 

6119 

6173 

6227 

6281 

7 

37.8 

06 

6335 

6389 

6443 

6497 

6551 

6604 

6658 

6712 

6766 

6820 

8 

43.2 

07 

6874 

6927 

6981 

7035 

7089 

7143 

7196 

7250 

7304 

7358 

9 

48.0 

08 

7411 

7465 

7519 

7573 

7026 

7680 

7734 

7787 

7841 

7895 



09 

7949 

8002 

8056 

8110 

8163 

8217 

8270 

8324 

8378 

8431 


88 

810 

90 8485 

8539 

8592 

8040 

8099 

8753 

8807 

8860 

8914 

8907 


11 

9021 

9074 

9128 

9181 

9235 

9289 

9342 

9366 

9449 

9503 



13 

9556 

9610 

9663 

9716 

9770 

9823 

9877 

9930 

9984 

♦0037 


5.3 

13 

91 0091 

0144 

0197 

0251 

0304 

0358 

0411 

0464 

0518 

0571 


10.6 

14 

0624 

0678 

0731 

0784 

0838 

0891 

0944 

0998 

1051 

11Ô4 

8 

15.9 












4 

21.2 

10 

1158 

1211 

1264 

1317 

1371 

1424 

1477 

1530 

1584 

1637 


26.5 

16 

1690 

1743 

1797 

1850 

1903 

1956 

2009 

2063 

2116 

2169 


31.8 

17 

2222 

2275 

2328 

2381 

2435 

2488 

2541 

2594 

2647 

2700 


37.1 

18 

2753 

2806 

2839 

2913 

2960 

3019 

3072 

3125 

3178 

3231 

8 

42.4 

19 

3284 

3337 

3390 

3443 

3496 

3549 

3602 

3655 

3708 

3761 

9 

47.7 


91 3814 

3867 

3920 

3973 

4026 

4079 

4132 

4184 

4237 

4290 



31 

4343 

4396 

4449 

4502 

4555 

4608 

4660 

4713 

4766 

4819 


82 

33 

4872 

4925 

4977 

5030 

5083 

5136 

5189 

5241 

5294 

5347 



33 

5400 

5453 

5505 

5558 

5611 

5664 

5716 

5709 

5822 

5875 



34 

5927 

5980 

6033 

6085 

6138 

6191 

6243 

6296 

6349 

6401 

1 

5.2 

30 

6454 

0507 

6559 

6612 

6664 

6717 

6770 

6822 

6875 

6927 

a 

10.4 

15 6 

36 

6980 

7033 

7085 

7138 

7190 

7243 

7295 

7348 

7400 

7453 

4 

20 8 

37 

7506 

7558 

7611 

7663 

7716 

7768 

7820 

7873 

7925 

7978 

A 

26 0 

38 

8030 

8083 

8135 

8188 

8240 

8293 

8345 

8397 

8450 

8502 

A 

31 2 

39 

8555 

8607 

8659 

8712 

8764 

8816 

8869 

8921 

8973 

9026 

7 

36.4 












8 

41.6 

830 

91 9078 

9130 

9183 

9235 

9287 

9340 

9392 

9444 

9496 

9549 

9 

40.8 

31 

9601 

9653 

9706 

9758 

9810 

9862 

9914 

9967 *0019 

*0071 



33 

92 0123 

0176 

0228 

0280 

0332 

0384 

0436 

0489 

0541 

0593 



33 

0645 

0697 

0749 

0801 

0853 

0906 

0958 

1010 

1002 

1114 


Kfl 

34 

1166 

1218 

1270 

1322 

1374 

1426 

1478 

1530 

1582 

1634 



30 

1686 

1738 

1790 

1842 

1894 

1946 

1998 

2050 

2102 

2154 


5.1 

36 

2206 

2258 

2310 

2362 

2414 

2466 

2518 

2570 

2622 

2674 

1 

10.2 

37 

2725 

2777 

2829 

2881 

2933 

2985 

3037 

3089 

3140 

3192 

a 

15.3 

38 

3244 

3296 

3348 

3399 

3451 

3503 

3555 

3607 

3658 

3710 


20.4 

39 

3762 

3814 

3865 

3917 

3969 

4021 

4072 

4124 

4176 

4228 

4 

K 

25.5 












Q 

a 

30.6 

Lia 

92 4279 

4331 

4383 

4434 

4480 

4538 

4589 

4641 

4693 

4744 

7 

35.7 

41 

4796 

4848 

4899 

4951 

5003 

5054 

5106 

5157 

5209 

5201 

1 

O 

40.8 

43 

5312 

5364 

5415 

5467 

5518 

5570 

5621 

5073 

5725 

5776 

o 

Q 

45.9 

43 

5828 

5879 

5931 

5982 

6034 

6085 

6137 

6188 

6240 

6291 

V 


Kfl 

6342 

6394 

6445 

6497 

6548 

6600 

6651 

6702 

6754 

6805 




6857 

6908 

6959 

7011 

7062 

7114 

7165 

7216 

7268 

7319 



46 

7370 

7422 

7473 

7524 

7576 

7627 

7678 

7730 

7781 

7832 



47 

7883 

7935 

7986 

8037 

8088 

8140 

8191 

8242 

8293 

8345 




8396 

8447 

8498 

8549 

8601 

8652 

8703 

8754 

8805 

8857 




8909 

8959 

9010 

9061 

9112 

9163 

9215 

9266 

9317 

9368 




92 9419 

9470 

9521 

9572 

9623 

9674 

9725 

9776 

9827 

9879 
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850-900 TABLE I 


LOGARITHMS 

' 

Proportional Parts 

N 

0 

1 

2 

8 

4 

8 

e 

7 

8 

t 

1 

61 

MO 

92 9419 

9470 

9521 

9572 

9623 

9é74 

9725 

9770 

9827 

9879 


5.1 

61 

9930 

9981 

♦0032 *0083 *0134 

*0185 *0236 *0287 *0338 *0389 

S 

10.2 

52 

93 0410 

0491 

0542 

0592 

0643 

0694 

0745 

0796 

0847 

0898 

8 

15.3 

53 

0913 

1000 

1051 

1102 

1153 

1204 

1254 

1305 

1356 

1407 

4 

20.4 

54 

1458 

1509 

1560 

1610 

1601 

1712 

1763 

1814 

1865 

1915 

5 

25.5 












6 

30.6 

55 

1966 

2017 

2068 

2118 

2169 

2220 

2271 

2322 

2372 

2423 

m § 

35.7 

55 

2474 

2524 

2575 

2626 

2677 

2727 

2778 

2829 

2879 

2930 

8 

40.8 

67 

2981 

3031 

3082 

3133 

3183 

3234 

3285 

3335 

3386 

3437 

• 

45.9 

55 

3487 

3538 

3589 

3639 

3690 

3740 

3791 

3841 

3892 

3943 



66 

3993 

4044 

4094 

4145 

4195 

4246 

4296 

4347 

4397 

4448 


RA 

550 

93 4498 

4549 

4599 

4650 

4700 

4751 

4801 

4852 

4902 

4953 



51 

5003 

5054 

5104 

5154 

5205 

5255 

5306 

5356 

5406 

5457 



62 

5507 

5558 

6608 

5658 

5709 

5759 

5809 

5860 

5910 

5960 

1 

5.0 

53 

6011 

6061 

6111 

6162 

6212 

6262 

6313 

6363 

6413 

6463 

8 

10.0 

64 

6514 

6564 

6614 

6665 

6715 

6765 

6815 

6865 

6916 

6966 

8 

15.0 












4 

20.0 

55 

7016 

7066 

7117 

7167 

7217 

7267 

7317 

7307 

7418 

7468 

5 

25.0 

66 

7518 

7568 

7618 

7668 

7718 

7769 

7819 

7869 

7919 

7969 

6 

30.0 

67 

8019 

8069 

8119 

8169 

8219 

8269 

8320 

8370 

8420 

8470 

7 

35.9 

68 

8520 

8570 

8620 

8670 

8720 

8770 

8820 

8870 

8920 

8970 

8 

40.0 

69 

9020 

9070 

9120 

9170 

9220 

9270 

9320 

9309 

9419 

9469 

8 

45.0 

570 

93 9519 

9569 

9619 

9669 

9719 

9769 

9819 

9869 

9918 

9968 



71 

94 0018 

0068 

0118 

0168 

0218 

0267 

0317 

0367 

0417 

0467 


49 

72 

0516 

0566 

0616 

0666 

0716 

0765 

0815 

0865 

0915 

0964 



75 

1014 

1064 

1114 

1163 

1213 

1263 

1313 

1362 

1412 

1462 



74 

1511 

1561 

1611 

1660 

1710 

1760 

1809 

1859 

1909 

1958 

1 

4.9 

75 

2008 

2058 

2107 

2157 

2207 

2250 

2306 

2355 

2405 

2455 

2 

* 

9.8 

14 7 

76 

2504 

2554 

2603 

2653 

2702 

275£ 

2801 

2851 

2901 

2950 

A 

19 6 

77 

3000 

3049 

3099 

3143 

3198 

3247 

3297 

3346 

3396 

3445 

B 

94 K 

78 

3495 

3544 

3593 

3643 

3692 

3742 

3791 

3841 

3890 

3939 

R 

OQ A 

78 

3989 

4038 

4088 

4137 

4186 

4230 

4285 

4335 

4384 

4433 

7 

34.3 

880 

94 4483 

4532 

4581 

4631 

4680 

4729 

4779 

4828 

4877 

4927 

8 

f 

39.2 

44 1 

81 

4976 

5025 

5074 

5124 

5173 

5222 

5272 

5321 

6370 

5419 



82 

5469 

5518 

5567 

5616 

5665 

5715 

5764 

5813 

6862 

5912 

— 


83 

5961 

6010 

6059 

6108 

6157 

6207 

6256 

6305 

6354 

6403 



84 

6452 

6501 

6551 

6000 

6649 

6698 

6747 

6796 

6845 

6894 


48 

85 

6943 

6992 

7041 

7090 

7140 

7189 

7238 

7287 

7330 

7385 



85 

7434 

7483 

7532 

7581 

7630 

7679 

7728 

7777 

7826 

7875 

1 

4.8 

87 

7924 

7973 

8022 

8070 

8119 

8168 

8217 

8266 

8315 

8364 

2 

9.6 

88 

8413 

8462 

8511 

8560 

8609 

8657 

8706 

8755 

8804 

8853 


14.4 

89 

8902 

8951 

8999 

9048 

9097 

9146 

9195 

9244 

9292 

9341 

4 

19.2 









• 



5 

24.0 

890 

94 9390 

9439 

9488 

9536 

9585 

9634 

9683 

9731 

9780 

9829 

6 

28.8 

91 

9878 

9926 

9975 *0024 *0073 

*0121 

*0170 *0219 *0267 *0316 

• 

33.6 

92 95 0365 

0414 

0462 

0511 

0560 

0608 

0657 

0706 

0754 

0803 

O 

38.4 % 

93 

0851 

0900 

0949 

0997 

1046 

1095 

1143 

1192 

1240 

1289 

9 

43.2 

94 

1338 

1386 

1435 

1483 

1532 

1580 

1629 

1677 

1726 

1775 


— 

93 

1823 

1872 

1920* 

1969 

2017 

2060 

2114 

2163 

2211 

2260 



96 

2308 

2356 

2405 

2453 

2502 

2550 

2599 

2647 

2696 

2744 



97 

2792 

2841 

2889 

2938 

2986 

3034 

3083 

3131 

3180 

3228 



98 

3276 

3325 

3373 

3421 

3470 

3518 

3566 

3615 

3663 

3711 



99 

3760 

3808 

3856 

3905 

3953 

4001 

4049 

4098 

4146 

4194 



900 

95 4243 

4291 

4339 

4387 

4435 

4484 

4532 

4580 

4628 

i 

4677 
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900-950 TABLE I 


■ 

LOGARITHMS 

Proportional Parts 

N 

0 

1 

2 

3 

4 

S 

6 

7 

9 

9 

1 

48 

«DO 

95 4243 

4291 

4339 

4387 

4435 

4484 

4532 

4580 

4628 

4677 

1 

4.8 

01 

4725 

4773 

4821 

4869 

4918 

4966 

5014 

5062 

5110 

5158 

2 

9.6 

02 

5207 

5255 

5303 

5351 

5399 

5447 

5495 

5543 

5592 

5640 

3 

14.4 

03 

5688 

5736 

5784 

5832 

5880 

5928 

5976 

6024 

6072 

6120 

4 

19.2 

M 

6168 

6216 

6265 

6313 

6361 

6409 

6457 

6505 

6553 

6601 

5 

24.0 












6 

28.8 

05 

6649 

6697 

6745 

6793 

6840 

6888 

6936 

6984 

7032 

7080 

7 

33.6 

06 

7128 

7176 

7224 

7272 

7320 

7368 

7416 

7464 

7512 

7559 

8 

38.4 

07 

7607 

7655 

7703 

7751 

7799 

7847 

7894 

7942 

7990 

8038 

9 

43.2 

08 

8086 

8134 

8181 

8229 

8277 8325 

8373 

8421 

8468 

8516 



09 

8564 

8612 

8659 

8707 

8755 

8803 

8850 

8898 

* 

8946 

8994 



910 

95 9041 

9089 

9137 

9185 

9232 

9280 

9328 

9375 

9423 

9471 


47 

11 

9518 

9566 

9614 

9661 

9709 

9757 

9804 

9852 

9900 

9947 



12 

9995 *0042 *0090 *0138 *0185 

*0233 *0280 *0328 *0376 

*0423 

1 

A 7 

13 

96 0471 

0518 

0566 

0613 

0661 

0709 

0756 

0804 

0851 

0899 


*T.I 

Q A 

14 

0946 

0994 

1041 

1089 

1136 

1184 

1231 

1279 

1326 

1374 

3 

14.1 

15 

1421 

1469 

1516 

1563 

1611 

1658 

1706 

1753 

1801 

1848 

4 

5 

18.8 

23 5 

16 

1895 

1943 

1990 

2038 

2085 

2132 

2180 

2227 

2275 

2322 

6 

28 2 

17 

2369 

2417 

2464 

2511 

2559 

2606 

2653 

2701 

2748 

2795 

7 

S9 Q 

18 

2843 

2890 

2937 

2985 

3032 

3079 

3126 

3174 

3221 

3268 

8 

37 fi 

19 

3316 

3363 

3410 

3457 

3504 

3562 

3599 

3646 

3693 

3741 

9 

42.3 

920 


3835 

3882 

3929 

397/ 

4024 

4071 

4118 

4165 

4212 



21 

4260 

4307 

4354 

4401 

4448 

4495 

4542 

4590 

4637 

4684 


46 

22 

4731 

4778 

4825 

4872 

4919 

4966 

5013 

5061 

5108 

5155 


23 

5202 

5249 

5296 

5343 

5390 

5437 

5484 

5531 

5578 

5625 



24 

5672 

5719 

5766 

5813 

5860 

5907 

5954 

6001 

6048 

6095 














1 

4.6 

25 

6142 

6189 

6236 

6283 

6329 

6376 

6423 

6470 

6517 

6564 

1 

9.2 

26 

6611 

6658 

6705 

6752 

6799 

6845 

6892 

6939 

6986 

7033 

8 

13.8 

27 

7080 

7127 

7173 

7220 

7267 

7314 

7361 

7408 

7454 

7501 

4 

18.4 

28 

7548 

7595 

7642 

7688 

7735 

7782 

7829 

7875 

7922 

7969 

5 

23.0 

29 

8016 

8062 

8109 

8150 

8203 

8249 

8296 

8343 

8390 

8436 

6 

7 

27.6 

32.2 

930 

96 8483 

8530 

8576 

8623 

8670 

8716 

8763 

8810 

8856 

8903 

8 

36.8 

31 

8950 

8996 

9043 

9090 

9136 

9183 

9229 

9276 

9323 

9369 

9 

41.4 

32 

9416 

94G3 

9509 

9556 

9602 

9649 

9695 

9742 

9789 

9835 



33 

9882 

9928 

9975 *0021 

*0068 

*0114 *0161 

*0207 

*0254 

*0300 



34 

97 0347 

0393 

0440 

0486 

0533 

0579 

0626 

0672 

0719 

0765 



35 

0812 

0858 

0904 

0951 

0997 

1044 

1090 

1137 

1183 

1229 



36 

1276 

1322 

1369 

1415 

1461 

1508 

1554 

1601 

1(547 

1693 



37 

1740 

1780 

1S32 

1879 

1925 

1971 

2018 

2064 

2110 

2157 



38 

2203 

2249 

2295 

2342 

2388 

2434 

2481 

2527 

2573 

2619 



39 

2666 

2712 

2758 

2804 

2851 

2897 

2943 

2989 

3035 

3082 



940 

97 3128 

3174 

3220 

3266 

3313 

3359 

3405 

3451 

3497 

3543 



41 

3590 

3636 

3G82 

3728 

3774 

3820 

3866 

3913 

3959 

4005 



42 

4051 

4097 

4143 

4189 

4235 

4281 

4327 

4374 

4420 

4466 



43 

4512 

4558 

4604 

4650 

4696 

4742 

4788 

4834 

4880 

4926 



44 

4972 

5018 

5064 

5110 

5156 

5202 

5248 

5294 

5340 

6386 



45 

5432 

5478 

5524 

5570 

5616 

5662 

5707 

5753 

5799 

5845 



46 

5891 

5937 

5983 

6029 

6075 

6121 

6167 

6212 

6258 

6304 



47 

6350 

6396 

6442 

6488 

6533 

6579 

6625 

6671 

6717 

6763 



48 

6808 

68.54 

6900 

6946 

6992 

7037 

7083 

7129 

7175 

7220 



49 

7266 

7312 

7358 

7403 

7449 

7495 

7541 

7586 

7632 

7678 



950 

97 7724 

7769 

7815 

7861 

7906 

7952 

7998 

8043 

8089 

8135 
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LOGARITHMS 


Proportion ai* Parta 



MO '97 7724 
81 | 8181 

88 ! 8637 

OS 9093 

84 9548 

85 98 0003 

86 0458 

87 0912 

88 1366 

59 1819 

960 98 2271 
61 2723 

68 3175 

65 3626 

64 4077 

65 4527 

66 4977 

67 5426 

68 5875 

69 6324 


7769 7815 7861 
8226 8272 8317 
8683 8728 8774 
9138 9184 9230 
9594 9639 9685 

0049 0094 0140 
0503 0549 0594 
0957 1003 1048 
1411 1456 1501 
1864 1909 1054 


7906 7952 
8363 8409 
8819 8865 
9275 9321 
9730 9776 

0185 0231 
0640 0685 
1093 1139 
1547 1592 
2000 2045 


2362 2407 2452 2497 
2814 2859 2904 2949 
3265 3310 335G 3401 
3716 3762 3807 3852 
4167 4212 4257 4302 

4617 4662 4707 4752 
5067 5112 5157 5202 
5516 5561 500C 5651 

5965 6010 6055 6100 
6413 6458 6503 6548 


8135 1 
859! 1 
9047 S 
9503 4 
9958 « 
6 

0412 J 
0867 J 
1320 • 
1773 
2226 

2678 
3130 — 
3581 t 
4032 • 
4482 3 

4932 5 
5382 * 
5830 7 
6279 8 
6727 § 


•T0198 6772 6817 6861 6906 6951' 6990 7040 7085 7130 7175 — 

71 7219 7264 7309 7353 7398 7443 7488 7532 7577 7622 

71 7666 7711 7756 7800 7815 7890 7934 7979 8024 8068 

73 8113 8157 8202 8247 8291:8336 8381 8425 8470 8514 — 

74 8559 8604 8648 8693 87371 8782 8826 8871 8916 8960 _ 


75 9005 9049 

76 9450 9494 

771 9895 9939 

78199 0339 0383 

79 0783 0827 

MO 99 1226 1270 

81 1669 1713 

89 2111 2156 

88 2554 2598 

84 2995 3039 

80 3436 3480 

86 3877 3921 

87 4317 4361 

88 4757 4801 

89 5196 5240 

MO 99 5635 5679 

•1 6074 6117 

tî 6512 6555 

93 6949 6993 

94 7386 7430 

95 7823 7867 

96 8259 8303 

97 8695 8739 

98, 9131 9174 

99 9565 9609 


9094 9138 9183 9227 9272 9316 9361 9405 

9539 9583 9628 9672 9717 9761 9806 9850 

9983 *0028 *0072 *0117 *0161 *0206 *0250 *0294 

0428 0472 0510 0561 0005 0650 0694 0738 

0871 0916 0960 1004 1049 1093 1137 1182 
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TABLE I (Supplément) 
1000-1050 LOGARITHMS 


N 

0 

1 

B 

m 

B 

B 

B 

B 

IB 

U 


000 0000 

0434 

0869 

1303 

1737 

2171 

2605 

3039 

3473 

3907 

1001 

4341 

4775 

5208 

5642 

6076 

6510 

6943 

7377 

7810 

8244 

B * i ! ' ■ 

8677 

9111 

9544 

9977 

*0411 

*0844 

*1277 

*1710 

*2143 

*2576 

■ lii ■ 

001 3009 

3442 

3875 

4308 

4741 

5174 

5607 

6039 

6472 

6905 

1004 

7337 

7770 

8202 

8635 

9067 

9499 

9932 

♦0364 

*0796 

*1228 

1004 

002 1661 

2093 

2525 

2957 

3389 

3821 

4253 

4685 

5116 

5548 

F roTl 

5980 

6411 

6843 

7275 

7706 

8138 

8569 

9001 

9432 

9863 

1007 

003 0295 

0726 

1157 

1588 

2019 

2451 

2882 

3313 

3744 

4174 

KM1 

4605 

5036 

5467 

5898 

5328 

6759 

7190 

7620 

8051 

8481 

1009 

8912 

9342 

9772 

*0203 

*0633 

*1063 

*1493 

*1924 

*2354 

*2784 

1 m 

004 3214 

3644 

4074 

4504 

4933 

5363 

5793 

6223 

6652 

7082 

Imi 

7512 

7941 

8371 

8800 

9229 

9659 

*0088 

*0517 

*0947 

*1376 

1*1 

005 1805 

2234 

2663 

3092 

3521 

3950 

4379 

4808 

5237 

5666 

lois 

6094 

6523 

6952 

7380 

7809 

8238 

8666 

9094 

9523 

9951 

1014 

006 0380 

0808 

1236 

1664 

2092 

2521 

2949 

3377 

3805 

4233 

1116 

4660 

5088 

6516 

5944 

6372 

6799 

7227 

7655 

8082 

8510 

1016 

8937 

9305 

9792 

*0219 

*0647 

*1074 

*1501 

*1928 

*2355 

*2782 

1017 

007 3210 

3637 

4064 

4490 

4917 

5344 

5771 

6198 

6624 

7051 

1018 

7478 

7904 

8331 

8757 

9184 

9610 

•0037 

♦0463 

♦0889 

*1316 

1019 

008 1742 

2168 

2594 

3020 

3446 

3872 

4298 

4724 

5150 

5576 

1090 

6002 

6427 

6853 

7279 

7704 

8130 

8556 

8981 

9407 

9832 

1091 

009 0257 

0683 

1108 

1533 

1959 

2384 

2809 

3234 

3659 

4084 

1099 

4509 

4934 

5359 

5784 

6208 

6633 

7058 

7483 

7907 

8332 

1093 

8756 

9181 

9605 

*0030 

*0454 

*0878 

*1303 

*1727 

* 2151 

*2575 

1094 

010 3000 

3424 

3848 

4272 

4696 

5120 

6544 

5967 

6391 

6815 

FBTl 

7239 

7662 

8086 

8510 

8933 

9357 

9780 

*0204 

♦0627 

*1050 

1096 

011 1474 

1897 

2320 

2743 

3166 

3590 

4013 

4436 

4859 

5282 

1097 

5704 

6127 

6550 

6973 

7396 

7818 

8241 

8664 


9509 

1098 

9931 

*0354 

*0776 

*1198 

*1621 

*2043 

*2465 

*2887 

♦3310 

*3732 

1099 

012 4154 

4576 

4998 

6420 

5842 

6264 

6685 

7107 

7529 

7951 

1030 

8372 

8794 

9215 

9637 

*0059 

♦0480 

*0901 

♦1323 

*1744 

*2165 

1031 

013 2587 

3008 

3429 

3850 

4271 

4692 

5113 

5534 

5955 

6376 

II. 1 

6797 

7218 

7639 

8059 

8480 

8901 

9321 

9742 

•0162 

*0583 

1033 

014 1003 

1424 

1844 

2264 

2685 

3105 

3525 

3945 

4365 

4785 

1034 

5205 

5625 

6045 

6465 

6885 

7305 

7725 

8144 

8564 

8984 

V 11 * r 

9403 

9823 

*0243 

*0662 

*1082 

♦1501 

*1920 

*2340 

*2759 

*3178 

■ 

015 3598 

4017 

4436 

4855 

5274 

5693 

6112 

6531 

6950 

7369 

1 Y /I 

7788 

8206 

8625 

9044 

9462 

9881 

*0300 

*0718 

*1137 

*1555 


016 1974 

2392 

2810 

3229 

3647 

4065 

4483 

4901 

5319 

5737 

Ireli 

6155 

6573 

6991 

7409 

7827 

8245 

8663 

9080 

9408 

9916 

1040 

017 0333 

0751 

1168 

1586 

2003 

2421 

2838 

3256 

3673 

4090 

1041 

4507 

4924 

5342 

5759 

6176 

6593 

7010 

7427 

7844 

8260 

1042 

8677 

9094 

9511 

9927 

*0344 

♦0761 

*1177 

*1594 

*2010 

*2427 

1043 

018 2843 

3259 

3676 

4092 

4508 

4925 

5341 

5757 

6173 

6589 

1044 

7005 

7421 

7837 

8253 

8669 

9084 

9500 

9916 

♦0332 

*0747 


019 1163 

1578 

1994 

2410 

2825 

3240 

3656 

4071 

4486 

4902 


5317 

5732 

6147 

6562 

6977 

7392 

7807 

8222 

8637 

9052 


9467 

9882 

*0296 

*0711 

*1126 

*1540 

*1955 

*2369 

*2784 

*3198 

1048 

020 3613 

4027 

4442 

4856 

5270 

5684 

6099 

6513 

6927 

7341 

1049 

7755 % 

8109 

8583 

8997 

9411 

9824 

*0238 

*0652 

*1066 

*1479 

1060 

021 1893 

2307 

2720 

3134 

3547 

3961 

4374 

4787 

5201 

5614 
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1050-1100 


TABLE I (Supplément) 

LOGÀRITHMS 


N 

0 

1 

1 

S 

4 

B 

B 

ü 

m 

m 

BBI 

021 1893 

2307 

2720 

3134 

3547 

3961 

4374 

4787 

5201 

5614 

1061 

6027 

6440 

6854 

7267 

7680 

8093 

8506 

8919 

9332 

9745 

■T. a 

022 0157 

0570 

0983 

1396 

1808 

2221 

2634 

3046 

3459 

3871 

1053 

4284 

4696 

5109 

5521 

5933 

6345 

6758 

7170 

7582 

7994 

1<M4 

8406 

8818 

9230 

9642 

*0054 

*0466 

*0878 

*1289 

*1701 

*2113 

1055 

023 2525 

2936 

3348 

3759 

4171 

4582 

4994 

5405 

5817 

6228 

1006 

6639 

7050 

7462 

7873 

8284 

8695 

9106 

9517 

9928 

*0339 

1057 

024 0750 

1161 

1572 

1982 

2393 

2804 

3214 

3625 

4036 

4446 

1055 

4857 

5207 

5678 

6088 

6498 

6909 

7319 

7729 

8139 

8549 

1053 

8960 

9370 

9780 

*0190 

*0600 

*1010 

*1419 

*1829 

*2239 

*2049 

1060 

025 3059 

3468 

3878 

4288 

4697 

5107 

5516 

5926 

6335 

6744 

1061 

7154 

7563 

7972 

8382 

8791 

9200 


*0018 

*0427 

*0836 

1063 

026 1245 

1654 


2472 

2881 

3289 

3698 

4107 

4515 

4924 

1063 

5333 

5741 

6150 

6558 

6067 

7375 

7783 

8192 

8600 

9008 

1064 

9416 

9824 

*0233 

*0641 

*1049 

*1457 

*1865 

*2273 

*2680 

*3088 

■Cb 

027 3496 

3904 

4312 

4719 

5127 

5535 

5942 

6350 

6757 

7165 

1066 

7572 

7979 

8387 

8794 

9201 

9609 

*0016 

*0423 

*0830 

*1237 

1067 

028 1644 

2051 

2458 

2805 

3272 

3679 

4086 

4492 

4899 

5306 

1065 

5713 

6119 

6526 

6932 

7339 

7745 

8152 

8558 

8964 

9371 

1069 

9777 

*0183 

*0500 

*0996 

*1402 

*1808 

*2214 

*2620 

*3026 

*3432 

1070 

029 3838 

4244 

4649 

5055 

5461 

5867 

6272 

6678 

7084 

7489 

1071 

7895 

8300 

8706 

9111 

9516 

9922 

*0327 

*0732 

*1138 

*1543 

1072 

030 1948 

2353 

2758 

3103 

3568 

3073 

4378 

4783 

5188 

5592 

1073 

5997 

6402 

6807 

7211 

7010 

8020 

8425 

8830 

9234 

9638 

1074 

031 0043 

0447 

0851 

1256 

1660 

2064 

2468 

2872 

3277 

3681 

1075 

4085 

4489 

4893 

5296 

5700 

6104 

6508 

6912 

7315 

7719 

ESZl 

8123 

8526 

8930 

9333 

9737 

*0140 

*0544 

*0947 

*1350 

*1754 

fffil 

032 2157 

2560 

2963 

3367 

3770 

4173 

4576 

4979 

5382 

5785 

E TT1 

6188 

6590 

6993 

7396 

7799 

8201 

8604 

9007 

9409 

9812 

1079 

033 0214 

0617 

1019 

1422 

1824 

2226 

2629 

3031 

3433 

3835 

1050 

4238 

4640 

5042 

5444 

5846 

6248 

6650 

7052 

7453 

7855 

1081 

8257 

8659 

9060 

9462 

9864 

*0265 

*0667 

*1068 

*1470 

*1871 

1083 

034 2273 

2074 

3075 

3477 

3878 

4279 

4680 

5081 

5482 

5884 


6285 

6686 

7087 

7487 

7888 

8289 

8690 

9091 

9491 

9892 

1084 

035 0293 

0693 

1094 

1495 

1895 

2296 

2696 

3096 

3497 

3897 

1055 

4297 

4698 

5098 

5498 

5898 

6298 

6698 

7098 

7498 

7898 

1086 

8298 

8698 

9098 

9498 

9898 

*0297 

*0697 

*1097 

*1496 

*1896 

1087 

036 2295 

2695 

3094 

3494 

3893 

4293 

4692 

5091 

5491 

5890 

1088 

6289 

6688 

7087 

7486 

7885 

8284 

8683 

9082 

9481 

9880 

1089 

037 0279 

0678 

1076 

1475 

1874 

2272 

2671 

3070 

3468 

3867 

1090 

4265 

4663 

5062 

5460 

5858 

6257 

6655 

7053 

7451 

7849 

1091 

8248 

8646 

9044 

9442 

9839 

*0237 

*0635 

•1033 

*1431 

*1829 

1093 

038 2226 

2624 

3022 

3419 

3817 

4214 

4612 

5009 

5407 

5804 


6202 

6599 

6996 

7393 

7791 

8188 

8585 

8982 

9379 

9776 

1094 

039 0173 

0570 

0967 

1364 

1761 

2158 

2554 

2951 

3348 

3745 

1095 

4141 

4538 

4934 

5331 

5727 

6124 

6520 

6917 

7313 

7709 

1096 

8106 

8502 

8898 

9294 

9690 

*0086 

*0482 

*0878 

*1274 

*1670 

1097 

040 2066 

2462 

2858 

3254 

3650 

4045 

4441 

4837 

5232 

5628 

1098 

6023 

6419 

6814 

7210 

7605 

8001 

8396 

8791 

9187 

9582 

1099 

9977 

*0372 

*0767 

*1162 

*1557 

*1952 

*2347 

*2342 

*3137 

*3532 


041 3927 

4322 

4716 

5111 

5506 

5900 

6295 

6690. 

7084 

7479 
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MATHEMATICS OF FINANCE 


TABLE II. The Number of Each Day of the Year Counting from January 1 


sa 

|| 

d 

« 

xî 

4> 

fa 

û 

ci 

S 

April 

May 

June 

3 
*— » 

S? 

< 

Sept. 

Oct. 

► 

o 

Dec. 

a 

O h 

4 

CS 


1 

32 


91 

121 

152 

182 

213 

244 

274 

305 

335 

1 


2 

33 

01 

92 

122 

153 

183 

214 

245 

275 


336 

2 

3 

3 

34 

62 

93 

123 

154 

184 

215 

246 

276 

307 

337 

3 

4 

4 

35 

63 

94 

124 

155 

185 

216 

247 

277 

308 

338 

4 

6 

5 

30 

64 

95 

125 

156 

18G 

217 

24S 

278 

309 

339 

5 

6 

6 

37 

65 

90 

120 

157 

187 

218 

249 

279 

310 

340 

6 

7 

7 

38 



127 

158 

188 

219 

250 

280 

311 

341 

7 

8 

8 

39 


98 

128 

159 

189 

220 

251 

281 

312 

342 

8 

9 

9 

40 

68 

99 

129 

160 

190 

221 

252 

282 

313 

343 

9 

10 

10 

41 

09 



101 

191 

222 

253 

283 

314 

344 

10 

11 

11 

42 


101 

131 

102 

192 

223 

254 

284 

315 

345 

11 

12 

12 

43 



132 

103 

193 

224 

255 

285 

316 

346 

12 

13 

13 

44 


103 

133 

104 

194 

225 

25G 

280 

317 

347 

13 

14 

14 

45 


104 

134 

165 

195 

226 

257 

287 

318 

348 

14 

15 

15 

46 



135 

106 


227 

258 

288 

319 

349 

15 

16 

16 

47 

75 


130 

167 

197 

228 

259 

289 

320 

350 

16 

17 

17 

48 

76 


137 

108 

198 

229 

260 


321 

351 

17 

18 

18 

49 

77 


138 

109 

199 

230 

201 

291 

322 

352 

18 

19 

19 

.50 

78 


139 

170 


231 

202 

292 

323 

353 

19 

20 

20 

51 

79 


140 

171 

201 

232 

203 

293 

324 

354 

20 

21 

21 

52 

80 

111 

141 

172 

202 

233 

264 

294 

325 

355 

21 

22 

22 

53 

81 

112 

142 

173 

203 

234 

265 

295 

326 

350 

22 

23 

23 

54 

82 

113 

143 

174 

204 

235 

200 

290 

327 

357 

23 

24 

24 

55 

83 

114 

144 

175 

205 

236 

207 

297 

328 

358 

24 

25 

25 

50 

84 

115 

145 

176 

200 

237 

208 

298 

329 

359 

25 

26 

20 

57 

85 

116 

140 

177 

207 

238 

269 

299 

330 

300 

26 

27 

27 

58 

86 

117 

147 

178 

208 

239 

270 


331 

301 

27 

28 

28 

59 

87 

118 

148 

179 

209 

240 

271 

301 

332 

302 

28 

29 

29 


SS 

119 

149 

180 

210 

241 

272 

302 


363 

29 

30 

30 



120 

160 

181 

211 

242 

273 

303 


364 

30 

31 

31 


90 


151 


212 

243 


304 


305 

31 


Note. —In lcap years, after February 28, add 1 to the tabular number. 
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TABLE ni. The Amount of 1 at Compound Intereat 

(1 + i) n 


n 


5% • 

mm 

5* 

1 % 

m 

1.0033 3333 

1.0041 6667 

1.0050 0000 

1.0087 5000 

1.0100 0000 

mm 

1.0066 7778 

1.0083 5069 

1.0100 2500 

1.0175 7656 

1.0201 0000 

■fl 

1.01C0 3337 

1.0125 5216 

1.0150 7513 

1.0264 8036 

1.0303 0100 

MM 

1.0134 0015 

1.0167 7112 

1.0201 5050 

1.0354 6206 

1.0406 0401 

ü 

1.0167 7815 

1.0210 0767 

1.0252 5125 

1.0445 2235 

1.0510 1005 

H 

1.0201 6741 

1.0252 6187 

1.0303 7751 

1.0536 6192 

1.0615 2015 

il 

1.0235 6797 

1.0295 3379 

1.0355 2940 

1.0628 8147 

1.0721 3535 

u 

1.0269 7986 

1.0338 2352 

1.0407 0704 

1.0721 8168 

1.0828 5671 

Ai 

1.0304 0313 

1.0381 3111 

1.0459 1058 

1.0815 6327 

1.0936 8527 

10 

1.0338 3780 

1.0424 5666 

1.0511 4013 

1.0910 2695 

1.1046 2213 

il 

1.0372 8393 

1.0468 0023 

1.0563 9583 

1.1005 7343 

1.1156 6835 

11 

1.0407 4154 

1.0511 6190 

1.06ia 7781 

1.1102 0345 

1.1268 2503 

13 

1.0442 1068 

1.0555 4174 

1.0669 8620 

1.1199 1773 

1.1380 9328 

14 

1.0476 9138 

1.0599 3983 

1.0723 2113 

1.1297 1701 

1.1494 7421 

15 

1.0511 8369 

1.0643 5625 

1.0776 8274 

1.1396 0203 

1.1609 6896 

16 

1.0546 8763 

1.0687 9106 

1.0830 7115 

1.1495 7355 

1.1725 7864 

17 

1.0582 0326 

1.0732 4436 

1.0884 8551 

1.1596 3232 

1.1843 0443 

18 

1.0617 3060 

1.0777 1621 

1.0939 2894 

1.1697 7910 

1.1961 4748 

19 

1.0652 6971 

1.0822 0670 

1.0993 9858 

1.1800 1467 

1.2081 0893 

10 

1.0688 2060 

1.0867 1589 

1.1048 9558 

1.1903 3980 

1.2201 9004 

11 

1.0723 8334 

1.0912 4387 

1.1104 2006 

1.2007 5527 

1.2323 9194 

U 

1.0759 5795 

1.0957 9072 

1.1159 7216 

1.2112 6188 

1.2447 1580 

13 

1.0795 4448 

1.1003 5652 

1.1215 5202 

1.2218 6042 

1.2571 6302 

34 

1.0831 4296 

1.1049 4134 

1.1271 5978 

1.2325 5170 

1.2697 3465 

15 

1.0867 5344 

1.1095 4526 

1.1327 9558 

1.2433 3653 

1.2824 3200 

16 

1.0903 7595 

1.1141 6836 

1.1384 5955 

1.2542 1572 

1.2952 5631 

Î7 

1.0940 1053 

1.1188 1073 

1.1441 5185 

1.2651 9011 

1.3082 0888 

18 

1.0976 5724 

1.1234 7244 

1.1498 7261 

1.2762 6052 

1.3212 9097 

(j 

1.1013 1609 

1.1281 5358 

1.1556 2197 

1.2874 2780 

1.3345 0388 

O 

1.1049 8715 

1.1328 5422 

1.1614 0008 

1.2986 9280 

1.3478 4892 

31 

1.1086 7044 

1.1375 7444 

1.1672 0708 

1.3100 5636 

1.3613 2740 

31 

1.1123 6601 

1.1423 1434 

1.1730 4312 

1.3215 1935 

1.3749 4068 

33 

1.1160 7389 

1.1470 7398 

1.1789 0833 

1.3330 8265 

1.3886 9009 

34 

1.1197 9414 

1.1518 5346 

1.1848 0288 

1.3447 4712 

1.4025 7699 

35 

1.1235 2679 

1.1566 5284 

1.1907 2689 

1.3565 1366 

1.4166 0276 

sn 

1.1272 7187 

1.1614 7223 

1.1966 8052 

1.3683 8315 

1.4307 6878 

37 

1.1310 2945 

1.1663 1170 

1.2026 6393 

1.3803 5650 

1.4450 7647 

38 

1.1347 9955 

1.1711 7133 

1.2086 7725 

1.3924 3462 

1.4595 2724 

El 

1.1385 8221 

1.1760 5121 

1.2147 2063 

1.4046 1843 

1.4741 2251 

O 

1.1423 7748 

1.1809 5142 

* 1.2207 9424 

1.4146 0884 

1.4888 6373 

41 

1.1461 8541 

1.1858 7206 

1.2268 9821 

1.4293 0679 

1.5037 5237 

41 

1.1500 0603 

1.1908 1319 

1.2330 3270 

1.4418 1322 

1.5187 8989 

43 

1.1538 3938 

1.1957 7491 

1.2391 9786 

1.4544 2909 

1.5339 7779 

44 

1.1576 8551 

1.2007 5731 

1.2453 9385 

1.4671 5534 

1.5493 1757 

45 

1.1615 4446 

1.2057 6046 

1.2516 2082 

1.4799 9295 

1.5648 1075 

46 

1.1654 1628 

1.2107 8446 

1.2578 7892 

1.4929 4289 

1.5804 5885 

47 

1.169$ 0100 

1.2158 2940 

1.2641 6832 

1.5060 0614 

1.5962 6344 

48 

1.173 1 9867 

1.2208 9536 

1.2704 8916 

1.5191 8370 

1.6122 2608 

El 

1.1771 0933 

1.2259 8242 

1.2768 4161 

1.5324 7655 

1.6283 4834 

U 

1.1810 3303 

1.2310 9068 

1.2832 2581 

1.5458 8572 

1.6446 3182 
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TABLE m. The Amount of 1 at Compound Interest 

(1 + i) n 


n 

mm 

mm 

mm 

b 

i% 

61 

1.1849 6981 

1.2362 2002 

1.2896 4194 

1.5594 1222 

1.6610 7814 

61 

1.1889 1971 

1.2413 7114 

1.2960 9015 

1.5730 5708 

1.6776 8892 

63 

1.1928 8277 

1.2465 4352 

1.3025 7060 

1.5868 2133 

1.6944 6581 

64 

1.1968 5905 

1.2517 3745 

1.3090 8346 

1.6007 0602 

1.7114 1047 

66 

1.2008 4858 

1.2569 6302 

1.3156 2887 

1.6147 1219 

1.7285 2457 

66 

1.2048 5141 

1.2621 9033 

1.3222 0702 

1.6288 4093 

1.7458 0982 

67 

1.2088 6758 

1.2674 4946 

1.3288 1805 

1.6430 9328 

1.7632 6792 

68 

1.2128 9714 

1.2727 3050 

1.3354 6214 

1.6574 7035 

1.7809 0060 

Kl 

1.2169 4013 

1.2780 3354 

1.3421 3946 

1.6719 7322 

1.7987 0960 

LJ 

1.2209 9659 

1.2833 5868 

1.3488 6015 

1.6866 0298 

1.8166 9670 

61 

1.2250 6658 

1.2887 0601 

1.3555 9440 

1.7013 6076 

1.8348 6367 

62 

1.2291 5014 

1.2940 7561 

1.3623 7238 

1.7162 4766 

1.8532 1230 

63 

1.2332 4730 

1.2994 6760 

1.3691 8424 

1.7312 6483 

1.8717 4443 

64 

1.2373 £813 

1.3048 8204 

1.3760 3016 

1.7464 1340 

1.8904 6187 

66 

1.2414 8266 

1.3103 1905 

1.3829 1031 

1.7616 9452 

1.9093 6649 

66 

1.2456 2093 

1.3157 7872 

1.3898 2486 

1.7771 0934 

1.9284 6015 

67 

1.2497 7300 

1.3212 6113 

1.3967 7399 

1.7926 5905 

1.9477 4475 

68 

1.2539 3891 

1.3267 6638 

1.4037 5785 

1.8083 4482 

1.9672 2220 

69 

1.2581 1871 

1.3322 9458 

1.4107 7664 

1.8241 6783 

1.9868 9442 

70 

1.2623 1244 

1.3378 4580 

1.4178 3053 

1.8401 2930 

2.0067 6337 

71 

1.2665 2015 

1.3434 2016 

1.4249 1968 

1.8562 3043 

2.0268 3100 

72 

1.2707 4188 

1.3490 1774 

1.4320 4428 

1.8724 7245 

2.0470 9931 

73 

1.2749 7769 

1.3546 3865 

1.4392 0450 

1.8888 5658 

2.0675 7031 

74 

1.2792 2761 

1.3602 8298 

1.4464 0052 

1.9053 8408 

2.0882 4601 

T» 

1.2834 9170 

1.3659 5082 

1.4536 3252 

1.9220 5619 

2.1091 2847 

n 

1.2877 7001 

1.3716 4229 

1.4609 0069 

1.9388 7418 

2.1302 1975 

77 

1.2920 62*8 

1.3773 5746 

1.4682 0519 

1.9558 3933 

2.1515 2195 

Kl 

1.2963 6945 

1.3830 9645 

1.4765 4622 

1.9729 5292 

2.1730 3717 

EX] 


1.3888 5935 

1.4829 2395 

1.9902 1626 

2.1947 6754 

EJ 

1.3050 2632 

1.3946 4627 

1.4903 3867 

2.0076 3066 

2.2167 1522 

81 

1.3093 7641 

1.4004 5729 

1.4977 9026 

2.0251 9742 

2.2388 8237 

82 

1.3137 4099 

1.4062 9253 

1.5052 7921 

2.0429 1790 

2.2612 7119 

83 

1.3181 2013 

1.4121 5209 

1.5128 0561 

2.0607 9343 

2.2838 8390 

84 

1.3225 1386 

1.4180 3605 

1.5203 6964 

2.0788 2537 

2.3067 2274 

86 

1.3269 2224 

1.4239 4454 

1.5279 7148 

2.0970 1510 

2.3297 8997 

86 

1.3313 4532 

1.4298 7764 

1.5356 1134 

2.1153 6398 

2.3530 8787 

87 

1.3357 8314 

1.4358 3546 

1.5432 8940 

2.1338 7341 

2.3766 1875 

88 

1.3402 3575 

1.4418 1811 

1.5510 0585 

2.1525 4481 

2.4003 8494 

Kl 

1.3447 0320 

1.4478 2568 

1.5587 6087 

2.1713 7957 

2.4243 8879 

EJ 

1.3491 8554 

1.4538 5829 

1.5665'5468 

2.1903 7914 

2.4486 3287 

91 

1.3536 8283 

1.4599 1603 

1.5743 8745 

2.2095 4496 

2.4731 1900 

92 

1.3581 9510 

1.4659 9902 

1.5822 5939 

2.2288 7848 

2.4978 5019 

93 

1.3627 2242 

1.4721 0735 

1.5901 7069 

2.2483 8117 

2.5228 2869 

94 

1.3672 6483 

1.4782 4113 

1.5981 2154 

2.2680 6450 

2.5480 5698 

96 

1.3718 2238 

1.4844 0047 

1.6061 1215 

2.2878 9998 

2.5735 3755 

96 

1.3763 9512 

1.4905 8547 

1.6141 4271 

2.3079 1910 

2.5992 7293 

97 

1.3809 8310 

1.4967 9624 

1.6222 1342 

2.3281 1340 

2.6252 6565 

98 

1.3855 8638 

1.5030 3289 

1.6303 2449 

2.3484 8439 

2.6515 1831 

99 

1.3902 0500 

1.5092 9553 

1.6384 7611 

2.3690 3363 

2.6780 3349 

100 

1.3948 3902 

1.5155 8426 

1.6466 6849 

2.3862 6267 

2.7048 1383 
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TABLE QI. The Amount of 1 at Compound Interest 

(1 + i) n 


n 

i|% 

i;% 

i|% 

i|% 

i\% 

Hl 

1.0112 6000 

1.0125 0000 

1.0137 5000 

1.0150 0000 

1.0175 0000 


1.0226 2656 

1.0251 5625 

1.0276 8906 

1.0302 2500 

1.0353 0625 


1.0341 3111 

1.0379 7070 

1.0418 1979 

1.0456 7838 

1.0534 2411 


1.0457 6509 

1.0509 4534 

1.0561 4481 

1.0613 6355 

1.0718 5903 

WkM 

1.0575 2994 

1.0640 8215 

1.0706 6680 

1.0772 8400 

1.0906 1656 


1.0694 2716 

1.0773 8318 

1.0853 8847 

1.0934 4326 

1.1097 0235 

H 

1.0814 5821 

1.0908 5047 

1.1003 1256 

1.1098 4491 

1.1291 2215 


1.0936 2462 

1.1044 8610 

1.1154 4186 

1.1264 £259 

1.1488 8178 


1.1059 2789 

1.1182 9218 

1.1307 7918 

1.1433 8998 

1.1689 8721 

10 

1.1183 6958 

1.1322 7083 

1.1463 2740 

1.1605 4083 

1.1894 4449 

il 

1.1309 5124 

1.1464 2422 

1.1620 8940 

1.1779 4894 

1.2102 5977 

il 

1.1436 7444 

1.1607 5452 

1.1780 6813 

1.1956 1817 

1.2314 3931 

13 

1.1565 4078 

1.1752 6395 

1.1942 6656 

1.2135 5244 

1.2529 8950 

14 

1.1695 5186 

1.1899 5475 

1.2106 8773 

1.2317 5573 

1.2749 1682 

13 

1.1827 0932 

1.2048 2918 

1.2273 3469 

1.2502 3207 

1.2972 2786 

14 

1.1960 1480 

1.2198 8955 

1.2442 1054 

1.2689 8555 

1.3199 2935 

17 

1.2094 6997 

1.2351 3817 

1.2613 1 843 

1.2880 2033 

1.3430 2811 

18 

1.2230 7650 

1.2505 7739 

1.2786 6156 

1.3073 4064 

1.3665 3111 

18 

1.2368 3611 

1.2662 0961 

1.2962 4316 

1.3269 5075 

1.3904 4540 

10 

1.2507 5052 

1.2820 3723 

1.3140 6650 

1.3468 5501 

1.4147 7820 

SI 

1.2648 2143 

1.2980 6270 

1.3321 3492. 

1.3670 5783 

1.4395 3681 

U 

1.2790 5071 

1.3142 8848 

1.3504 5177 

1.3875 6370 

1.4047 2871 

13 

1.2934 4003 

1.3307 1709 

1.3690 2048 

1.4083 7715 

1.4903 6146 

14 

1.3079 9123 

1.3473 5105 

1.3878 4451 

1.4295 0281 

1.5164 4279 

18 

1.3227 0613 

1.3641 9294 

1.4069 2738 

1.4509 4535 

1.5429 8054 

M 

1.3375 8657 

1.3812 4535 

1.4262 7263 

1.4727 0953 . 

1.5699 8269 

17 

1.3526 3442 

1.3985 1092 

1.4458 8388 

1.4948 0018 

1.5974 5739 

18 

1.3678 5156 

1.4159 9230 

1.4657 6478 

1.5172 2218 

1.6254 1290 

11 

1.3832 3989 

1.4336 9221 

1.4859 1905 

1.5399 8051 

1.6538 5762 

1 10 

1.3988 0134 

1.4516 1336 

1.5063 5043 

1.5630 8022 

1.6828 0013 

SI 

1.4145 3785 

1.4697 5853 

1.5270 6275 

1.5865 2642 

1.7122 4913 


1.4304 5140 

1.4881 3051 

1.5480 5986 

1.6103 2432 

1.7422 1349 


1.4465 4398 

1.5067 3214 

1.5693 5469 

1.6344 7918 

1.7727 0223 

84 

1.4628 1760 

1.5255 6629 

1.5909 2419 

1.6589 9037 

1.8037 2452 

38 

1.4792 7430 

1.5446 3587 

1.6127 9940 

1.6838 8132 

1.8352 8970 

38 

1.4959 1613 

1.5639 4382 

1.6349 7539 

1.7091 3954 

1.8674 0727 

n 

1.5127 4519 

1.6834 9312 

1.6574 5630 

1.7347 7663 

1.9000 8689 

38 

1.5297 6357 

1.6032 8678 

1.6802 4633 

1.7607 9828 

1.9333 3841 

31 

1.5469 7341 

1.6233 2787 

1.7033 4971 

1.7872 1025 

1.9671 7184 

40 

1.5643 7687 

1.6436 1946 

1.7267 7077 

1.8140 1841 

2.0015 9734 

41 

1.5819 7611 

1.6641 6471 

1.7505 1387 

1.8412 2868 

2.0366 2530 

41 

1.5997 7334 

1.6849 6677 

1.7745 8343 

1.8688 4712 

2.0722 6624 

43 

1.6177 7079 

1.7060 2885 

1.7989 8396 

1.8968 7982 

2.1085 3090 

44 

1.6359 7071 

1.7273 5421 

1.8237 1999 

1.9253 3302 

2.1454 3019 

48 

1.6543 7538 

1.7489 4614 

1.8487 9614 

1.9542 1301 

2.1829 7522 

48 

1.6729 8710 

1.7708 0797 

1.8742 1708 

1.9835 2621 

2.2211 7728 

47 

1.6918 0821 

1.7929 4306 

1.8999 8757 

2.0132 7910 

2.2600 4789 

ta 

1.7108 4105 

1.8153 5485 

1.9261 1240 

2.0434 7829 

2.2995 9872 

KH 

1.7300 8801 

1.8380 4679 

1.9525 9644 

2.0741 3046 

2.3398 4170 

KJ 

1.7495 5150 

1.8610 2237 

1.9794 4464 

2.1052 4242 

2.3807 8893 
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MATHEMATICS OF FINANCE 


TABLE m. The Amount of 1 at Compound Interest 

(1+0" 


n 

i\% 

i|% 

i|% 

i|% 

lie, 

/O 

51 

1.7692 3395 

1.8842 8515 

2.0066 6201 

2.1368 2106 

2.4224 5274 

55 

1.7891 3784 

1.9078 3872 

2.0342 5361 

2.1688 7337 

2.4648 45G6 

53 

1.8092 6564 

1.9316 8670 

2.0622 2460 

2.2014 0647 

2.5079 8046 

54 

1.8296 1988 

1.9558 3279 

2.0905 8019 

2.2344 2757 

2.5518 7012 

55 

1.8502 0310 

1.9802 8070 

2.1193 2566 

2.2679 4398 

2.5965 2785 

56 

1.8710 1788 

2.0050 3420 

2.1484 6639 

2.3019 6314 

2.6419 6708 

57 

1.8920 6684 

2.0300 9713 

2.1780 0780 

2.3364 9259 

2.6882 0151 

55 

1.9133 5259 

2.0554 7335 

2.2079 5541 

2.3715 3998 

2.7352 4503 

■ça 

1.9348 7780 

2.0811 6676 

2.2383 1480 

2.4071 1308 

2.7831 1182 

U 

1.9566 4518 

2.1071 8135 

2.2690 9163 

2.4432 1978 

2.8318 1628 

61 

1.9786 5744 

2.1335 2111 

2.3002 9164 

2.4798 6807 

2.8813 7306 

62 

2.0009 1733 

2.1601 9013 

2.3319 2065 

2.5170 6600 

2.9317 9709 

63 

2.0234 2765 

2.1871 9250 

2.3639 8456 

2.5548 2208 

2.9831 0354 

64 

2.0461 9121 

2.2145 3241 

2.3964 8934 

2.5931 4442 

3.0343 0785 

65 

2.6092 1087 

2.2422 1407 

2.4294 4107 

2.6320 4158 

3.0884 2574 

66 

2.0924 8949 

2.2702 4174 

2.4628 4589 

2.6715 2221 

3.1424 7319 

67 

2.1160 2999 

2.2986 1976 

2.4967 1002 

2.7115 9504 

3.1974 6647 

65 

2.1398 3533 

2.3273 5251 

2.5310 3978 

2.7522 6896 

3.2534 2213 

6t 

2.1639 0848 

2.3564 4442 

2.5658 4158 

2.7935 5300 

3.3103 5702 

70 

2.1882 5245 

2.3858 9997 

2.6011 2190 

2.8354 5629 

3.3682 8827 

71 

2.2128 7029 

2.4157 2372 

2.6368 8732 

2.8779 8814 

3.4272 3331 

72 

2.2377 6508 

2.4459 2027 

2.6731 4453 

2.9211 5796 

3.4872 0990 

73 

2.2629 3994 

2.4764 9427 

2.7099 0026 

2.9649 7533 

3.5482 3607 

74 

2.2833 9801 

2.5074 5045 

2.7471 6139 

3.0094 4996 

3.6103 3020 

TB 

2.3141 4249 

2.5387 9358 

2.7849 3486 

3.0545 9171 

3.6735 1098 

76 

2.3401 7659 

2.5705 2850 

2.8232 2771 

3.1004 ,1059 

3.7377 9742 

77 

2.3665 0358 

2.6026 6011 

2.8620 4710 

3.1469 1674 

3.8032 0888 

. 78 

2.3931 2675 

2.6351 9336 

2.9014 0024 

3.1941 2050 

3.8697 6503 

79 

2.4200 4942 

2.6681 3327 

2.9412 9450 

3.2420 3230 

3.9374 8592 

50 

2.4472 7498 

2.7014 8494 

2.9817 3730 

3.2906 6279 

4.0063 9192 

SI 

2.4748 0682 

2.7352 5350 

3.0227 3618 

3.3400 2273 

4.0765 0378 

52 

2.5026 4840 

2.7694 4117 

3.0642 9881 

3.3901 2307 

4.1478 4260 

El 

2.5308 0319 

2.8040 6222 

3.1064 3291 

3.4409 7492 

4.2204 2984 

KZ9 

2.5532 7473 

2.8391 1300 

3.1491 4637 

3.4925 8954 

4.2942 8737 

55 

2.5880 6657 

2.8746 0191 

3.1924 4713 

3.5449 7838 

4.3694 3740 

86 

2.6171 8232 

2.9105 3444 

3.2363 4328 

3.5981 5306 

4.4459 0255 

87 

2.6466 2562 

2.9469 1612 

3.2808 4300 

3.6521 2535 

4.5237 0581 


2.6764 0016 

2.9837 5257 

3.3259 5459 

3.7069 0723 

4.6028 7070 

89 

2.7065 0960 

3.0210 4948 

3.3716 8646 

3.7625 1084 

4.6834 2093 

90 

2.7309 5789 

3.0588 1260 

3.4180 4715 

3.8189 4851 

4.7653 8080 

«1 

2.7677 4867 

3.0970 4775 

3.4650 4530 

3.8762 3273 

4.8487 7496 

92 

2.7988 8584 

3.1357 6085 

3.5326 8967 

3.9343 7622 

4.9336 28.53 

93 

2.8303 7331 

3.1740 5786 

3.5609 8916 

3.9933 9187 

5.0199 6703 

94 

2.8622 1501 

3.2146 4483 

3.6099 5276 

4.0532 9275 

5.1078 1645 

93 

2.8344 1492 

3.2548 2789 ’ 

3.6595 8961 

4.1140 9214 

5.1972 0324 

96 

2.9269 7709 

3.2955 1324 

3.7099 0897 

4.1758 0352 

5.2881 5429 

97 

2.9599 0559 

3.3367 0716 

3.7609 2021 

4.2384 4057 

5.3806 9699 

98 

2.9932 0452 

3.3784 1600 

3.8126 3287 

4.3020 1718 

5.474 8 5919 

99 

3.0268 7807 

3.4206 4620 

3.8050 5657 

4.3665 4744 

5.5706 6923 

10D 

3.0609 3045 

3.4634 0427 

3.9182 0110 

4.4320 4565 

5.6681 5594 
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TABLE m. The Amount of 1 at Compound Interest 


(1 + 0 n 


n 

2% 

2 \% 

2j% 

2j% 

3% 

1 

1.0200 0000 

1.0225 0000 

1.0250 0000 

1.0275 0000 

1.0300 0000 

a 

1.0404 0000 

1.0455 0625 

1.0506 2500 

1.0557 5625 

1.0609 0000 

3 

1.0612 0800 

1.0690 3014 

1.0768 9063 

1.0847 8955 

1.0927 2700 

4 

1.0824 3216 

1.0930 8332 

1.1038 1289 

1.1146 2126 

1.1255 0881 

5 

1.1040 8080 

1.1176 7769 

1.1314 0821 

1.1452 7334 

1.1592 7407 

6 

1.1261 6242 

1.1428 2544 

1.1596 9342 

1.1767 6836 

1.1940 5239 

7 

1.1486 8567 

1.1685 3901 

1.1886 8575 

1.2091 2949 

1.2238 7387 

a 

1.1716 5938 

1.1948 3114 

1.2184 0290 

1.2423 8055 

1.2667 8007 

9 

1.1950 9257 

1.2217 1484 

1.2488 6297 

1.2765 4602 

1.3047 7318 

10 

1.2189 9442 

1.2492 0343 

1.2800 8454 

1.3116 5103 

1.3439 1638 

11 

1.2433 7431 

1.2773 1050 

1.3120 8666 

1.3477 2144 

1.3842 3387 

12 

1.2682 4179 

1.3060 4999 

1.3448 8882 

1.3847 8378 

1.4257 6089 ' 

13 

1.2936 0663 

1.3354 3611 

1.3785 1104 

1.4228 6533 

1.4685 3371 

14 

1.3194 7876 

1.3654 8343 

1.4129 7382 

1.4619 9413 

1.5125 8972 

15 

1.3458 6834 

1.3962 0680 

1.4482 9817 

1.5021 9896 

1.5579 6742 

1» 

1.3727 8571 

1.4276 2140 

1.4845 0562 

1.5435 0944 

1.6047 0644 

17 

1.4002 4142 

1.4597 4294 

1.5210 1826 

1.5859 5595 

1.6528 4763 

18 

1.4282 4625 

1.4925 8716 

1.5596 5872 

1.6295 6973 

1.7024 3306 

19 

1.4568 1117 

1.5261 7037 

1.5986 5019 

1.6743 8290 

1.7535 0605 

20 

1.4859 4740 

1.5605 0920 

1.6386 1644 

1.7204 2843 

1.8061 1123 

Kl 

1.5158 6634 

1.5956 2066 

1.6795 8185 

1.7677 4021 

1.8602 9457 

tl 

1.5459 7967 

1.6315 2212 

1.7215 7140 

1.8163 5307 

1.9161 0341 

33 

1.5768 9926 

1.6682 3137 

1.7646 1068 

1.8663 0278 

1.9735 8651 

34 

1.6084 3725 

1.7057 6658 

1.8087 2595 

1.9176 2610 

2.0327 9411 

H 

1.6406 0599 

1.7441 4632 

1.8539 4410 

1.9703 6082 

2.0937 7793 

n 

1.6734 1811 

1.7833 8962 

1.9002 9270 

2.0245 4575 

2.1565 9127 

27 

1.7068 8648 

1.8235 1588 

1.9478 0002 

2.0802 2075 

2.2212 8901 

38 

1.7410 2421 

1.8645 4499 

1.9964 9502 

2.1074 2682 

2.2879 2768 

29 

1.7758 4469 

1.9064 9725 

2.0464 073') 

2.1962 0606 

2.3565 6551 

30 

1.8113 6158 

1.9493 9344 

2.0975 6758 

2.2566 0173 

2.4272 6247 

31 

1.8475 8882 

1.9932 5479 

2.1500 0677 

2.3186 5828 

2.5000 8035 

32 

1.8845 4059 

2.0381 0303 

2.2037 5694 

2.3824 2138 

2.5750 8276 

33 

1.9222 3140 

2.0839 6034 

2.2588 5086 

2.4479 3797 

2.6523 3524 

34 

1.9606 7603 

2.1308 4945 

2.3153 2213 

2.5152 5626 

2.7319 0530 


1.9998 8955 

2.1787 9356 

2.3732 0519 

2.5844 2581 

2.8138 6215 

36 

2.0398 8734 

2.2278 1 612 

2.4325 3532 

2.6554 9752 

2.8982 7833 

37 

2.0806 8509 

2.2779 4229 

2.4933 4870 

2.7285 2370 

2.9852 2668 

38 

2.1222 9879 

2.3291 9599 

2.5556 8242 

2.8035 5810 

3.0747 8348 

39 

2.1647 4477 

2.3816 0290 

2.6195 7448 

2.8806 5595 

3.1670 2698 

40 

2.2080 3966 

2.4351 8897 

2.6850 6384 

2.9598 7399 

3.2620 3779 

41 

2.2522 0046 

2.4899 8072 

2.7521 9043 

3.0412 7052 

3.3598 9803 

4a 

2.2972 4447 

2.5460 0528 

2.8209 9520 

3.1249 0546 

3.4606 9589 

43 

2.3431 8936 

2.6032 9040 

2.8915 2008 

3.2108 4036 

3.5645 1677 

44 

2.3900 5314 

2.6618 6444 

2.9638 0808 

3.2091 3847 

3.6714 5227 


2.4378 5421 

2.7217 5639 

3.0379 0328 

3.3898 6478 

3.7815 9584 

46 

2.4866 1129 

2.7829 9590 

3.1138 5086 

3.4830 8606 

3.8950 4372 

47 

2.5363 4351 

2.8456 1331 

3.1916 9713 

3.5788 7093 

4.0118 9503 

48 

2.5870 7039 

2.9096 3961 

3.2714 8956 

3.6772 8988 

4.1322 5188 

49 

2.6388 1179 

2.9751 0650 

3.3532 7680 

3.7784 1535 

4.2562 1944 


2.6915 8803 

3.0420 4640 

34371 0872 

3.8823 2177 

4.3839 0602 
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MATHEMATICS OF FINANCE 


TABLE m. The Amount of 1 at Compound Interest 

(1 + 0 " 


n 

2% 

2j% . 

2j% 

2|% 

3% 

61 

2.7454 1979 

3.1104 9244 

3.5230 3644 

3.9890 8502 

4.5154 2320 

61 

2.8003 2819 

3.1804 7852 

3.6111 1235 

4.0987 8547 

4.6508 8590 

63 

2.8563 3475 

3.2520 3929 

3.7013 9016 

4.2116 0208 

4.7904 1247 

A4 

2.9134 6144 

3.3252 1017 

3.7939 2491 

4.3273 1838 

4.9341 2485 

65 

2.9717 3067 

3.4000 2740 

3.8887 7303 

4.4463 1964 

6.0821 4859 

65 

3.0311 6529 

3.4765 2802 

3.9859 9230 

4.5685 9343 

6.2346 1305 

87 

3.0917 8859 

3.5547 4990 

4.0856 4217 

4.6942 2975 

6.3916 5144 

65 

3.1536 2436 

3.6347 3177 

4.1877 8322 

4.8233 2107 

5.5534 0098 

O 

3.2106 9685 

3.7165 1324 

4.2924 7780 

4.9559 6239 

5.7200 0301 

ta 

3.2810 3079 

3.8001 3479 

4.3997 8975 

5.0922 5136 

6.8916 0310 

61 

3.3466 5140 

3.8856 3782 

4.5097 8449 

5.2322 8827 

6.0683 5120 

61 

3.4135 8443 

3.9730 6467 

4.6225 2910 

5.3761 7620 

6.2504 0173 

63 

3.4818 5612 

4.0624 5862 

4.7380 9233 

5.5240 2105 

6.4379 1379 

64 

3.5514 9324 

4.1538 6394 

4.8565 4464 

5.6759 3162 

6.6310 5120 

65 

3.6225 2311 

4.2473 2588 

4.9779 5820 

5.8320 1974 

6.8299 8273 

65 

3.6949 7357 

4.3428 9071 

5.1024 0721 

5.9924 0029 

7.0348 8222 

67 

3.7688 7304 

4.4406 0576 

5.2299 6739 

6.1571 9130 

7.2459 2868 

65 

3.8442 5050 

4.5405 1939 

5.3607 1658 

0.3265 1406 

7.4633 0654 

61 

3.9211 3551 

4.6426 8107 

6.4947 3449 

6.5004 9319 

7.6872 0574 

70 

3.9995 5822 

4.7471 4140 

5.6321 0286 

6.6792 5676 

7.9178 2191 

71 

4.0795 4939 

4.8539 5208 

5.7729 0543 

6.8629 3632 

8.1553 5657 

71 

4.1611 4038 

4.9631 6600 

6.9172 2800 

7.0510 6706 

8.4000 1727 

73 

4.2443 6318 

5.0748 3723 

6.0651 5876 

7.2455 8791 

8.6520 1778 

74 

4.3292 5045 

5.1890 2107 

6.2f67 8773 

7.4448 4158 

8.9115 7832 

75 

4.4158 3546 

5.3057 7405 

6.3722 0743 

7.6495 7472 

9.1789 2567 

76 

4.5041 5216 

5.4251 5396 

6.5315 1261 

7.8599 3802 

9.4542 9344 

77 

4.5942 3521 

5.5*72 1993 

6.6948 0043 

8.0760 8632 

9.7379 2224 

75 

4.6861 1991 

5.m20 3237 

6.8621 7044 

8.2981 7869 

10.0300 5991 

WuM 

4.7798 4231 

5.7996 5310 

7.0337 2470 

8.5263 7861 

10.3309 6171 

El 

4.8754 3916 

5.9301 4530 

7.2095 6782 

8.7608 5402 

10.6408 9056 

81 

4.9729 4794 

6.0635 7357 

7.3898 0701 

9.0017 7751 

10.9601 1727 

51 

5.0724 0690 

6.2000 0397 

7.5745 5219 

9.2493 2639 

11.2889 2079 

83 

5.1738 5504 

6.3395 0406 

7.7639 1599 

9.5036 8286 

11.6275 8842 

84 

5.2773 3214 

6.4821 4290 

7.9580 1389 

9.7650 3414 

11.9764 1607 

85 

5.3828 7878 

6.6279 9112 

8.1589 0424 

10.0335 7258 

12.3357 0855 

85 

5.4905 3030 

6.7771 2092 

8.3608 8834 

10.3094 9583 

12.7057 7981 

87 

5.6003 4708 

6.9296 0614 

8.5699 1055 

10.5930 0696 

13.0869 6320 ] 

88 

5.7123 5402 

7.0855 2228 

8.7841 5832 

10.8843 1465 

13.4795 6180 


5.8266 0110 

7.2449 4653 

9.0037 6228 

11.1836 3331 

13.8839 4865 

10 

5.9431 3313 

7.4079 5782 

9.2288 5633 

11.4911 8322 

14.3004 6711 

11 

6.0619 9579 

7.5746 3688 

9.4595 7774 

11.8071 9076 

14.7294 8112 

H 

6.1832 3570 

7.7450 6621 

9.6960 6718 

12.1318 8851 

15.1713 6556 

93 

6.3069 0042 

7.9193 3020 

9.9384 6886 

12.4655 1544 

15.6265 0652 

14 

6.4330 3843 

8.0975 1512 

10.1869 3058 

12.8083 1711 

16.0953 0172 

13 

6.5610 9920 

8.2797 0921 

10.4416 0385 

13.1605 4584 

16.5781 6077 

96 

6.6929 3318 

8.4660 0267 

10.7020 4395 

13.5224 6085 

17.0755 0559 

97 

6.8267 9184 

8.6564 8773 

10.9702 1004 

13.8943 2852 

17.5877 7076 ! 

98 

6.9633 2768 

8.8512 5871 

11.2444 6530 

14.2764 2255 

18.1154 0388 

99 

7.1025 9423 

9.0504 1203 

11.5255 7693 

14.6690 2417 

18.6588 6600 

100 

7.2446 4612 

9.2540 4630 

11.8137 1635 

15.0724 2234 

19.2186 3198 
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TABLE in. The Amount of 1 at Compound Interest 

(1 + «) n 


V 

s \% * 

4% 

4|% 

5% 

65% 

1 

1.0350 0000 

1.0400 0000 

1:0450 0000 

1.0500 0000 

1.0550 0000 

S 

1.0712 2500 

1.0816 0000 

1.0920 2500 

1.1025 0000 

1.1130 2500 

3 

1.1087 1788 

1.1248 6400 

1.1411 6613 

1.1576 2500 

1.1742 4138 

4 

1.1475 2300 

1.1098 5856 

1.1925 1860 

1.2155 0625 

1.2388 2465 

5 

1.1876 8631 

1.2166 5290 

1.2401 8194 

1.2702 8156 

1.3069 6001 

4 

1.2292 5533 

1.2653 1902 

1.3022 6012 

1.3400 9564 

1.3788 4281 

T 

1.2722 7926 

1.3159 3178 

1.3608 6183 

1.4071 0042 

1.4546 7910 

8 

1.3168 0904 

1.3685 6905 

1.4221 0061 

1.4774 5544 

1.5346 8651 

8 

1.3628 9735 

1.4233 1181 

1.4860 9514 

1.5513 2822 

1.6190 9427 

10 

1.4105 9876 

1.4802 4428 

1.5529 6942 

1.6288 9463 

1.7U81 4446 

11 

1.4599 6972 

1.5394 5406 

1.6228 5305 

1.7103 3936 

1.8020 9240 

18 

1.5110 6866 

1.6010 3222 

1.6958 8143 

1.7958 5633 

1.9012 0749 

18 

1.5639 5606 

1.6650 7351 

1.7721 9610 

1.8856 4914 

2.0057 7390 

14 

1.6186 9452 

1.7316 7645 

1.8519 4492 

1.9799 3160 

2.1160 9146 

18 

1.6753 4883 

1.8009 4351 

1.9352 8244 

2.0789 2818 

2.2324 7649 

li 

1.7339 8604 

1.8729 8125 

2.0223 7015 

2.1828 7459 

2.3552 6270 

17 

1.7946 7555 

1.9479 0050 

2.1133 7681 

2.2920 1832 

2.4848 0215 

18 

1.8574 8920 

2.0258 1652 

2.2084 7877 

2.4060 1923 

2.6214 6627 

li 

1.9225 0132 

2.1068 4918 

2.3078 6031 

2.5269 5020 

2.7656 4691 

il 

1.9897 8886 

2.1911 2314 

2.4117 1402 

2.6532 9771 

2.9177 5749 

H 

2.0594 3147 

2.2787 6807 

2.5202 4116 

2.7859 6259 

3.0782 3415 

n 

2.1315 1158 

2.3699 1879 

2.6336 5201 

2.9252 6072 

3.2475 3703 

13 

2.2061 1448 

2.4647 1554 

2.7521 6635 

3.0715 2376 

3.4261 5157 

14 

2.2833 2849 

2.5633 0416 

2.8760 1383 

3.2250 9994 

3.6145 8990 

18 

2.3632 4498 

• 2.6658.3633 

3.0054 3446 

3.3863 5494 

3.8133 9235 

18 

2.4459 5856 

2.7724 6978 

3.1406 7901 . 

3.5556 7269 

4.0231 2893 

27 

2.5315 6711 

2.8833 6858 

3.2820 0956 

3.7334 5632 

4.2444 0102 

18 

2.6201 7196 

2.9987 0332 

3.4296 9909 

3.9201 2914 

4.4778 4307 

U 

2.7118 7798 

3.1186 5145 

3.5840 3649 

4.1161 3560 

4.7241 2444 


2.8067 9370 

3.2433 9751 

3.7453 1813 

4.3219 4238 

4.9839 5129 

81 

2.9050 3148 

3.3731 3341 

3.9138 5745 

4.5380 3949 

5.2580 6801 

SI 

3.0067 0759 

3.5080 5875 

4.0839 8104 

4.7049 4147 

5.5472 6238 

33 

3.1119 4235 

3.6483 8110 

4.2740 3018 

5.0031 8854 

5.8523 6181 

84 

3.2208 6033 

3.7943 1634 

4.4663 6154 

5.2533 4797 

6.1742 4171 

88 

3.3335 9045 

3.9460 8899 

4.6673 4781 

5:5160 1537 

6.5138 2501 

88 

3.4502 6611 

4.1039 3255 

4.8773 7846 

5.7918 1614 

6.8720 8538 

87 

3.5710 2543 

4.2680 8986 

5.0968 6049 

6.0814 0694 

7.2500 5008 

88 

3.6960 1132 

4.4388 1345 

5.3262 1921 

6.3854 7729 

7.6488 0283 

KH 

3.8253 7171 

4.6163 6599 

• 5.5058 9908 

0.7047 5115 

8.0694 8699 

LJ 

3.9592 5972 

4.8010 2063 

5.8163 6454 

7.0399 8871 

8.5133 0877 

41 

4.0978 3381 

4.9930 6145 

6.0781 0094 

7.3919 8815 

8.9815 4070 

41 

4.2412 5799 

5.1927 8391 

6.3516 1548 

7.7615 8756 

9.4755 2550 

48 

4.3897 0202 

5.4004 9527 

6.6374 3818 

8.1496 6693 

9.9966 7940 

44 

4.5433 4160 

5.6165 1508 

6.9361 2290 

8.5571 5028 

10.5464 9677 

48 

4.7023 5855 

5.8411 7568 

7.2482 4843 

8.9850 0779 

11.1265 5409 

46 

4.8669 4110 

6.0748 2271 

7.5744 1961 

9.4342 5818 

11.7385 1456 

47 

5.0372 8404 

6.3178 1562 

7.9152 6849 

9.9059 7109 

12.3841 3287 

KH 

5.2135 8898 

6.5705 2824 

8.2714 5557 

10.4012 6965 

13 .0652 6017 

Rh 

5.3960 5459 

6.8333 4937 

8.6436 7107 

10.9213 3313 

13.7838 4948 

U 

5.5849 2686 

7.1066 8335 

9.0326 3627 

11.4673 9979 

14.5419 6120 
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TABLE III. The Amount of 1 at Compound Interest 

(1 + i) n 


D 

3j% 

4% 

4j% 

5%' 

6 i% 

51 

6.7803 9930 

7.3909 5068 

9.4391 0490 

12.0407 6978 

15.3417 6907 

52 

6.9827 1327 

7.6865 8871 

9.8638 6463 

12.6428 0826 

16.1855 6637 

53 

6.1921 0824 

7.9940 5226 

10.3077 3853 

13.2749 4868 

17.0757 7252 

54 

6.4088 3202 

8.3138 1435 

10.7715 8677 

13.9386 9611 

18.0149 4001 

55 

6.6331 4114 

8.6463 6692 

11.2563 0817 

14.6356 3092 

19.0057 6171 

56 

6.8653 0108 

8.9922 2160 

11.7628 4204 

15.3674 1246 

20.0510 7860 

57 

7.1055 8662 

9.3519 1046 

12.2921 6993 

16.1357 8309 

21.1538 8793 

58 

7.3542 8215 

9.7259 8688 

12.8453 1758 

16.9425 7224 

22.3173 5176 

59 

7.6116 8203 

10.1150 2635 

13.4233 5687 

17.7897 0085 

23.6448 0611 

60 

' 7.8780 9090 

10.5196 2741 

14.0274 0793 

18.6791 8589 

24.8397 7045 

61 

8.1538 2408 

10.9404 1250 

14.6586 4129 

19.6131 4519 

26.2059 5782 

62 

8.4392 0793 

11.3780 2900 

15.3182 8014 

20.5938 0245 

27.6472 8550 

63 

8.7345 8020 

11.8331 5016 

16.007G 0275 

21.6234 9257 

29.1678 8620 

64 

9.0402 9051 

12.3064 7617 

10.7279 4487 

22.7046 6720 

30.7721 1994 

60 

9.3567 0068 

12.7987 3522 

17.4807 0239 

23.8399 0056 

32.4645 8054 

66 

9.6841 8520 

13.3106 8463 

18.2673 3400 

25.6318 9559 

34.2501 3880 

67 

10.0231 3168 

13.8431 1201 

19.0893 6403 

26.2834 9037 

36.1338 9643 

68 

10.3739 4129 

14.3968 3649 

19.9483 8541 

27.5976 6488 

38.1212 6074 

69 

10.7370 2924 

14.9727 0995 

20.8460 6276 

28.9775 4813 

40.2179 3008 

70 

11.1128 2526 

15.5716 1835 

21.7841 3658 

30.4?Ô4 2554 

42.4299 1623 

71 

11.5017 7414 

16.1944 8308 

22.7644 2168 

31.9477 4681 

44.7635 6163 

72 

11.9043 3624 

16.8422 6241 

23.7888 2066 

33.5451 3415 

47.2255 5751 

73 

12.3209 8801 

17.5159 5290 

24.8593 1759 

35.2223 9080 

49.8229 6318 

74 

12.7522 2259 

18.2165 9102 

25.9779 8088 

30.9835 1040 

52.5632 2615 

. 75 

13.1985 6038 

18.9452 5466 

27.1469 9629 

38.8326 8592 

55.4542 0359 

76 

13.6604 9964 

19.7030 (y85 

28.3686 1112 

40.7743 2022 

58.5041 8479 

77 

14.1380 1713 

20.4911 8744 

29.6451 9802 

42.8130 3023 

61.7219 1495 

78 

14.6334 6873 

21.3108 3494 

30.9792 3250 

44.9536 8804 

65.1166 2027 

79 

15.1456 4013 

22.1632 6834 

32.3732 9802 

47.2013 7244 

68.6980 3439 

80 

15.6757 3754 

23.0497 9907 

33.8300 9643 

49.5614 4107 

72.4764 2028 


16.2243 8835 

23.9717 0103 

35.3524 5077 

52.0395 1312 

76.4626 2973 

62 

16.7922 4195 

24.9306 6267 

36.9433 1106 

54.6414 8878 

80.6680 7436 

83 

17.3799 7041 

25.9278 8918 

38.6057 6006 

57.3735 6322 

85.1048 1845 

84 

17.9882 6938 

26.9650 0475 

40.3430 1926 

60.2422 4138 

89.7855 8347 

80 

18.6178 5881 

28.0436 0494 

42.1584 5513 

63.2543 6344 

94.7237 9056 

86 

19.2094 8387 

29.1653 4914 

44.0555 8561 

66.4170 7112 

99.9335 9904 

87 

19.9439 1580 

30.3310 6310 

46.0380 8696 

69.7379 2167 

105.4299 4698 

88 

20.6419 5285 

31..5452 4163 

48.1098 0087 

73.2248 2091 

111.2285 9107 

89 

21.3644 2120 

32.8070 5129 

50.2747 4191 

76.8860 6195 

117.3461 6674 


22.1121 7595 

34.1193 3334 

52.5371 0530 

80.7303 6505 

123.8002 0591 

91 

22.8861 0210 

35.4841 0668 

54.9012 7503 

84.7668 8330 

130.6092 1724 

El 

23.6871 1568 

36.9034 7094 

57.3718 3241 

89.0052 2747 

137.7927 2419 

6:1 

24.5161 6473 

38.3796 0978 

59.9535 6487 

93.4554 8884 

145.3713 2402 

M 

25.3742 3049 

39.9147 9417 

62.6514 7529 

98.1282 6328 

153.3667 4684 

y 

26.2623 2856 

41.5113 8594 

65.4707 9168 

103.0346 7645 

161.8019 1791 

M 

27.1815 1006 

43.1718 4138 

68.4169 7730 

108.1864 1027 

170.7010 2340 

97 

28.1328 6291 

44.8987 1503 

71.4957 4128 

113.5957 3078 

180.0895 7969 

98 

29.1175 1311 

46.6946 6363 

74.7130 4964 

119.2755 1732 

189.9945 0657 

99 

30.1366 2607 

48.5624 5018 

78.0751 3687 

125.2392 9319 

200.4442 0443- 

100 

31.1914 0798 

50.5049 4818 

81.5885 1803 

131.5012 5785 

211.4680 3567 
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TABLE ni. The Amount of 1 at Compound Interest 

(1 + i) n 


6 % 

6 |% 

7% 

i\% 

8 % 

1.0600 

0000 

1.0650 

0000 

1.0700 

0000 

1.0750 

0000 

1.0800 

OOOO 

1.1236 

0000 

1.1342 

2500 

1.1449 

0000 

1.1556 

2500 

1.1664 

0000 

1.1910 

1600 

1.2079 

4963 

1.2250 

4300 

1.2422 

9688 

1.2597 

1200 

1.2624 

7096 

1.2864 

6635 

1.3107 

9601 

1.3354 

6914 

1.3604 

8896 

1.3382 

2558 

1.3700 

8666 

1.4025 

5173 

1.4356 

2933 

1.4693 

2808 

1.4185 

1911 

1.4591 

4230 

1.5007 

3035 

1.5433 

0153 

1.5868 

7432 

1.5036 

3026 

1.5539 

8655 

1.6057 

8148 

1.6590 

4914 

1.7138 

2427 

1.5938 

4807 

1.6549 

9567 

1.7181 

8618 

1.7834 

7783 

1.8509 

3021 

1.6894 

7896 

1.7625 

7039 

1.8384 

5921 

1.9172 

3866 

1.9990 

0463 

1.7908 

4770 

1.8771 

3747 

1.9671 

5136 

2.0610 

3156 

2.1589 

2500 

1.8982 

9856 

1.9991 

5140 

2.1048 

5195 

2.2156 

0893 

2.3310 

3900 

2.0121 

9647 

2.1290 

9624 

2.2521 

9159 

2.3817 

7960 

2.5181 

7012 

2.1329 

2826 

2.2674 

8750 

2.4098 

4500 

2.5604 

1307 

2.7196 

2373 

2.2609 

0396 

2.4148 

7418 

2.5785 

3415 

2.7524 

4405 

2.9371 

9362 

2.3965 

5819 

2.5718 

4102 

2.7590 

3154 

2.9588 

7735 

3.1721 

6911 

2.5403 

5168 

2.7390 

1067 

2.9521 

6375 

3.1807 

9315 

3.4259 

4264 

2.6927 

7279 

2.9170 

4637 

3.1588 

1521 

3.4193 

5264 

3.7000 

1805 

2.8543 

3915 

3.1066 

5438 

3.3799 

3228 

3.6758 

0409 

3.9960 

1950 

3.0255 

9950 

3.3085 

8691 

3.6165 

2754 

3.9514 

8940 

4.3157 

0106 

3.2071 

3547 

3.5236 

4506 

3.8696 

8446 

4.2478 

5110 

4.6609 

5714 

3.3995 

6360 

3.7526 

8199 

4.1405 

6237 

4.5664 

3993 

5.0338 

3372 

3.6035 

3742 

3.9966 

0632 

4.4304 

0174 

4.C089 

2293 

5.4365 

4041 

3.8197 

4C66 

4.2563 

8573 

4.7405 

2986 

5.2770 

9215 

5.8714 

6365 

4.0489 

3464 

4.5330 

5081 

5.0723 

6695 

5.6728 

7406 

6.3411 

8074 

4.2918 

7072 

4.8276 

9911 

5.4274 

3264 

6.0983 

3961 

6.8484 

7520 

4.5493 

8296 

5.1414 

9955 

5.8073 

5292 

6.5557 

1508 

7.3963 

5321 

4.8223 

4594 

5.4756 

9702 

6.2138 

6763 

7.0473 

9371 

7.9880 

6147 

5.1116 

8670 

5.8316 

1733 

6.6488 

3836 

7.5759 

4824 

8.6271 

0639 

5.4183 

8790 

6.2106 

7245 

7.1142 

5705 

8.1441 

4436 

9.3172 

7490 

5.7434 

9117 

6.6143 

6616 

7.6122 

5504 

8.7549 

5519 

10.0626 

5689 

6.0881 

0064 

7.0442 

9996 

8.1451 

1290 

9.4115 

7683 

10.8676 

6944 

6.4533 

8668 

7.5021 

7946 

8.7152 

7080 

10.1174 

4509 

11.7370 

8300 

6.8405 

8988 

7.9898 

2113 

9.3253 

3975 

10.8762 

5347 

12.6760 

4964 

7.2510 

2528 

8.5091 

5950 

9.9781 

1354 

11.6919 

7248 

13.6901 

3361 

7.6860 

8679 

9.0622 

5487 

10.6765 

8148 

12.5688 

7042 

14.7853 

4429 

8.1472 

5200 

9.6513 

0143 

11.4239 

4219 

13.5115 

3570 

15.9681 

7184 

8.6360 

8712 

10.2786 

3603 

12.2236 

1814 

14.5249 

0088 

17.2456 

2558 

9.1542 

5235 

10.9467 

4737 

13.0792 

7141 

15.0142 

6844 

18.6252 

7563 

9.7035 

0749 

11.6582 

8595 

13.9948 

2041 

16.7853 

3858 

20.1152 

9768 

10.2857 

1794 

12.4160 

7453 

14.9744 

5784 

18.0442 

3897 

21.7245 

2150 

10.9028 

6101 

13.2231 

1938 

16.0226 

6989 

19.3975 

5689 

23.4624 

8322 

11.5570 

3267 

14.0826 

2214 

17.1442 

5678 

20.8523 

7366 

25.3394 

8187 

12.2504 

5463 

14.9979 

9258 

18.3443 

5475 

22.4163 

0168 

27.3666 

4042 

12.9854 

8191 

15.9728 

6209 

19.6284 

5959 

24.0975 

2431 

29.5559 

7166 

13.7646 

1083 

17.0110 

9813 

21.0024 

5176 

25.9048 

3863 

31.9204 

4939 

14.5904 

8748 

18.1168 

1951 

22.4726 

2338 

27.8477 

0153 

34.4740 

8534 

15.4659 

1673 

19.2944 

1278 

24.0457 

0702 

29.9362 

7915 

37.2320 

1217 

16.3938 

7173 

20.5485 

4961 

25.7289 

0651 

32.1815 

0008 

40.2105 

7314 

17.3775 

0403 

21.8842 

0533 

27.5299 

2997 

34.5951 

1259 

43.4274 

1899 

18.4201 

5427 

23.3066 

7868 

29.4570 

2506 

37.1897 

4G03 

46.9010 

1251 
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TABLE IV. The Présent Value of 1 at Compound Interest 


y" = (1 4- i)~* 


n 

3% 

5% 

s* 

8 /0 

i% 

1 

0.9966 7774 

0.9958 5062 

0.9950 2488 

0.9913 2590 

0.9900 9901 

a 

0.9933 6652 

0.9917 1 846 

0.9900 7450 

0.9827 2704 

0.9802 9605 

3 

0.9900 6630 

0.9876 0345 

0.9851 4876 

0.9742 0276 

0.9705 9015 

4 

0.9867 7704 

0.9835 0551 

0.9802 4752 

0.9657 5243 

0.9609 8034 

1 

0.9834 9871 

0.9794 2457 

0.9753 7067 

0.9573 7539 

0.9514 6569 

• 

0.9802 3127 

0.9753 6057 

0.9705 1808 

0.9490 7102 

0.9420 4524 

7 

0.9769 7469 

0.9713 1343 

0.9656 8963 

0.9408 3868 

0.9327 1805 

8 

0.9737 2893 

0.9672 8308 

0.9608 8520 

0.9326 7775 

0.9234 8322 

9 

0.9794 9395 

0.9632 6046 

0.9561 0468 

0.9245 8761 

0.9143 3982 

10 

0.9672 6972 

0.9592 7249 

0.9513 4794 

0.9165 6765 

0.9052 8695 

11 

0.9640 5620 

0.9552 9211 

0.9466 1489 

0.9086 1724 

0.8963 2372 

ia 

0.9608 5335 

0.9513 2824 

0.9419 0534 

0.9007 3581 

0.8874 4923 

13 

0.9576 6115 

0.9473 8082 

0.9372 1924 

0.9029 2273 

0.8786 6260 

il 

0.9544 7955 

0.9434 4978 

0.9325 5646 

0.8851 7743 

0.8699 6297 

Kl 

0.9513 0852 

0.9395 3505 

0.9279 1688 

0.8774 9931 

0.8613 4947 

H 

0.9481 4803 

0.9356 3656 

0.9233 0037 

0.8698 8779 

0.8528 2126 

17 

0.9449 9803 

0.9317 5425 

0.9187 0G84 

0.8623 4230 

0.8443 7749 

18 

0.9418 5851 

0.9278 8805 

0.9141 3616 

0.8548 6225 

0.8360 1731 

19 

0.9387 2941 

0.9240 3789 

0.9095 8822 

0.8474 4709 

0.8277 3992 

Kl 

0.9356 1071 

0.9202 0371 

0.9050 6290 

0.8400 9624 

0.8195 4447 | 

n 

0.9325 0236 

0.9163 8544 

0.9005 6010 

0.8328 0917 

0.8114 3017 

aa 

0.9294 0435 

0.9125 8301 

0.8960 7071 

0.8255 8530 

0.8033 9621 

83 

0.9263 1663 

0.9087 9636 

0.8916 2160 

0.8184 2409 

0.7954 4179 

84 

0.9232 3916 

0.9050 2542 

0.8871 85G7 

0.8113 2499 

0.7875 6613 


0.9201 7192 

0.9012 7012 

0.8827 7181 

0.8042 8748 

0.7797 6844 

86 

0.9171 1487 

0.8975 3041 

0.8783 7991 

0.7973 1101 

0.7720 4796 

87 

0.9140 6798 

0.8938 0622 

0.8740 0086 

0.7903 9505 

0.7644 0392 


0.9110 3121 

0.8900 9748 

0.8090 6155 

0.7835 3908 

0.7508 3557 

« 

0.9080 0453 

0.8864 0413 

0.8653 3488 

0.7707 4258 

0.7493 4215 


0.9049 8790 

0.8827 2610 

0.8610 2973 

0.7700 0504 

0.7419 2292 

81 

0.9019 8130 

0.8790 6334 

0.8567 4000 

0.7633 2594 

0.7345 7715 

Kl 

0.8989 84G8 

0.8754 1577 

0.3524 8358 

0.75G7 0477 

0.7273 0411 

üfl 

0.8959 9802 

0.8717 8334 

0.8482 4237 

0.7501 4104 

0.7201 0307 

34 

0.8930 2128 

0.8081 6539 

0.3440 2226 

0.7436 3424 

0.7129 7334 


0.8900 5444 

0.8645 6364 

0.8398 2314 

0.7371 8388 

0.7059 1420 

36 

0.8870 9745 

0.8609 7624 

0.8356 4492 

0.7307 9847 

0.6989 2495 

87 

0.8841 5028 

0.8574 0372 

0.8314 8748 

0.7244 5053 

0.6020 0490 

38 

0.8812 1290 

0.8538 4G03 

0.8273 5073 

0.7181 6657 

0.6851 5337 

39 

0.8782 8528 

0.8503 0310 

0.8232 3455 

0.7119 3712 

0.0783 6067 

40 

0.8753 6739 

0.8467 7487 

0.8191 3886 

0.7057 6171 

0.6716 5314 

41 

0.8724 5920 

0.8432 6128 

0.8150 6354 

0.6996 3986 

0.6650 0311 

48 

0.8G95 60G6 

0.8397 6227 

0.8110 0850 

0.6935 7111 

0.6584 1892 

43 

0.8666 7175 

0.8362 7778 

0.8069 7363 

0.6875 5500 

0.6518 9992 

44 

0.8637 9245 

0.8328 0775 

0.8029 5884 

0.6815 9108 

0.6454 4546 

45 

0.8G09 2270 

0.8293 5211 

0.7989 6402 

0.6756 7889 

0.6390 5492 

Kl 

0.8580 6249 

0.8259 1082 

0.7949 8907 

0.6698 1798 

0.6327 2764 

Kl 

0.8552 1179 

0.8224 &380 

0.7910 3390 

0.6640 0792 

0.6264 6301 

K] 

0.8523 7055 

0.8190 7100 

0.7870 9841 

0.6582 4824 

0.6202 6041 

KJ 

0.8495 3876 

0.8156 7237 

0.7831 8250 

0.6525 3853 

0.6141 1921 

la 

0.8467 1637 

0.8122 8784 

0.7792 8607 

0.6468 7835 

0.6080 3882 
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TABLE IV. The Présent Value of 1 at Compound Interest 

u"-(l + tT n 




5 ~ 

% 

s % 




0.8439 0336 
0.8410 9969 
0.8383 0534 
0.8355 2027 
0.8327 4448 

0.8299 7787 
0.8272 2047 
0.8244 7222 
0 8217 3311 
0.8190 0310 

0.8162 8216 
0.8135 7020 
0.8108 6737 
0.8081 7346 
0.8054 8850 

0.8028 1246 
0.8001 4531 
0.7974 8702 
0.7948 3756 
0.7921 9690 

0.7895 6502 
0.7809 4188 
0.7843 2745 
0.7817 2171 
0.7791 2463 

0.7765 3618 
0.7739 5632 
0.7713 8504 
0.7688 2230 
0.7662 6807 

0.7637 2233 
0.7611 8505 
0.7586 5619 
0.7561 3574 
0.7536 2366 

0.7511 1993 
0.7486 2451 
0.7461 3739 
0.7436 5853 
0.7411 8790 

0.7387 2548 
0.7362 7125 
0.7338 2516 
0.7313 8720 
0.7389 5735 

0.7265 3556 
0.7241 2182 
0.7217 1610 
0.7193 1837 
0.7169 2861 


0.8089 1735 
0.8055 6084 
0.8022 1827 
0.7988 8956 
0.7955 7467 

0.7922 7353 
0.7889 8608 
0.7857 1228 
0.7824 5207 
0.7792 0538 

0.7759 7216 
0.7727 5236 
0.7695 4591 
0.7663 5278 
0.7631 7289 

0.7600 0620 
0.7568 5205 
0.7537 1218 
0.7505 8474 
0.7474 7028 

0.7443 6874 
0.7412 8008 
0.7382 0423 
0.7351 4114 
0.7320 9076 

0.7290 5304 
0.7260 2792 
0.7230 1530 
0.7200 1529 
0.7170 2768 

0.7140 5246 
0.7110 8959 
0.7081 3901 
0.7052 0067 
0.7022 7453 

0.6993 6052 
0.6964 5861 
0.G935 6874 
0.6906 9080 
0.6878 2493 

0.6849 7088 
0.6821 2868 
0.6792 9827 
0.6764 7960 
0.6736 7263 

0.6708 7731 
0.6680 9359 
0.6653 2141 
0.6625 6074 
0.6598 1153 


0.7754 0902 
0.7715 5127 
0.7677 1270 
0.7638 9324 
0.7600 9277 

0.7.563 1122 
0.7525 4847 
0.7488 0445 
0.7450 7906 
0.7413 7220 

0.7376 8378 
0.7340 1371 
0.7303 6190 
0.7267 2828 
0.7231 1269 

0.7195 1512 
0.7159 3544 
0.7123 7357 
0.7088 2943 
0.7053 0291 

0.7017 9394 
0.6983 0243 
0.6948 2829 
0.6913 7143 
0.6879 3177 

0.6845 0923 
0.6811 0371 
0.6777 1513 
0.6743 4342 
0.6709 8847 

0.6676 5022 
0.6643 2858 
0.6610 2346 
0.6577 3479 
0.6544 6248 

0.6512 0644 
0.6479 6G31 
0.6447 4290 
0.6415 3522 
0.6383 4350 

0.6351 6766 
0.6320 0763 
0.6288 6331 
0.6257 3464 
0.6226 2153 

0.6195 2391 
0.6164 4170 
0.6133 7483 
0.6103 2321 
0.6072 8678 


0.6412 6726 
0.6357 0484 
0.6301 9067 
0.6247 2433 
0.6193 0541 

0.6139 3349 
0.6086 0817 
0.6033 2904 
0.5980 9571 
0.5929 0776 

0.5877 6482 
0.5S26 6049 
0.5776 1238 
0.5725 0211 
0.5676 3530 

0.5627 1158 
0.5578 3050 
0.5529 9188 
0.5481 9517 
0.5434 4007 

0.5387 2622 
0.5340 5325 
0.5294 2082 
0.5248 2857 
0.5202 7615 

0.5157 6322 
0.5112 8944 
0.5068 5447 
0.6024 5796 
0.4980 9959 

0.4937 7902 
0.4894 9593 
0.4852 4999 
0.4810 4089 
0.4768 6829 

0.4727 3188 
0.4686 3136 
0.4645 6040 
0.4605 3671 
0.4565 4197 

0.4525 8187 
0.4486 5613 
0.4447 6444 
0.4409 0651 
0.4370 8204 

0.4332 9075 
0.4295 3234 
0.4258 0654 
0.4221 1305 
0.4184 5159 


0.6020 1864 
0.5960 5806 
0.5901 6649 
0.5843 1336 
0.5785 2808 

0.5728 0008 
0.5671 2879 
0.5615 1365 
0.5559 5411 
0.5504 4962 

0.5449 9962 
0.53C6 0358 
0.5342 6007 
0.5289 7120 
0.5237 3392 

0.5185 4844 
0.5134 1429 
0.5083 3000 
0.5032 0831 
0.4983 1486 

0.4933 8105 
0.4884 9009 
0.483G 5940 
0.4788 7078 
0.4741 2949 

0.4694 3514 
0.4647 8720 
0.4601 8541 
0.4556 2912 
0.4511 1794 

0.4466 5142 
0.4422 2913 
0.4378 5063 
0.4335 1547 
0.4292 2324 

0.4249 7350 
0.4207 G585 
0.41G5 9983 
0.4124 7510 
0.4083 9119 

0.4043 4771 
0.4003 4427 
0.3963 8046 
0.3924 5590 
0.3885 7020 

0.3847 2297 
0.3809 1383 
0.3771 4241 
0.3734 0832 
0.3697 1121 
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TABLE IV. The Présent Value of 1 at Compound Interest 

u=(l + i)" n 


n 

i\% 

ij% 

i|% 

i\% 


m 

0.9888 7515 

0.9876 5432 

0.9864 3650 

0.9852 2167 

0.S828 0098 

KJ 

0.9778 7407 . 

0.9754 6106 

0.9730 5696 

0.9706 6175 

0.9658 9777 

Kl 

0.9009 9537 

0.9634 1833 

0.9598 5890 

0.9563 1699 

0.9492 8528 

RJ 

0.9562 3770 

0.9515 2428 

0.9468 3986 

0.9421 8423 

0.9329 5851 

KJ 

0.9455 9970 

0.9397 7706 

0.9339 9739 

0.9282 6033 

0.9169 1254 

SI 

0.9350 8005 

0.9281 7488 

0.9213 2912 

0.9145 4219 

0.9011 4254 

H 

0.9246 7743 

0.9167 1593 

0.9088 3267 

0.9010 2679 

0.8856 4378 

8 

0.9143 9054 

0.9053 9845 

0.8905 0571 

0.8877 1112 

0.8704 1157 

9 

0.9042 1808 

0.8942 2069 

0.8843 4596 

0.8745 9224 

0.8554 4135 

10 

0.8941 5881 

0.8831 8093 

0.8723 5113 

0.8618 6723 

0.8407 2860 

n 

0.8842 1142 

0.8722 7746 

0.8605 1899 

0.8489 3323 

0.8262 6889 

11 

0.8743 7470 

0.8615 0860 

0.8188 4734 

0.8303 8742 

0.8120 5788 

13 

0.8646 4742 

0.8508 7260 

0.8373 3400 

0.8240 2702 

0.7980 9128 

14 

0.8550 2835 

0.8403 6800 

0.8259 7682 

0.8118 4928 

0.7843 6490 

15 

0.8455 1629 

0.8299 9318 

0.8147 7368 

0.7998 5150 

0.7708 7459 

16 

0.8361 1005 

0.8197 4635 

0.8037 2250 

0.7880 3104 

0.7576 1631 

17 

0.8268 0846 

0.8096 2602 

0.7928 2120 

0.7763 8526 

0.7445 8605 

18 

0.8176 1034 

0.7996 30G4 

0.7820 6777 

0.7649 1159 

0.7317 7990 

19 

0.8085 1455 

0.7897 5806 

0.7714 6020 

0.7536 0747 

0.7191 9401 

20 

0.7995 1995 

0.7800 0855 

0.7609 9649 

0.7424 7042 

0.7068 2458 

ai 

0.7906 2542 

0.7703 7881 

0.7506 7472 

0.7314 9795 

0.6946 6789 

aa 

0.7818 2983 

0.7608 6796 

0.7404 9294 

0.7206 8763 

0.6827 2028 

23 

0.7731 3210 

0.7514 7453 

0.7304 4926 

0.7100 3708 

0.6709 7817 

24 

0.7645 3112 

0.7421 9707 

0.7205 4181 

0.6995 4392 

0.6594 3800 

26 

0.7560 2583 

0.7330 3414 

0.7107 6874 

0.6892 0583 

0.6480 9632 

26 

0.7476 1516 

0.7239 8434 

0.7011 2823 

0.6790 2052 

0.6369 4970 

27 

0.7392 9806 

0.7150 4626 

0.6916 1847 

0.6689 8574 

0.6259 9479 

E*S 

0.7310 7348 

0.7062 1853 

0.6822 3771 

0.6590 9925 

0.6152 2829 

il 

0.7229 4040 

0.6974 9978 

0.6729 8417 

0.6493 5887 

0.6046 4697 

so 

0.7148 9780 

0.6888 8867 

0.6638 5615 

0.6397 6243 

0.5942 4764 

31 

0.7069 4467 

0.6803 8387 

0.6548 5194 

0.6303 0781 

Ô.5840 2716 

31 

0.6990 8002 

0.6719 8407 

0.6459 6985 

0.6209 9292 

0.5739 8247 

33 

0.6913 0287 

0.6036 8797 

0.G372 0824 

0.6118 1568 

0.5641 1053 

34 

0.6836 1223 

0.65.54 9429 

0.6285 6540 

0.6027 7407 

0.5544 0839 

Eli 

0.6760 0715 

0.6474 0177 

0.6200 3991 

0.5938 6608 

0.5448 7311 

R 

0.6684 8667 

0.6394 0916 

0.6116 3000 

0.5850 8974 

0.5355 0183 

37 

0.6610 4986 

0.6315 1522 

0.6033 3416 

0.5764 4309 

0.5262 9172 

mm 

0.6536 9578 

0.6237 1873 

0.5951 5083 

0.5679 2423 

0.5172 4002 

KJ 

0.6464 2352 

0.6160 1850 

0.5870 7850 

0.5595 3126 

0.5083 4400 

KJ 

0.6392 3216 

0.6084 1334 

0.5791 1566 

0.5512 6232 

0.4996 0098 

41 

0.6321 2080 

0.6009 0206 

0.5712 6083 

0.5431 1559 

0.4910 0834 

42 

0.6250 8855 

0.5934 8352 

0.5635 1253 

0.5350 8925 

0.4825 6348 

43 

0.6181 3454 

0.5861 5656 

0.5558 6933 

0.5271 8153 

0.4742 6386 

44 

0.6112 5789 

0.5789 2006 

0.5483 2979 

0.5193 9067 

0.4661 0699 

45 

0.6044 5774 

0.5717 7290 

0.5408 9252 

0.5117 1494 

0.4580 9040 

46 

0.5977 3324 

0.5647 1397 

0.5335 5612 

0.5041 5265 

0.4502 1170 

47 

0.5910 8355 

0.5577 4219 

0.5263 1923 

0.4967 0212 

0.4424 6850 

48 

0.5845 0784 

0.5508 5649 

0.5191 8050 

0.4893 6170 

0.4348 5848 

49 

0.5780 0528 

0.5440 5579 

0.5121 3860 

0.4821 2975 

0.4273 7934 

30 

0.5715 7506 

0.5373 3905 

0.5051 9220 

0.4750 0468 

0.4200 2883 
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TABLE IV. The Présent Value of 1 at Compound Interest 

v=(l + i)- n 


n 

i- a % 


i|% 


ij% 

51 

0.5652 1637 

0.5307 0524 

0.4983 4003 

0.4679 8491 

0.4128 0475 

52 

0.5589 2843 

0.5241 5332 

0.4915 8079 

0.4610 6887 

0.4057 0492 

53 

0.5527 1044 

0.5176 8229 

0.4849 1323 

0.4542 5505 

0.3987 2719 

54 

0.5465 6162 

0.5112 9115 

0.4783 3611 

0.4475 4192 

0.3918 6947 

55 

0.5404 8120 

0.5049 7892 

0.4718 4820 

0.4409 2800 

0.3851 2970 

56 

0.5344 6843 

0.4987 4461 

0.4654 4829 

0.4344 1182 

0.3785 0585 

57 

0.5285 2256 

0.4925 8727 

0.4591 3518 

0.4279 9194 

0.3719 9592 

58 

0.5226 4282 

0.4865 0594 

0.4529 0770 

0.4216 6694 

0.3655 9796 

E--1 

0.5168 2850 

0.4804 9970 

0.4467 6468 

0.4154 3541 

0.3593 1003 

O 

0.5110 7887 

0.4745 6760 

0.4407 0499 

0.4092 9597 

0.3531 3025 

81 

0.5053 9319 

0.4687 0874 

0.4347 2749 

0.4032 4726 

0.3470 5676 

62 

0.4997 7077 

0.4629 2222 

0.4288 3106 

0.3972 8794 

0.3410 8772 

68 

0.4942 1090 

0.4572 0713 

0.4230 1461 

0.3914 1669 

0.3352 2135 

64 

0.4887 1288 

0.4515 6259 

0.4172 7705 

0.3856 3221 

0.3294 5587 

65 

0.4832 7602 

0.4459 8775 

0.4116 1731 

0.3799 3321 

0.3237 8956 

56 

0.4778 9965 

0.4404 8173 

0.4060 3434 

0.3743 1843 

0.3182 2069 

67 

0.4725 8309 

0.4350 4368 

0.4005 2709 

0.3687 8663 

0.3127 4761 

68 

0.4673 2568 

0.42J6 7277 

0.30.50 9454 

0.3633 3658 

0.3073 6866 

66 

0.4621 2675 

0.4243 6817 

0.3897 3568 

0.3579 6708 

0.3020 8222 

lui 

0.4569 8566 

0.4191 2905 

0.3844 4949 

0.3526 7692 

0.2968 8670 

71 

0.4519 0177 

0.4139 5462 

0.3792 3501 

0.3474 6495 

0.2917 8054 

71 

0.4468 7443 

0.4088 4407 

0.3740 9126 

0.3423 3000 

0.2867 6221 

78 

0.4419 0302 

0.4037 9661 

0.3090 1727 

0.3372 7093 

0.2818 3018 

74 

0.4369 8692 

0.3988 1147 

0.3640 1210 

0.3322 8663 

0.2769 8298 

75 

0.4321 2551 

0.3938 8787 

0.3590 7483 

0.3273 7599 

0.2722 1914 


0.4273 1818 

0.3890 2506 

0.3542 0451 

0.3225 3793 

0.2675 3724 

T7 

0.4225 6433 

0.3842 2228 

0.3494 0026 

0.3177 7136 

0.2629 3586 

T8 

0.4178 6337 

0.3794 7879 

0.3446 6117 

0.3130 7523 

0.2584 1362 

76 

0.4132 1470 

0.3747 9387 

0.3399 8636 

0.3084 4850 

0.2539 6916 

80 

0.4086 1775 

0.3701 6679 

0.3353 7495 

0.3038 9015 

0.2496 0114 

81 

0.4040 7194 

0.3655 9683 

0.3308 2609 

0.2993 9916 

0.2453 0825 

82 

0.3995 7670 

0.3610 8329 

0.32G3 3893 

0.2949 7454 

0.2410 8919 

88 

0.3951 3148 

0.3566 2547 

0.3219 1263 

0.2906 1531 

0.2369 4269 

84 

0.3907 3570 

0.3522 2268 

0.3175 4637 

0.2863 2050 

0.2328 6751 

85 

0.3863 8882 

0.3478 7426 

0.3132 3933 

0.2820 8917 

0.2288 6242 

86 

0.3820 9031 

0.3435 7951 

0.3089 9071 

0.2779 2036 

0.2249 2621 

87 

0.3778 3961 

0.3393 3779 

0.3047 9971 

0.2738 1316 

0.2210 5770 

88 

0.3736 3621 

0.3351 4843 

0.3006 6556 

0.2097 6666 

0.2172 5572 


0.3694 7956 

0.3310 1080 

0.2965 8748 

0.2657 7997 

0.2135 1914 

U 

0.3653 6916 

0.3269 2425 

0.2925 6472 

0.2618 5218 

0.2098 4682 

•1 

0.3613 0448 

0.3228 8814 

0.2885 9652 

0.2579 8245 

0.2062 3706 

u 

0.3572 8503 

0.3189 0187 

0.2846 8214 

0.2541 6990 

0.2020 9057 

88 

0.3533 1029 

0.3149 6481 

0.2808 2085 

0.2504 1369 

0.1992 0450 

84 

0.3493 7976 

0.3110 7636 

0.2770 1194 

0.2467 1300 

0.1957 7837 

86 

0.3454 9297 

0.3072 3591 

0.2732 5468 

0.2430 6699 

0.1924 1118 

86 

0.3416 4941 

0.3034 4287 

0.2695 4839 

0.2394 7487 

0.1891 0190 

87 

0.3378 4861 

0.2996 9666 

0.2658 9237 

0.2359 3583 

0.1858 4953 

88 

0.3340 9010 

0.2959 9670 

0.2622 8594 

0.2324 4909 

0.1826 5310 

88 

0.3303 7340 

0.2923 4242 

0.2587 2843 

0.2290 1389 

0.1795 1165 

100 

0.3266 9805 

0.2887 3326 

0.2552 1916 

0.2256 2944 

0.1764 2422 
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TABLE IV. The Présent Value of 1 at Compound Interest 


'I v» = (1 + i)-« 


n 

2% 

2j% 

2j% 

sj% 

3% 

mà 

0.9803 9216 

0.9779 9511 

0.9756 0976 

0.9732 3601 

0.9708 7379 

H, H 

0.9611 6878 

0.9564 7444 

0.9518 1440 

0.9471 8833 

0.9425 9591 

/S 1 

0.9423 2233 

0.9354 2732 

0.9285 9941 

0.9218 3779 

0.9151 4166 

1 mtm 

0.9238 4543 

0.9148 4335 

0.9059 5064 

0.8971 0573 

0.8884 8705 

ImM 

0.9057 3081 

0.8947 1232 . 

0.8838 5429 

0.8731 5400 

0.8626 0878 


0.8879 7138 

0.8750 2427 

0.8622 9687 

0.8497 8491 

0.8374 8426 


0.8705 6018 

0.8557 6946 

0.8412 6524 

0.8270 4128 

0.8130 9151 


0.8534 9037 

0.8369 3835 

0.8207 4657 

0.8049 0635 

0.7894 0923 


0.8367 5527 

0.8185 2161 

0.8007 2830 

0.7833 6385 

0.7664 1673 

10 

0.8203 4830 

0.8005 1013 

0.7811 9840 

0.7623 9791 

0.7440 9391 

11 

0.8042 6304 

0.7828 9499 

0.7621 4478 

0.7419 9310 

0.7224 2128 

1* 

0.7881 9318 

0.7656 6748 

0.7435 5589 

0.7221 3440 

0.7013 7988 

13 

0.7730 3253 

0.7488 1905 

0.7254 2038 

0.7028 0720 

0.6809 5134 

14 

0.7578 7502 

0.7323 4137 

0.7077 2720 

0.6839 9728 

0.6611 1781 

15 

0.7430 1473 

0.7162 2628 

0.6904 6556 

0.6656 9078 

0.6418 6195 

15 

0.7284 45S1 

0.7004 6580 

0.6736 2493 

0.6478 7424 

0.6231 6694 

17 

0.7141 6256 

0.6850 5212 

0.6571 9506 

0.6305 3454 

0.6050 1645 

18 

0.7001 5937 

0.6699 7763 

0.6411 6591 

0.6136 5892 

0.5873 9461 

15 

0.6864 3076 

0.6552 3484 

0.0255 2772 

0.5972 3496 

0.5702 8603 

El 

0^6729 7133 

0.6408 1647 

0.6102 7094 

0.5812 5057 

0.5536 7575 

K9 

0.6597 7582 

0.6267 1538 

0.5953 8629 

0.5056 9398 

0.5375 4928 

82 

0.6468 3904 

0.6129 2457 

0.5808 6467 

0.5505 5375 

0.5218 9250 

23 

0.6341 5592 

0.5994 3724 

0.5666 9724 

0.5358 1874 

0.5066 9175 

Kl 

0.6217 2149 

0.5862 4668 

0.5528 7535 

0.5214 7809 

0.4919 3374 

KJ 

0.6095 3087 

0.5733 4639 

0.5393 9059 

0.5075 2126 

0.4776 0557 

H 

0.5975 7928 

0.5607 2997 

0.5262 3472 

0.4939 3796 

0.4630 9473 

17 

0.5858 6204 

0.5483 9117 

0.5133 9973 

0.4807 1821' 

0.4501 8906 

ta 

0.5743 7455 

0.5383 2388 

0.5008 7778 

0.4078 5227 

0.4370 7675 

Kl 

0.5631 1231 

0.5245 2213 

0.4886 6125 

0.4553 3068 

0.4243 4636 

KJ 

0.5520 7089 

0.5129 8008 

0.4767 4209 

0.4431 4421 

0.4119 8676 

31 

0.5412 4597 

0.5016 9201 

0.4651 1481 

0.4312 8301 

0.3999 8715 

32 

0.5306 3330 

0.4900 5233 

0.4537 7055 

0.4197 4103 

0.3883 3703 

33 

0.5202 2873 

0.4798 5558 

0.4427 0298 

0.4085 0708 

0.3770 2625 

34 

0.5100 2817 

0.4692 9641 

0.4319 0534 

0.3975 7380 

0.3660 4490 

35 

0.5000 2761 

0.4589 6960 

0.4213 7107 

0.3869 3314 

0.3553 8340 

86 

0.4902 2315 

0.4488 7002 

0.4110 9372 

0.3765 7727 

0.3450 3243 

37 

0.4800 1093 

0.4389 9268 

0.4010 6705 

0.3664 9856 

0.3349 8294 

88 

0.4711 8719 

0.4293 3270 

0.3912 8492 

0.3566 8959 

0.3252 2615 

89 

0.4619 4822 

0.4198 8528 

0.3817 4139 

0.3471 4316 

0.3157 5355 

40 

0.4528 9042 

0.4106 4575 

0.3724 3062 

0.3378 6222 

0.3065 5684 

41 

0.4440 1021 

0.4016 0954 

0.3633 4095 

0.3288 0995 

0.2976 2800 

42 

0.4353 0413 

0.3927 7216 

0.3544 8483 

0.3200 0968 

0.2889 5922 

43 

0.4267 6875 

0.3841 2925 

0.3458 3886 

0.3114 4495 

0.2805 4294 

44 

0.4184 0074 

0.3756 7653 

0.3374 0376 

0.3031 0944 

0.2723 7178 

45 

0.4101 9680 

0.3674 0981 

0.3291 7440 

0.2949 9702 

0.2644 3862 

46 

0.4021 5373 

0.3593 2500 

0.3211 4570 

0.2871 0172 

0.2567 3653 

47 

0.3942 6836 

0.3514 1809 

0.3133 1294 

0.2794 1773 

0.2492 5876 

48 

0.3865 3761 

0.3436 8518 

0.3056 7116 

0.2719 3940 

0.2419 9880 

49 

0.3789 5844 

0.3361 2242 

0.2982 1576 

0.2646 6122 

0.2349 5029 

50 

0.3715 2788 

0.3287 2608 

0.2909 4221 

0.2575 7783 

0.2281 0708 
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TABLE IV. The Présent Value of 1 at Compound Interest 

7 «"-a + *r" 


2% 


2|% 

2?% 

3% 

0.3642 

4302 

0.3214 

9250 

0.2838 

4606 

0.2506 

8402 

0.2214 

6318 

0.3571 

0100 

0.3144 

1810 

0.2769 

2298 

0.2439 

7471 

0.2150 

1280 

0.3500 

9902 

0.3074 

9936 

0.2701 

6876 

0.2374 

4497 

0.2087 

5029 

0.3432 

3433 

0.3007 

3287 

0.2635 

7928 

0.2310 

9000 

0.2026 

7019 

0.3365 

0425 

0.2941 

1528 

0.2571 

5052 

.0.2249 

0511 

0.1967 

6717 

0.3299 

0613 

0.2876 

4330 

0.2508 

7855 

0.2188 

8575 

0.1910 

3609 

0.3234 

3738 

0.2813 

1374 

0.2447 

5956 

0.2130 

2749 

0.1854 

7193 

0.3170 

9547 

0.2751 

2347 

0.2387 

8982 

0.2073 

2603 

0.1800 

6984 

0.3108 

7791 

0.2690 

6940 

0.2329 

6568 

0.2017 

7716 

0.1748 

2508 

0.3047 

8227 

0.2631 

4856 

0.2272 

8359 

0.1963 

7679 

0.1697 

3309 

0.2988 

0614 

0.2573 

6801 

0.2217 

4009 

0.1911 

2097 

0.1647 

8941 

0.2929 

4720 

0.2516 

9487 

0.2163 

3179 

0.1860 

0581 

0.1599 

8972 

0.2872 

0314 

0.2461 

5635 

0.2110 

5541 

0.1810 

2755 

0.1553 

2982 

0.2815 

7170 

0.2407 

3971 

0.2059 

0771 

0.1701 

8253 

0.1508 

0565 

0.2760 

5069 

0.2354 

4226 

0.2008 

8557 

0.1714 

6718 

0.1464 

1325 

0.2706 

3793 

0.2302 

6138 

0.1959 

8593 

0.1668 

7804 

0.1421 

4879 

0.2653 

3130 

0.2251 

9450 

0.1912 

0578 

0.1624 

1172 

0.1380 

0853 

0.2601 

2873 

0.2202 

3912 

0.1865 

4223 

0.1580 

6493 

0.1339 

8887 

0.2550 

2817 

0.2153 

9278 

0.1819 

9241 

0.1538 

3448 

0.1300 

8628 

0.2500 

2761 

0.2106 

5309 

0.1775 

5358 

0.1497 

*1726 

0.1262 

9736 

0.2451 

2511 

0.2060 

1769 

0.1732 

2300 

0.1457 

1023 

0.1226 

1880 

0.2403 

1874 

0.2014 

8429 

0.1689 

9805 

0.1418 

1044 

0.1190 

4737 

0.2356 

0661 

0.1970 

5065 

0.1648 

7615 

0.1380 

1503 

0.1155 

7998 

0.2309 

8687 

0.1927 

1458 

0.1608 

5478 

0.1343 

2119 

0.1122 

1357 

0.2264 

5771 

0.1884 

• 

7391 

0.1569 

3149 

0.1307 

2622 

0.1080 

4521 

0.2220 

1737 

0.1843 

2657 

0.1531 

0389 

0.1272 

2747 

0.1057 

7205 

0.2176 

6408 

0.1802 

7048 

0.1493 

6965 

0.1238 

2235 

0.1026 

9131 

0.2133 

9616 

0.1763 

0365 

0.1457 

2649 

0.1205 

0837 

0.0997 

0030 

0.2092 

1192 

0.1724 

2411 

0.1421 

7218 

0.1172 

8309 

0.0967 

9641 

0.2051 

0973 

0.1686 

2993 

0.1387 

0457 

0.1141 

4412 

0.0939 

7710 

0.2010 

8797 

0.1649 

1925 

0.1353 

2153 

0.1110 

8917 

0.0912 

3990 

0.1971 

4507 

0.1612 

9022 

0.1320 

2101 

0.1081 

1598 

0.0885 

8243 

0.1932 

7948 

0.1577 

4105 

0.1288 

0098 

0.1052 

2237 

0.0860 

0236 

0.1894 

8968 

0.1542 

6997 

0.1256 

5949 

0.1024 

0620 

0.0834 

9743 

0.1857 

7420 

0.1508 

7528 

0.1225 

9463 

0.0996 

6540 

0.0810 

6547 

0.1821 

3157 

0.1475 

5528 

0.1196 

0452 

0.0969 

9795 

0.0787 

0434 

0.1785 

6036 

0.1443 

0835 

0.1160 

8733 

0.0944 

0190 

0.0764 

1198 

0.1750 

5918 

0.1411 

3286 

0.1138 

4130 

0.0918 

7533 

0.0741 

8639 

0.1716 

2665 

0.1380 

2724 

0.1110 

6468 

0.0894 

1638 

0.0720 

2562 

0.1682 

6142 

0.1349 

8997 

0.1083 

5579 

0.0870 

2324 

0.0699 

2779 

0.1649 

6217 

0.1320 

1953 

0.1057 

1296 

0.0846 

9415 

0.0678 

9105 

0.1617 

2762 

0.1291 

1445 

0.1031 

3460 

0.0824 

2740 

0.0659 

1364 

0.1585 

5649 

0.126 2 

7331 

0.1006 

1912 

0.0802 

2131 

0.0639 

9383 

0.1554 

4754 

0.1234 

9468 

0.0981 

6500 

0.0780 

7427 

0.0621 

2993 

0.1523 

9955 

0.1207 

7719 

0.0957 

7073 

0.0759 

8469 

0.0G03 

2032 

0.1494 

1132 

0.1181 

1950 

0.0934 

3486 

0.0739 

5104 

0.0585 

6342 

0.1464 

8169 

0.1155 

2029 

0.0911 

5596 

0.0719 

7181 

0.0568 

5769 

0.1436 

0950 

0.1129 

7828 

0.0889 

3264 

0.0700 

4556 

0.0552 

0164 

0.1407 

9363 

0.1104 

9221 

0.0867 

6355 

0.0681 

7086 

0.0535 

9383 

0.1380 

3297 

0.1080 

6084 

0.0846 

4537 

0.0663 

4634 

0.0520 

3284 
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TABLE IV. The Présent Value of 1 at Compound Interest 


u” = (1 + i)~ n 


n 

3 \% 

4% 

4|% 

6% 


jVjg 

0.9661 8357 

0.9615 3846 

0.9569 3780 

0.9523 8095 

0.9478 6730 


0.9335 1070 

0.9245 5621 

0.9157 2995 

0.9070 2948 

0.8984 5242 


0.9019 4271 

0.8889 9636 

0.8762 9660 

0.8638 3760 

0.8516 1360 

ml 

0.8714 4223 

0.8548 0419 

0.8385 6134 

0.8227 0247 

0.8072 1674 


0.8419 7317 

0.8219 2711 

0.8024 5105 

0.7835 2617 

0.7651 3435 


0.8135 0064 

0.7903 1453 

0.7678 9574 

0.7462 1540 

0.7252 4583 


0.7859 9096 

0.7599 1781 

0.7348 2846 

0.7106 8133 

0.6874 3681 


0.7594 1156 

0.7306 9021 

0.7031 8513 

0.6768 3936 

0.6515 9887 j 


0.7337 3097 

0.7025 8674 

0.6729 0443 

0.6446 0892 

0.6176 2926 

10 

0.7089 1881 

0.6755 6417 

0.6439 2768 

0.6139 1325 

0.5854 3058 

il 

0.6849 4571 

0.6495 8093 

0.0161 9874 

0.5840 7929 

0.5549 1050 

12 

0.6617 8330 

0.6245 9705 

0.5896 6386 

0.5568 3742 

0.5259 8152 

13 

0.6394 0415 

0.6005 7409 

0.5642 7164 

0.5303 2135 

0.4985 6068 

14 

0.6177 8179 

0.5774 7508 

0.5399 7286 

0.5050 6795 

0.4725 6937 

18 

0.5968 9062 

0.5552 6450 

0.5167 2044 

0.4810 1710 

0.4479 3305 

16 

0.5767 0591 

0.5339 0818 

0.4944 6932 

0.4581 1152 

0.4245 8109 

17 

0.5572 0378 

0.5133 7325 

0.4731 7639 

0.J3C2 9669 

0.4024 4653 

18 

0.5383 6114 

0.4936 2812 

0.4528 0037 

0.4TST2065 

0.3814 6590 

19 

0.5201 5569 

0.4746 4242 

0.4333 0179 

0.3957 3396 

0.3615 7906 

20 

0.5025 6588 

0.4563 8695 

0.4146 4286 

0.3768 8948 

0.3427 2896 

21 

0.4855 7090 

0.4388 3360 

0.3967 8743 

0.3589 4236 

0.3248 6158 

22 

0.4691 5063 

0.4219 5539 

0.3797 0089 

0.3418 4987 

0.3079 2567 

23 

0.4532 8563 

0.4057 2633 

0.3633 5013 

0.3255 7131 

0.2918 7267 

24 

0.4379 5713 

0.3901 2147 

0.3477 0347 

0.3100 6791 

0.2766 5656 

U 

0.4231 4699 

0.3751 1680 

0.3327 3060 . 

0.2953 0277 

0.2622 3370 

El 

0.4088 3767 

0.3606 8923 

0.3184 0248 

0.2812 4073 

0.2485 6275 

27 

0.3950 1224 

0.3468 1657 

0.3046 9137 

0.2678 4832 

0.2356 0450 

i-i 

0.3816 5434 

0.3334 7747 

• 0.2915 7069 

0.2550 9364 

0.2233 2181 

2-1 

0.3687 4815 

0.3206 5141 

0.2790 1502 

0.2429 4632 

0.2116 7944 

ao 

0.3562 7841 

0.3083 1867 

0.2670 0002 

0.2313 7745 

0.2006 4402 

31 

0.3442 3035 

0.2964 6026 

0.2555 0241 

0.2203 5947 

0.1901 8390 

m+m 

0.3325 8971 

0.2850 5794 

0.2444 9991 

0.2098 6617 

0.1802 6910 

El 

0.3213 4271 

0.2740 9417 

0.2339 7121 

0.1998 7254 

0.1708 7119 

KJ 

0.3104 7605 

0.2635 5209 

0.2238 9589 

0.1C03 5480 

0.1619 6321 

o 

0.2999 7686 

0.2534 1547 

0.2142 5444 

0.1812 9029 

0.1535 1963 

36 

0.2898 3272 

0.2436 6872 

0.2050 2817 

0.1726 5741 

0.1455 1624 

37 

0.2800 3161 

0.2342 9685 

0.1961 9921 

0.1644 3563 

0.1379 3008 


0.2705 6194 

0.2252 8543 

0.1877 5044 

0.1566 0536 

0.1307 3941 


0.2614 1250 

0.2166 2061 

0.1796 6549 

0.1491 4797 

0.1239 2362 

El 

0.2525 7247 

0.2082 8904 

0.1719 2870 

0.1420 4568 

0.1174 6314 

41 

0.2440 3137 

0.2002 7793 

0.1645 2507 

0.1352 8160 

0.1113 3947 

42 

0.2357 7910 

0.1925 7493 

0.1574 4026 

0.1288 3962 

0.1055 3504 

43 

0.2278 0590 

0.1851 6820 

0.1506 6054 

0.1227 0440 

0.1000 3322 

44 

0.2201 0231 

0.1780 4635 

0.1441 7276 

0.1168 6133 

0.0948 1822 

45 

0.2126 5924 

0.1711 9841 

0.1379 6437 

0.1112 9651 

0.0898 7509 

46 

0.2054 6787 

0.1646 1386 

0.1320 2332 

0.1059 9668 

0.0851 8965 

47 

0.1985 1968 

0.1582 8256 

0.1263 3810 

0.1009 4921 

0.0807 4849 

48 

0.1918 0645 

0.1521 9476 

0.1208 9771 

0.0961 4211 

0.0765 3885 

49 

0.1853 2024 

0.1463 4112 

0.1156 9158 

0.0915 6391 

0.0725 4867 

50 

0.1790 5337 

0.1407 1262 

0.1107 0965 

0.0872 0373 

0.0687 6652 
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TABLE IV. The Présent Value of 1 at Compound Interest 


3j% 


0.1729 9843 
0.1671 4824 
0.1614 9589 
0.1560 3467 
0.101/ 5814 

0.1456 6004 
0.1407 3433 
0.1359 7520 
0.1313 7701 
0.1269 3431 

0.1226 4184 
0.1184 9453 
0.1144 8747 
0.1106 1591 
0.1068 7528 

0.1032 6114 
0.0997 6922 
0.0963 9538 
0.0931 3563 
0.0899 8612 

0.0869 4311 
0.0840 0300 
0.0811 6232 
0.0784 1770 
0.0757 6590 

0.0732 0376 
0.0707 2827 
0.0683 3650 
0.0660 2560 
0.0637 9285 

0.0616 3561 
0.0595 5131 
0.0575 3750 
0.0555 9178 
0.0537 1187 

0.0518 9553 
0.0501 4060 
0.0484 4503 
0.0468 0679 
0.0452 2395 

0.0436 9464 
0.0422 1704 
0.0407 8941 
0.0394 1006 
0.0380 7735 

0.0367 8971 
0.0355 4562 
0.0343 4359 
0.0331 8221 
0.0320 6011 


l / 1 

_X— 

4 % 


0.1353 

0059 

0.1300 

9672 

0.1250 

9300 

0.1202 

8173 

0.1156 

5551 

0.1112 

0722 

0.1069 

3002 

0.1028 

1733 

0.0988 

6282 

0.0950 

6040 

0.0914 

0423 

0.0878 

8868 

0.0845 

0835 

0.0812 

5803 

0.0781 

3272 

0.0751 

2762 

0.0722 

3809 

0.0694 

5970 

0.0667 

8818 

0.0642 

1940 

0.0617 

4942 

0.0593 

7445 

0.0570 

9081 

0.0548 

9501 

0.0527 

8367 

0.0507 

5353 

0.0488 

0147 

0.0469 

2449 

0.0451 

1970 

0.0433 

8433 

0.0417 

1570 

0.0401 

1125 

0.0385 

6851 

0.0370 

8510 

0.0356 

5875 

0.0342 

8726 

0.0329 

6852 

0.0317 

0050 

0.0304 

8125 

0.0293 

0890 

0.0281 

8163 

0.0270 

9772 

0.0260 

5550 

0.0250 

5337 

0.0240 

8978 

0.0231 

6325 

0.0222 

7235 

0.0214 

1572 

0.0205 

9204 

0.0198 

0004 


= (l + iT n 


0.1059 

4225 

0.1013 

8014 

0.0970 

1449 

0.0928 

3683 

0.0888 

3907 

0.0850 

1347 

0.0813 

5260 

0.0778 

4938 

0.0744 

9701 

0.0712 

8901 

0.0682 

1915 

0.0652 

8148 

0.0624 

7032 

0.0597 

8021 

0.0572 

0594 

0.0547 

4253 

0.0523 

8519 

0.0501 

2937 

0.0479 

7069 

0.0459 

0497 

0.0439 

2820 

0.0420 

3655 

0.0402 

2637 

0.0384 

9413 

0.0368 

3649 

0.0352 

5023 

0.0337 

3228 

0.0322 

7969 

0.0308 

8965 

0.0295 

5948 

0.0282 

8658 

0.0270 

6850 

0.0259 

0287 

0.0247 

8744 

0.0237 

2003 

0.0226 

9860 

0.0217 

2115 

0.0207 

8579 

0.0198 

9070 

0.0190 

3417 

0.0182 

1451 

0.0174 

3016 

0.0166 

7958 

0.0159 

6132 

0.0152 

7399 

0.0146 

1626 

0.0139 

8685 

0.0133 

8454 

0.0128 

0817 

0.0122 

5663 



5 % 


0.0830 

5117 

0.0790 

9635 

0.0753 

2986 

0.0717 

4272 

0.0683 

2640 

0.0650 

7276 

0.0619 

7406 

0.0590 

2291 

0.0562 

1230 

0.0535 

3552 

0.0509 

8621 

0.0485 

5830 

0.0462 

4600 

0.0440 

4381 

0.0419 

4648 

0.0399 

4003 

0.0380 

4670 

0.0362 

3495 

0.0345 

0948 

0.0328 

6617 

0.0313 

0111 

0.0298 

1058 

0.0283 

9103 

0.C270 

3908 

0.0257 

5150 

0.0245 

2524 

0.C233 

5737 

0.0222 

4512 

0.0211 

8582 

0.0201 

7698 

0.0192 

1617 

0.0183 

0111 

0.0174 

2963 

0.0165 

9965 

0.0158 

0919 

0.0L50 

5637 

0.0143 

3940 

0.0136 

5657 

0.0130 

0620 

0.0123 

8691 

0.0117 

9706 

0.0112 

3530 

0.0107 

0028 

0.0101 

9074 

0.0097 

0547 

0.0092 

4331 

0.0088 

0315 

0.0083 

8395 

0.0079 

8471 

0.0076 

0449 




0.0651 8153 
0.0617 8344 
0.0585 6250 
0.0555 0948 
0.0526 1562 

0.0498 7263 
0.0472 7263 
0.0448 0818 
0.0424 7221 
0.0402 5802 

0.0381 5926 
0.0361 6912 
0.0342 8428 
0.0324 9695 
0.0308 0279 

0.0291 9696 
0.0276 7485 
0.0262 3208 
0.024 8 6453 
0.0235 6828 

0.0223 3960 
0.0211 7418 
0.0200 7107 
0.0190 2471 
0.0180 3290 

0.0170 9279 
0.0162 0170 
0.0153 5706 
0.0145 5646 
0.0137 9759 

0.0130 7828 
0.0123 9648 
0.0117 5022 
0.0111 3765 
0.0105 5701 

0.0100 0664 
0.0094 8497 
0.0089 9049 
0.0085 2180 
0.0080 7753 

0.0076 5643 
0.0072 5728 
0.0068 7894 
0.0065 2032 
0.0061 8040 

0.0058 5820 
0.0055 5279 
0.0052 6331 
0.0049 8892 
0.0047 2883 
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TABLE IV. The Présent Value of 1 at Compound Interest 


v" = (1 + i)~ n 


n 

6% 

ej% 

7% 

7|% 

8% 

l 

0.9433 9623 

0.9389 6714 

0.9345 7944 

0.9302 3256 

0.9259 

2593 

% 

0.8899 9644 

0.8816 5928 

0.8734 3872 

0.8653 3261 

0.8573 

3882 

a 

0.8396 1928 

0.8278 4909 

0.8162 9788 

0.8049 6057 

0.7938 

3224 

mm 

0.7020 9366 

0.7773 2309 

0.7628 9521 

0.7488 0053 

0.735Ô 

2985 

H 

0.7472 5817 

0.7298 8084 

0.7129 8618 

0.0965 5863 

0.6805 

8320 

tu 

0.7049 6054 

0.6853 3412 

0.6663 4222 

0.6479 6152 

0.6301 

6963 

Kl 

0.6650 5711 

0.6435 0621 

0.6227 4974 

0.6027 5490 

0.5834 

9040 

Kl 

0.6274 1237 

0.6042 3119 

0.5820 0910 . 

0.5G07 0223 

0.5402 

6888 

«1 

0.5918 9846 

0.5673 5323 

0.5439 3374 

0.5215 8347 

0.5002 

4807 

10 

0.5583 9478 

0.5327 2604 

0.5083 4929 

0.4851 9393 

•-4 

S 

O 

9349 

11 

0.5267 8753 

0.5002 1224 

0-4750 9280 

0.4513 4319 

0.4288 

8286 

1 * 

0.4969 6936 

0.4696 8285 

0.4440 1196 

0.4198 5413 

0.3971 

1376 

13 

0.4688 3902 

0.4410 1676 

0.4149 6445 

0.3905 6198 

0.3676 9792 

14 

0.4423 0096 

0.4141 0025 

0.3878 1724 

0.3633 1347 

0.3404 

6104 

15 

0.4172 6506 

0.3888 2652 

0.3624 4602 

0.3379 6602 

0.3152 

4170 

15 

0.3936 4628 

0.3650 9533 

0.3387 3460 

0.3143 8699 

0.2918 

9047 

17 

0.3713 6442 

0.3428 1251 

0.3165 7439 

0.2924 5302 

0.2702 

6895 

18 

0.3503 4379 

0.3218 8969 

0.2958 6392 

0.2720 4932 

0.2502 

4903 

18 

0.3305 1301 

0.3022 4384 

0.2765 0832 

0.2530 6913 

0.2317 

1206 


0.3118 0473 

0.2837 9703 

0.2584 1900 

0.2354 1315 

0.2145 

4821 

21 

0.2941 5540 

0.2664 7608 

0.2415 1309 

0.2189 8897 

0.1986 

5575 

22 

0.2775 0510 

0.2502 1228 

0.2257 1317 

0.2037 1067 

0.1839 

4051 

23 

0.2617 9726 

0.2349 4111 

0.2109 4688 

0.1894 9830 

0.1703 

1528 

24 

0.2469 7855 

0.2206 0198 

0.1971 4662 

0.1702 7749 

0.1570 

9934 

25 

0.2329 9863 

0.2071 3801 

0.1842 4918 

0.1639 7906 

0.1460 

1790 


0.2198 1003 

0.1944 9579 

0.1721 9549 

0.1525 3866 

0.1352 0176 

27 

0.2073 6795 

0.1826 2515 

0.1609 3037 

0.1418 9643 

0.1251 

8682 

28 

0.1956 3014 

0.1714 7902 

0.1504 0221 

0.1319 9668 

0.1159 

1372 

KH 

0.1845 5674 

0.1610 1318 

0.1405 6282 

0.1227 8761 

0.1073 

2752 

U 

0.1741 1013 

0.1511 8607 

0.1313 6712 

0.1142 2103 

0.0993 

7733 

81 

0.1642 5484 

0.1419 5875 

0.1227 7301 

0.1062 6212 

0.0920 

1605 

32 

0.1549 5740 

0.1332 9460 

0.1147 4113 

0.0988 3918 

0.0852 0005 

88 

0.1461 8622 

0.1251 5925 

0.1072 3470 

0.0919 4343 

0.0788 

8893 

84 

0.1379 1153 

0.1175 2042 

0.1002 1934 

0.0855 2877 

0.0730 4531 

35 

0.1301 0522 

0.1103 4781 

0.0936 6204 

0.0795 6164 

0.0676 3454 

38 

0.1227 4077 

0.1030 1297 

0.0875 3546 

0.0740 1083 

0.0626 2458 

37 

0.1157 9318 

0.0972 8917 

0.0818 0884 

0.0688 4729 

0.0579 

8572 

38 

0.1092 3885 

0.0913 5134 

0.0764 5686 

0.0640 4399 

0.0530 

9048 

38 

0.1030 5552 

0.0857 7590 

0.0714 5501 

0.0595 7580 

0.0497 

1341 

40 

0.0972 2219 

0.0805 4075 

0.0667 8038 

0.0554 1935 

0.0460 3093 

41 

0.0917 1905 

0.0756 2512 

0.0624 1157 

0.0515 5288 

0.0426 2123 

42 

0.0865 2740 

0.0710 0950 

0.0583 2857 

0.0479 5617 

0.0394 6411 

43 

0.0816 2962 

0.0666 7559 

0.0545 1268 

0.0446 1039 

0.0305 4084 

44 

0.0770 0908 

0.0626 0619 

0.0509 4643 

0.0414 9804 

0.0338 3411 

45 

0.0726 5007 

0.0587 8515 

0.0476 1349 

0.0386 0283 

0.0313 2788 

wm 

0.0685 3781 

0.0551 9733 

0.0444 9859 

0.0359 0961 

0.0290 

0730 

47. 

0.0646 5831 

0.0518 2848 

0.0415 8747 

0.0334 0428 

0.0268 5861 

48 

0.0609 9840 

0.0486 6524 

0.0388 6679 

0.0310 7375 

0.0248 

6908 

48 

0.0575 4566 

0.0456 9506 

0.0363 2410 

0.0289 0582 

0.0230 2693 

50 

0.0542 8836 

0.0429 0616 

0.0339 4776 

0.0268 8013 

0.0213 2123 
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TABLE V. The Amount of 1 per Annum at Compound Interest 

(1 + if- 1 










1.0000 0000 
2.0033 3333 
3.0100 1111 
4.0200 4448 
5.0334 4463 

6.0502 2278 
7.0703 9019 
8.0939 5816 
9.1209 3802 
10.1513 4114 

11.1851 7895 
12.2224 6288 
13.2632 0442 
14.3074 1510 
15.3551 0648 

16.4062 9017 
17.4609 7781 
18.5191 8107 
19.5809 1167 
20.6461 8137 

21.7150 0198 
22.7873 8532 
23.8633 4327 
24.9428 8775 
26.0260 3071 

27.1127 8414 
28.2031 6009 
29.2971 7062 
30.3948 2786 
31.4961 4395 

32.6011 3110 
33.7098 0154 
34.8221 6754 
35.9382 4143 
37.0580 3557 

38.1815 6236 
39.3088 3423 
40.4398 6368 
41.5746 6322 
42.7132 4543 
43.8558 2292 
45.0018 0833 
46.1518 1436 
47.3056 5374 
48.4633 3925 

49.6248 8371 
50.7902 9999 
51.9596 0099 

53.1327 0966 
54.3099 0899 


1.0000 0000 
2.0041 6667 
3.0125 1730 
4.0250 6952 
5.0418 4064 

6.0628 4831 
7.0881 1018 
8.1176 4397 
9.1514 6749 
10.1895 9860 

11.2320 5526 
12.2788 5549 
13.3300 1739 
14.3855 5913 
15.4454 9896 

10.5098 5520 
17.5786 4627 
18.6518 9063 
19.7296 0684 
20.8118 1353 

21.8985 2942 
22.9897 7330 
24.0855 6402 
25.1859 2054 
26.2908 6187 

27.4004 0713 
28.5145 7549 
29.6333 8622 
30.7568 5867 
31.8850 1224 

33.0178 6646 
34.1554 4090 
35.2977 5524 
36.4448 2922 
37.5966 8268 

38.7533 3552 
39.9148 0775 
41.0811 1945 
42.2522 9078 
43.4283 4199 

44.6092 9342 
45.7951 6548 
46.9859 7866 
48.1817 5358 
49.3825 1088 

60.5882 7134 
51.7990 5581 
53.0148 8521 
54.2357 8056 
55.4617 6298 


1.0000 0000 
2.0050 0000 
3.0150 2500 
4.0301 0013 
5.0502 5063 

0.0755 0188 
7.1058 7939 
8.1414 0879 
9.1821 1583 
10.2280 2641 

11.2791 6654 
12.3355 6237 
13.3972 4018 
14.4642 2639 
15.5365 4752 

16.6142 3026 
17.6973 0141 
18.7857 8791 
19.8797 1685 
20.9791 1544 
22.0840 1101 
23.1944 3107 
24.3104 0322 
25.4319 5524 
20.5591 1502 
27.6919 1059 
28.8303 7015 
29.9745 2200 
31.1243 9401 
32.2800 1658 

33.4414 1666 
34.6086 2375 
35.7816 6686 
36.9605 7520 
38.1453 7807 

39.3361 0496 
40.5327 8549 
41.7354 4942 
42.9441 2666 
44.1588 4730 
45.3796 4153 
46.6065 3974 
47.8395 7244 
49.0787 7030 
50.3241 6415 

51.5757 8497 
52.8336 63!K) 
54.0978 3222 
55.3083 2138 
56.6451 6299 



2.0087 5000 
3.0263 2656 
4.0528 0692 
6.0882 6898 

6.1327 9133 
7.1864 5326 
8:2493 3472 
9.3215 1640 
10.4030 7967 

11.4941 0662 
12.5946 8005 
13.7048 8350 
14.8248 0123 
15.9545 1824 

17.0941 2028 
18.2436 9383 
19.4033 2615 
20.5731 0526 
21.7531 1993 

22.9434 5973 
24.1442 1500 
25.3554 7688 
26.5773 3730 
27.8098 8900 

29.0532 2553 
30.3074 4126 
31.5726 3137 
32.8488 9189 
34.1363 1970 
35.4350 1249 
36.7450 6885 
38.0665 8820 
39.3996 7085 
40.74*44 1797 
42.1009 3163 
43.4693 1478 
44.8496 7128 
46.2421 0591 
47.6467 2433 

49.0636 3317 
50.4929 3996 
51.9347 5319 
53.3891 8228 
54.8563 3762 

56.3363 3058 
57.8292 7347 
59.3352 7961 
60.8544 6331 
62.3869 3986 


1.0000 0000 
2.0100 0000 
3.0301 0000 
4.0604 0100 
6.1010 0501 

6.1520 1500 
7.2135 3521 
8.2856 7056 
9.3685 2727 
10.4622 1254 

11.5668 3467 
12.6825 0301 
13.8093 2804 
14.9474 2132 
16.0968 9554 

17.2578 6449 
18.4304 4314 
19.6147 4757 
20.8108 9504 
22.0190 0399 
23.2391 9403 
24.4715 8598 
25.7163 0183 
26.9734 6485 
28.2431 9950 

29.5256 3150 
30.8208 8781 
32.1290 9669 
33.4503 876G 
34.7848 9153 

36.1327 4045 
37.4940 6785 
38.8690 0853 
40.2576 9862 
41.6602 7560 

43.0768 7836 
44.5076 4714 
45.9527 2361 
47.4122 5085 
48.8863 7336 

50.3752 3709 
51.8789 8946 
53.3977 7936 
54.9317 5715 
66.4810 7472 

58.0458 8547 
59.6203 4432 
01.2226 0777 
62.8348 3385 
64.4631 8218 
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TABLE V. 


The Amount of 1 per Annum at Conlpound Interest 



(1 + 1 

i 


b 

a* 

1% 

h 

i 

55.4909 

4202 

56.6928 

5366 

57.9283 

8880 

63.9328 

2559 

66.1078 

1401 

56.G759 

1183 

57.9290 

7388 

59.2180 

3075 

65.4922 

3781 

67.7688 

9215 

57.8648 

3154 

59.1704 

4503 

60.5141 

2090 

67.0652 

9489 

69.4465 

8107 

59.0577 

1431 

60.4169 

8855 

61.8166 

9150 

68.6521 

1622 

71.1410 

4688 

60.2545 

7336 

61.6687 

2600 

63.1257 

7496 

70.2528 

2224 

72.8524 

5735 

61.4554 

2194 

62.9256 

7902 

64.4414 

0384 

71.8675 

3443 

74.5809 

8192 

62.6602 

7334 

64.1878 

6935 

65.7636 

1086 

73.4963 

7536 

76.3267 

9174 

63.8691 

4092 

65.45.53 

1881 

67.0924 

2891 

75.1394 

6864 

78.0900 

5966 

65.0820 

3806 

66.7280 

4930 

68.4278 

9105 

76.7969 

3900 

79.8709 

6025 

66.2989 

7818 

68.0060 

8284 

6D.7700 

3051 

78.4689 

1221 

81.6696 

6986 

67.5199 

7478 

69.2894 

4152 

71.1188 

8066 

80.1555 

1519 

83.4863 

6655 

68.7450 

4136 

70.5781 

4753 

72.4744 

7507 

81.8568 

7595 

85.3212 

3022 

69.9741 

9150 

71.8722 

2314 

73.8368 

4744 

83.5731 

2362 

87.1744 

4252 

71.2074 

3880 

73.1716 

9074 

75.2060 

3168 

85.3043 

8845 

89.0461 

8695 

72.4447 

9693 

74.4765 

7278 

70.5820 

6184 

87.0508 

0185 

90.9366 

4882 

73.6862 

7959 

75.7868 

9184 

77.9649 

7215 

88.8124 

9636 

92.8460 

1531 

74.9319 

0052 

77.1026 

7055 

79.3547 

9701 

90.5896 

0571 

94.7744 

7546 

76.1816 

7352 

78.4239 

3168 

80.7515 

7099 

92.3822 

6476 

96.7222 

2021 

77.4356 

1243 

79.7506 

9806 

82.1553 

2885 

94.1906 

0057 

98.6894 

4242 

78.6937 

3114 

81.0829 

9264 

83.5661 

0549 

« 96.0147 

7741 

100.6763 

3684 

79.9560 

4358 

82.4208 

3814 

84.9839 

3602 

97.8549 

0671 

102.6831 

0021 

81.2225 

6372 

83.7642 

5860 

80.4088 

5570 

99.7111 

3714 

104.7099 

3121 

82.4933 

0560 

85.1132 

7634 

87.8408 

9998 

101.5836 

0959 

106.7570 

3052 

83.7682 

8329 

86.4679 

1500 

89.2801 

0448 

103.4724 

6618 

108.8246 

0083 

85.0475 

1090 

87.8281 

9797 

90.7265 

0500 

105.3778 

5025 

110.9128 

4684 

86.3310 

0260 

89.1941 

4880 

92.1801 

3752 

107.2999 

0644 

113.0219 

7530 

87.6187 

7261 

90.5657 

9109 

93.6410 

3821 

109.2387 

8063 

115.1521 

9506 

88.9108 

3519 

91.9431 

4855 

95.1092 

4340 

111.1946 

1996 

117.3037 

1701 

90.2072 

0464 

93.3262 

4500 

96.5847 

8962 

113.1675 

7288 

119.4767 

5418 

91.5078 

9532 

94.7151 

0436 

98.0677 

1357 

115.1577 

8914 

121.6715 

2172 

92.8129 

2164 

96.1097 

5062 

99.5580 

5214 

117.1654 

1980 

123.8882 

3694 

94.1222 

9804 

97.5102 

0792 

101.0558 

4240 

119.1906 

1722 

126.1271 

1931 

95.4360 

3904 

98.9165 

0045 

102.5611 

2161 

121.2335 

3512 

128.3883 

9050 

96.7541 

5917 

100.3286 

5254 

104.0739 

2722 

123.2943 

2855 

130.6722 

7440 

98.0766 

7303 

101.7466 

8859 

105.5942 

9685 

125.3731 

5393 

132.9789 

9715 

99.4035 

0527 

103.1706 

3312 

107.1222 

6834 

127.4701 

6903 

135.3087 

8712 

100.7349 

4059 

104.6005 

1076 

108.6578 

7968 

129.5855 

3301 

137.6618 

7499 

102.0707 

2373 

106.0363 

4622 

110.2011 

6908 

131.7194 

0642 

140.0384 

9374 

103.4109 

5947 

107.4781 

6433 

111.7521 

7492 

133.8719 

5123 

142.4388 

7868 

104.7556 

6267 

108.9259 

9002 

113.3109 

3580 

136.0433 

3080 

144.8632 

6746 

106.1048 

4821 

110.3798 

4831 

114.8774 

9048 

138.2337 

0994 

147.3119 

0014 

107.4585 

3104 

111.8397 

6434 

116.4518 

7793 

140.4432 

5491 

149.7850 

1914 

108.8167 

2614 

113.3057 

6336 

118.0341 

3732 

142.6721 

3339 

152.2828 

6933 

110.1794 

48.56 

114.7778 

7071 

119.6243 

0800 

144.9205 

1455 

154.8056 

9803 

111.5467 

1339 

116.2561 

1184 

121.2224 

2954 

147.1885 

6906 

157.3537 

5501 

112.9185 

3577 

117.7405 

1230 

122.8285 

4169 

149.4764 

6903 

159.9272 

9256 

114.2949 

3089 

119.2310 

9777 

124.4426 

8440 

151.7843 

8813 

162.5265 

6548 

115.6759 

1399 

120.7278 

9401 

126.0648 

9782 

154.1125 

0163 

165.1518 

3114 

117.0615 

0037 

122.2309 

2690 

127.0952 

2231 

156.4609 

8592 

167.8033 

4945 

118.4517 

0537 

123.7402 

2243 

129.3336 

9842 

158.8300 

1955 

170.4813 

8294 
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TABLE V. The Amount of 1 per Annum at Compound Interest 



(1 + i) n - 1 

i 


4 

7o 

•i' 

7c 


% 


crr 
/ 0 

«î 

% 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

1.0000 

0000 

2.0112 

5000 

2.0125 

0000 

2.0137 

5000 

2.0150 

0000 

2.0175 

0000 

3.0338 

7656 

3.0376 

5625 

3.0414 

3906 

3.0452 

2500 

3.0528 

0625 

4.0680 

0767 

4.0756 

2695 

4.0832 

5885 

4.0909 

0338 

4.1062 

3036 

5.1137 

7276 

5.1265 

7229 

5.1394 

0366 

5.1522 

6693 

5.1780 

8938 

6.1713 

0270 

6.1906 

5444 

6.2100 

7046 

6.2295 

5093 

6.2687 

0596 

7.2407 

2986 

7.2680 

3762 

7.2954 

5893 

7.3229 

9419 

7.3784 

0831 

8.3221 

8807 

8.3588 

8809 

8.3957 

7149 

8.4328 

3911 

8.5075 

3045 

9.4158 

1269 

9.4633 

7420 

9.5112 

1335 

9.5593 

3169 

9.6564 

1224 

10.5217 

4058 

10.5816 

6637 

10.6419 

9253 

10.7027 

2167 

10.8253 

9945 

11.6401 

1016 

11.7139 

3720 

11.7883 

1993 

11.8632 

6249 

12.0148 

4394 

12.7710 

6140 

12.8603 

6142 

12.9.504 

0933 

13.0412 

1143 

13.2251 

0371 

13.9147 

3584 

14.0211 

1594 

14.1284 

7745 

14.2368 

2960 

14.4565 

4303 

15.0712 

7662 

15.1963 

7988 

15.3227 

4402 

15.4503 

8205 

15.7095 

3253 

16.2408 

2848 

16.3863 

3463 

16.5334 

3175 

16.6821 

3778 

16.9844 

4935 

17.4235 

3780 

17.5911 

6382 

17.7607 

6644 

17.9323 

6284 

18.2816 

7721 

18.6195 

5260 

18.8110 

5336 

19.0049 

7697 

19.2013 

5539 

19.6016 

0656 

19.8290 

2257 

20.0461 

9153 

20.2662 

9541 

20.4893 

7572 

20.9446 

3468 

21.0520 

9907 

21.2967 

6893 

21.5449 

5697 

21.7967 

1636 

22.3111 

6578 

22.2889 

3519 

22.5629 

7854 

22.8412 

0013 

23.1236 

6710 

23.7016 

1119 

23.5396 

8571 

23.8450 

1577 

24.1552 

6663 

24.4705 

2211 

25.1163 

8938 

24.8045 

0717 

25.1430 

7847 

25.4874 

0155 

25.8375 

7994 

26.5559 

2620 

26.0835 

5788 

26.4573 

6695 

26.8378 

5332 

27.2251 

4364 

28.0206 

5490 

27.3769 

9790 

27.7880 

8403 

28.2068 

7380 

28.6335 

2080 

29.5110 

1637 

28.6849 

8913 

29.1354 

3508 

29.5947 

1832 

30.0630 

2361 

31.0274 

5915 

30.0076 

9526 

30.4996 

2802 

31.0016 

4569 

31.5139 

6896 

32.5704 

3909 

31.3452 

8183 

31.8808 

7337 

32.4279 

1832 

32.9866 

78.50 

34.1404 

2238 

32.6979 

1625 

33.2793 

8429 

33.8738 

0220 

34.4814 

7867 

35.7378 

7977 

34.0657 

6781 

34.6953 

7659 

35.3395 

6698 

35.9987 

0085 

37.3632 

9267 

35.4490 

0769 

36.1290 

6880 

36.8254 

8602 

37.5386 

8137 

39.0171 

5029 

36.8478 

0903 

37.5806 

8216 

38.3318 

3646 

39.1017 

6159 

40.6999 

5042 

38.2623 

4688 

39.0504 

4069 

39.8588 

9921 

40.6882 

8801 

42.4121 

9955 

39.6927 

9829 

40.5385 

7120 

41.4069 

5007 

42.2986 

1233 

44.1544 

1305 

41.1393 

4227 

42.0453 

0334 

42.9763 

0476 

43.9330 

9152 

45.9271 

1527 

42.6021 

5987 

43.5708 

6963 

44.5672 

2895 

45.5920 

8789 

47.7308 

3979 

41.0814 

3417 

45.1155 

0550 

46.1800 

2835 

47.2750 

6221 

49.5661 

2049 

45.5773 

5030 

46.6794 

4932 

47.8150 

0374 

48.9851 

0874 

51.4335 

3675 

47.0900 

9549 

48.2926 

4243 

40.4724 

6004 

50.7198 

8538 

53.3336 

2365 

48.6198 

5906 

49.8862 

2921 

51.1527 

0636 

52.4806 

8366 

55.2669 

6206 

50.1668 

3248 

51.4895 

5708 

52.8560 

5608 

54.2678 

9391 

57.2341 

3390 

51.7312 

0934 

53.1331 

7654 

54.5828 

2685 

56.0819 

1232 

59.2357 

3124 

53.3131 

8.545 

54.7973 

4125 

56.3333 

4072 

57.9231 

4100 

61.2723 

5654 

54.9129 

5879 

56.4823 

0801 

58.1079 

2415 

59.7919 

8812 

63.3446 

2278 

56.5307 

2957 

58.1883 

3687 

59.9069 

0811 

61.6888 

6794 

65.4531 

5307 

58.1667 

0028 

59.9156 

9108 

61.7306 

2810 

63.6142 

0096 

67.5085 

8386 

59.8210 

7566 

61.6640 

3721 

63.5794 

2423 

65.5084 

1398 

69.7815 

5908 

61.4940 

6276 

63.4354 

4518 

65.4536 

4131 

67.5519 

4018 

72.0027 

3637 

63.18.58 

7097 

65.2283 

8824 

67.3536 

2888 

69.5652 

1929 

74.2627 

8425 

61.8967 

1201 

67.0437 

4310 

69.2797 

4128 

71.6086 

9758 

76.5623 

8298 

66.6268 

0002 

68.8817 

8989 

71.2323 

3772 

73.6828 

2804 

78.9022 

2468 
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MATHEMATICS OF FINANCE 


TABLE V. The Amount of 1 per Annum at Compound Interest 

(1 + i) n - 1 
S W i 


n 

i|% 


i|% 

i|% 

ij% 

SI 

68.3763 

5152 

70.7428 

1226 

73.2117 

8237 

75.7880 

7046 

81.2830 

1361 . 


70.1455 

8548 

72.6270 

9741 

75.2184 

4437 

77.9248 

9152 

83.7054 

6635 

Eli 

71.9347 

2332 

74.5349 

3613 

77.2526 

9798 

80.0937 

6489 

86.1703 

1201 

54 

73.7439 

8895 

76.4666 

2283 

79.3149 

2258 

82.2951 

7136 

88.6782 

9247 

U 

75.5736 

0883 

78.4224 

5562 

81.4055 

0277 

84.5295 

9893 

91.2301 

6259 

KÜ 

77.4238 

1193 

80.4027 

3631 

83.5248 

2843 

86.7975 

4292 

93.8266 

9043 

57 

79.2948 

2981 

82.4077 

7052 

85.6732 

9482 

89.0995 

0606 

96.4686 

5752 

58 

81.1898 

9665 

84.4378 

0765 

87.8513 

0262 

91.4359 

9865 

99.1568 

5902 

59 

83.1002 

4923 

86.4933 

4099 

90.0592 

5804 

93.8075 

3863 

101.8921 

0105 

60 

85.0351 

2704 

88.5745 

0770 

92.2975 

7283 

90.2146 

5171 

104.6752 

1588 

61 

86.9917 

7222 

90.6816 

8910 

94.5666 

6446 

98.6578 

7149 

107.5070 

3215 

62 

88.9704 

2966 

92.8152 

1022 

98.8669 

5610 

101.1377 

3956 

110.3884 

0522 

63 

90.9713 

4699 

94.9754 

0034 

99.1988 

7674 

103.6548 

0565 

113.3202 

0231 

64 

91.9947 

7464 

97.1625 

9285 

101.5628 

6130 

106.2096 

2774 

116.3033 

0585 

65 

95.0409 

6586 

99.3771 

2526 

103.9593 

6064 

108.8027 

7215 

119.3386 

1370 

66 

97.1101 

7672 

101.6193 

3933 

106.3887 

9171 

111.4348 

1374 

122.4270 

3941 

67 

99.2026 

6621 

103.8895 

8107 

108.8516 

3760 

114.1003 

3594 

125.5695 

1263 

68 

101.3186 

9621 

106.1882 

0083 

111.3483 

4761 

116.8179 

3098 

128.7669 

7910 

69 

103.4585 

3154 

108.5155 

5334 

113.8793 

8739 

119.5701 

9995 

132.0204 

0124 

70 

105.6224 

4002 

110.8719 

9776 

116.4452 

2897 

122.3037 

5295 

135.3307 

5826 

71 

107.8106 

9247 

113.2578 

9773 

119.0463 

5087 

125.1992 

0924 

138.6990 

4653 

72 

110.0235 

6276 

115.6736 

2145 

121.6832 

3819 

128.0771 

9738 

142.1262 

7981 

73 

112.2613 

2784 

118.1195 

4172 

124.3563 

8272 

130.9983 

5534 

145.6134 

8974 

74 

114.5242 

6778 

120.5960 

3599 

127.0662 

8298 

133.9633 

3007 

149.1617 

2581 

75 

116.8126 

6579 

123.1034 

8644 

129.8134 

4437 

136.9727 

8063 

152.7720 

5601 

76 

119.1268 

0828 

125.6422 

80Ô2 

132.5983 

7923 

140.0273 

7234 

156.4455 

6699 

77 

121.4669 

8487 

128.2128 

0852 

135.4216 

0695 

143.1277 

8292 

160.1833 

6441 

78 

123.8334 

8845 

130.8154 

6863 

138.2836 

5404 

140.2746 

9967 

163.9865 

7329 

79 

126.226G 

1520 

133.4506 

6199 

141.1850 

5429 

149.4688 

2016 

167.8563 

3832 

80 

128.6466 

6462 

136.1187 

9526 

144.1263 

4878 

152.7108 

5247 

171.7938 

2424 

81 

131.0939 

3960 

138.8202 

8020 

147.1080 

8608 

156.0015 

1525 

175.8002 

1617 

82 

133.5687 

4642 

141.5555 

3370 

1.50.1308 

2226 

159.3415 

3798 

179.8767 

1995 

83 

136.0713 

9481 

144.3249 

7787 

153.1951 

2107 

162.7316 

6105 

184.0245 

6255 

84 

138.6021 

9801 

147.1290 

4010 

156.3015 

5398 

166.1726 

3597 

188.2449 

9239 

85 

141.1614 

7273 

149.9681 

5310 

159.4507 

0035 

169.6652 

2551 

192.5392 

7976 

86 

143.7495 

3930 

*02.8427 

5501 

162.6431 

4748 

173.2102 

0389 

196.9087 

1716 

87 

146.3667 

2162 

155.7532 

8945 

165.8794 

9076 

176.8083 

5695 

201.3546 

1971 

88 

149.0133 

4724 

158.7002 

0557 

169.1603 

3375 

180.4604 

8230 

205.8783 

2555 

89 

151.6897 

4739 

161.6839 

5814 

172.4862 

8834 

184.1673 

8954 

210.4811 

9625 

90 

154.3962 

5705 

164.7050 

0762 

175.8579 

7481 

187.9299 

0038 

215.1646 

1718 

91 

157.1332 

1494 

167.7638 

2021 

179.2760 

2196 

191.7488 

4889 

219.9299 

9798 

92 

159.9009 

6361 

170.8608 

0796 

182.7410 

0726 

195.6250 

8162 

224.7787 

7295 

93 

162.6998 

4945 

173.9966 

2881 

186.2537 

5694 

199.5594 

5784 

229.7124 

0148 

94 

165.5302 

2276 

177.1715 

8667 

189.8147 

4610 

203.5528 

4971 

234.7323 

6850 

95 

168.3924 

3776 

180.3862 

3151 

193.4240 

9886 

207.6061 

4246 ' 

239.8401 

8495 

96 

171.2868 

5269 

183.6410 

5940 

197.0842 

8847 

211.7202 

3459 

245.0373 

8819 

97 

174.2138 

2978 

186.9365 

7264 

200.7941 

9743 

215.8960 

3811 

250.3255 

4248 

98 

177.1737 

3537 

190.2732 

7080 

204.5551 

1765 

220.1344 

7868 

255.7062 

3947 

99 

180.1669 

3989 

193.6516 

9580 

208.3677 

5051 

224.4364 

9586 

261.1810 

9866 

100 

183.1938 

1796 

197.0723 

4200 

212.2328 

0708 

228.8030 

4330 

266.7517 

6789 
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TABLE V. The Amount of 1 per Annum at Compound Interest 

. _ (1 + i) n — 1 



1.0000 0000 
2.0200 0000 
3.0604 0000 
4.1216 0800 
5.2040 4016 

6.3081 2096 
7.4342 8338 
8.5829 6905 
9.7546 2843 
10.9497 2100 

12.1687 1542 
13.4120 8973 
14.6803 3152 
15.9739 3815 
17.2934 1692 

18.6392 8525 
20.0120 7096 
21.4123 1238 
22.8405 5863 
24.2973 6980 

25.7833 1719 
27.2989 8354 
28.8449 6321 
30.4218 6247 
32*0302 9972 
33.6709 0572 
35.3443 2383 
37.0512 1031 
38.7922 3451 
40.5680 7921 

42.3794 4079 
44.2270 2961 
46.1115 7020 
48.0338 0160 
49.9944 7763 

51.9943 6719 
54.0342 5453 
56.1149 3962 
58.2372 3841 
60.4019 8318 
62.6100 2284 
64.8622 2330 
67.1594 6777 
69.5026 5712 
71.8927 1027 

74.3305 6447 
76.8171 7576 
79.3535 1927 
81.9405 8966 
84.5794 0145 


1.0000 0000 
2.0225 0000 
3.0680 0625 
4.1370 3639 
5.2301 1971 

6.3477 9740 
7.4906 2284 
8.6591 6186 
9.8539 9300 
11.0757 0784 

12.3249 1127 
13.6022 2177 
14.9082 7176 
16.2437 0788 
17.6091 9130 

19.0053 9811 
20.4330 1957 
21.8927 6251 
23.3853 4966 
24.9115 2003 

26.4720 2023 
28.0676 4089 
29.6991 7201 
31.3674 0338 
33.0731 6996 

34.8173 1628 
36.6007 0590 
38.4242 2178 
40.2887 6677 
42.1952 6402 

44.1440 5746 
46.1379 1226 
48.1760 1528 
50.2599 7563 
52.3908 2508 

54.5696 1864 
56.7974 3506 
59.0753 7735 
61.4045 7334 
63.7861 7624 

66.2213 6521 
68.7113 4592 
71.2573 5121 
73.8606 4161 
76.5225 0605 

79.2442 6243 
82.0272 5834 
84.8728 7165 
87.7825 1126 
90.7576 1776 


1.0000 0000 
2.0250 0000 
3.0756 2500 
4.1525 1563 
5.2563 2852 

0.3877 3673 
7.5474 3015 
8.7361 1590 
9.9545 1 880 
11.2033 8177 

12.4834 6631 
13.7955 5297 
15.1404 4179 
16.5189 5284 
17.9319 2666 

19.3802 2483 
20.8647 3045 
22.3863 4871 
23.9460 0743 
25.5440 5761 
27.1862 7405 
28.8628 5590 
30.5844 2730 
32.3490 3798 
34.1577 6393 

36.0117 0803 
37.9120 0073 
39.8598 0075 
41.8502 9577 
43.9027 0316 

46.0002 7074 
48.1502 7751 
50.3540 3445 
52.6128 8531 
54.9282 0744 

57.3014 1263 
59.7339 4794 
62.2272 9664 
64.7820 7906 
67.4025 5354 

70.0876 1737 
72.8398 0781 
75.6608 0300 
78.5523 2308 
81.5161 3116 

84.5540 3443 
87.6678 8530 
90.8595 8243 
94.1310 7199 
97.4813 4879 


1.0000 0000 
2.0275 0000 
3.0832 5625 
4.1680 4580 
5.2826 6706 

6.4279 4040 
7.6047 0876 
8.8138 3825 
10.0562 1880 
11.3327 6482 

12.6444 1585 
13.9921 3729 
15.3769 2107 
16.7997 8639 
18.2617 8052 
19.7639 7948 
21.3074 8892 
22.8934 4487 
24.5230 1460 
26.1973 9750 

27.9178 2593 
29.6855 6615 
31.5019 1921 
33.3682 2199 
35.2858 4810 
37.2562 0892 
39.2807 5467 
41.3609 7542 
43.4984 0224 
45.6946 0830 

47.9512 1003 
50.2698 6831 
52.6522 8969 
55.1002 2765 
57.6154 8391 
60.1999 0972 
62.8554 0724 
65.5839 3094 
68.3874 8904 
71.2681 4499 

74.2280 1898 
77.2692 8950 
80.3941 9496 
83.6050 3532 
86.9041 7379 
90.2940 3857 
93.7771 2463 
97.3559 9556 
101.0332 8544 
104.8117 0079 


1.0000 0000 
2.0300 0000 
3.0909 0000 
4.1836 2700 
5.3091 3581 

6.4684 0988 
7.6624 6218 
8.8923 3605 
10.1591 0613 
11.4638 7931 

12.8077 9569 
14.1920 2950 
15.6177 9045 
17.0863 2416 
18.5989 1389 

20.1568 8130 
21.7615 8774 
23.4144 3537 
25.1168 6844 
20.8703 7449 
28.6764 8572 
30.5367 8030 
32.4528 8370 
34.4264 7022 
36.4592 6432 

38.5530 4225 
40.7096 3352 
42.9309 2252 
45.2188 5020 
47.5754 1571 

50.0026 7818 
52.5027 5852 
55.0778 4128 
57.7301 7652 
60.4620 8181 

G3.2759 4427 
66.1742 2250 
69.1594 4927 
72.2342 3275 
75.4012 5973 

78.6632 9753 
82.0231 9645 
85.4838 9234 
89.0484 0911 
92.7198 6139 

96.5014 5723 
100.3965 0095 
KM .4083 9598 
108.5406 478". 
112.7968 672!» 
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TABLE V. The Amount of 1 per Annrnn at Compound Interest 



n 

2% 

2j% 

2j% 

?!% 

3% 

m 

87.2709 

8948 

93.7996 

6416 

100.9214 

5751 

108.0940 

2256 

117.1807 

7331 

El 

90.0164 

0927 

96.9101 

5661 

104.4444 

9395 

112.6831 

0818 

121.6961 

9651 

El 

92.8167 

3746 

100.0906 

3513 

108.0556 

0629 

110.7818 

9365 

126.3470 

8240 

El 

95.6730 

7221 

103.3426 

7442 

111.7569 

9645 

120.9933 

9573 

131.1374 

9488 

65 

98.5865 

3365 

106.6678 

8460 

115.5509 

2136 

125.3207 

1411 

136.0716 

1972 

E9 

101.5582 

6432 

110.0679 

1200 

119.4396 

9440 

129.7670 

3375 

141.1537 

6831 

57 

104.5894 

2961 

113.5444 

4002 

123.4256 

8676 

134.3356 

2718 

146.3883 

8136 

58 

107.6822 

1820 

117.0991 

8992 

127.5113 

2893 

139.0298 

5692 

151.7800 

3280 

59 

110.8348 

4257 

120.7339 

2169 

131.6991 

1215 

143.8531 

7799 

157.3334 

3379 

El 

114.0515 

3942 

124.4504 

3493 

135.9915 

8995 

148.8091 

4038 

1G3.0534 

3680 

61 

117.3325 

7021 

128.2505 

6972 

140.3913 

7970 

1.53.9013 

9174 

168.9450 

3991 

61 

120.6792 

2161 

132.1362 

0754 

144.9011 

6419 

159.1336 

8002 

175.0133 

9110 

63 

124.0928 

0004 

136.1092 

7221 

149.5236 

9330 

164.5098 

5622 

181.2637 

9284 

64 

127.5746 

6216 

140.1717 

3083 

154.2617 

8563 

170.0338 

7726 

187.7017 

0662 

65 

131.1261 

5541 

144.3255 

9477 

159.1183 

3027 

175.7098 

0889 

194.3327 

5782 

66 

134.7486 

7852 

148.5729 

2066 

164.0962 

8853 

181.5418 

2863 

201.1627 

4055 

67 

138.4436 

5209 

152.9158 

1137 

169.1986 

9574 

187.5342 

2892 

208.1976 

2277 

68 

142.2125 

2513 

157.3564 

1713 

174.4286 

6314 

193.6914 

2021 

215.4435 

5145 

69 

146.0567 

7563 

161.8969 

3651 

179.7893 

7971 

200.0179 

3427 

222.9068 

5800 

70 

149.9779 

1114 

166.5396 

1758 

185.2841 

1421 

206.5184 

2746 

230.5940 

6374 

71 

153.9774 

6937 

171.2867 

5898 

190.9162 

1706 

213.1976 

8422 

238.5118 

8565 

71 

158.0570 

1875 

176.1407 

1106 

196.6891 

2249 

220.0606 

2054 

246.6672 

4222 

73 

162.2181 

5913 

181.1038 

7705 

202.6063 

5055 

227.1122 

8760 

255.0672 

5949 

74 

166.4625 

2231 

186.1787 

1429 

208.6715 

0931 

234.3578 

7551 

263.7192 

7727 

75 

170.7917 

7270 

191.3677 

3536 

214.8882 

9705 

241.8027 

1709 

272.6308 

5559 

76 

175.2076 

0821 

196.6735 

0941 

221.2605 

0447 

249.4522 

9181 

281.8097 

8126 

77 

179.7117 

6038 

202.0986 

6337 

227.7920 

1709 

257.3122 

2983 

291.2640 

7469 

78 

184.3059 

9558 

207.6458 

8329 

234.4808 

1751 

265.3883 

1615 

301.0019 

9693 

79 

188.9921 

1549 

213.3179 

1567 

241.3489 

8795 

273.6864 

9485 

311.0320 

5684 

80 

193.7719 

5780 

219.1175 

6877 

248.3827 

1265 

282.2128 

7345 

321.3630 

1855 

81 

198.6473 

9696 

225.0477 

1407 

255.5922 

8047 

290.9737 

2747 

332.0039 

0910 

81 

203.6203 

4490 

231.1112 

8763 

262.9820 

8748 

299.9755 

0498 

342.9640 

2638 

83 

208.6927 

5180 

237.3112 

9160 

270.5566 

3966 

309.2248 

3137 

354.2529 

4717 

84 

213.86G6 

0683 

243.6507 

9567 

278.3205 

5566 

318.7285 

1423 

365.8805 

3558 

mm 

219.1439 

3897 

250.1329 

3857 

286.2785 

6955 

328.4935 

4837 

377.8569 

5165 

86 

224.5268 

1775 

256.7609 

2969 

294.43.55 

3379 

338.5271 

2095 

390.1926 

6020 

87 

230.0173 

5411 

263.5380 

5<M>0 

302.7964 

2213 

348.8366 

1678 

402.8981 

4001 

88 

235.6177 

0119 

270.4676 

5674 

311.3663 

3268 

359.4296 

2374 

415.9853 

9321 

89 

241.3300 

5521 

277.5531 

7902 

320.1.504 

9100 

370.3139 

3839 

429.4649 

5500 

90 

247.1566 

5632 

284.7981 

2555 

329.1542 

5328 

381.4075 

7170 

443.3489 

0365 

91 

253.0997 

8944 

292.2060 

8337 

338.3831 

0961 

392.9887 

5492 

457.6493 

7076 

92 

259.1617 

8523 

299.7807 

2025 

347.8426 

8735 

404.7959 

4568 

472.3788 

5189 

93 

265.3450 

2094 

307.5257 

8645 

357.5387 

5453 

416.9278 

3418 

487.5502 

1744 

94 

271.6519 

2135 

315.4451 

1665 

367.4772 

2339 

429.3933 

4962 

503.1767 

2397 

93 

278.0849 

5978 

323.5426 

3177 

377.6641 

5398 

442.2016 

6674 

519.2720 

2569 

96 

284.6166 

5898 

331.8223 

4099 

388.1057 

5783 

455.3622 

1257 

535.8501 

8645 

97 

291.3395 

9216 

340.2883 

4366 

398.8084 

0177 

468.8846 

7342 

552.9256 

9205 

98 

298.1663 

8400 

348.9448 

3139 

409.7786 

1182 

482.7790 

0194 

570.5134 

6281 

99 

305.1297 

1168 

357.7960 

9010 

421.0230 

7711 

497.0554 

2449 

588.6288 

6669 

100 

312.2323 

0591 

366.8165 

0213 

432.5486 

5404 

511.7244 

4867 

607.2877 

3270 


Digitized by Google 


Original from 

ÜNIVER5ITYOF CALIFORNIA 



















TABLE V 


309 


TABLE V. The Amount of 1 per Annum at Compound Interest 

(1 + i) n - 1 


S n[i 








1.0000 0000 
2.0350 0000 
3.1062 2500 
4.2149 4288 
5.3624 6588 
6.5501 5218 
7.7794 0751 
9.0516 8077 
10.3684 9581 
11.7313 9316 

13.1419 9192 
14.6019 6164 
16.1130 3030 
17.6769 8636 
19.2956 8088 

20.9710 2971 
22.7050 1575 
24.4996 9130 
26.3571 8050 
28.2796 8181 

30.2694 7068 
32.3289 0215 
34.4604 1373 
36.6665 2821 
38.9498 5669 

41.3131 0168 
43.7590 6024 
46.2906 2734 
48.9107 9930 
51.6226 7728 

54.4294 7098 
57.3345 0247 
60.3412 1005 
63.4531 5240 
66.6740 1274 
70.0076 0318 
73.4578 6930 
77.0288 9472 
80.7249 0604 
84.5502 7775 

88.5095 3747 
92.6073 7128 
96.8486 2928 
101.2383 3130 
105.7816 7290 

110.4840 3145 
115.3509 7255 
120.3882 5659 
125.6018 4557 
130.9979 1016 


1.0000 0000 
2.0400 0000 
3.1216 0000 
4.2464 6400 
5.4163 2256 
6.6329 7546 
7.8992 9448 
9.2142 2626 
10.5827 9531 
12.0061 0712 

13.4863 5141 
15.0258 0546 
16.6268 3768 
18.2919 1119 
20.0235 8764 
21.8245 3114 
23.6975 1239 
25.6454 1288 
27.6712 2940 
29.7780 7858 

31.9692 0172 
34.2479 6979 
36.6178 8858 
39.0826 0412 
41.6459 0829 

44.3117 4462 
47.0842 1440 
49.9675 8298 
52.9662 8630 
56.0849 3775 

59.3283 3526 
62.7014 6867 
66.2095 2742 
69.8579 0851 
73.6522 2486 

77.5983 1385 
81.7022 4640 
85.9703 3626 
90.4091 4971 
95.0255 1570 

99.8265 3633 
104.8195 9778 
110.0123 8169 
115.4128 7696 
121.0293 9204 

126.8705 6772 
132.9453 9043 
139.2632 0604 
145.8337 3429 
152.6670 83GG 


1.0000 0000 
2.0450 0000 
3.1370 2500 
4.2781 9113 
5.4707 0973 

6.7168 9166 
8.0191 5179 
9.3800 1362 
10.8021 1423 
12.2882 0937 

13.8411 7879 
15.4650 3184 
17.1599 1327 
18.9321 0937 
20.7840 5429 
22.7193 3673 
24.7417 0689 
26.8550 8370 
29.0635 6246 
31.3714 2277 
33.7831 3680 
36.3033 7795 
38.9370 2996 
41.6891 9631 
44.5652 1015 
47.5706 4460 
50.7113 2361 
53.9933 3317 
57.4230 3316 
61.0070 6066 
64.7523 8779 
68.6662 4524 
72.7562 2628 
77.0302 5646 
81.49G6 1800 

86.1639 6581 
91.0413 4427 
96.1382 0476 
101.4644 2398 
107.0303 2306 

112.8466 8760 
118.9247 8854 
125.2764 0402 
131.9138 4220 
138.8499 6510 

146.0982 1353 
153.6726 3314 
161.5879 0163 
169.8593 5720 
178,5030 2828 


1.0000 0000 
2.0500 0000 
3.1525 0000 
4.3101 2500 
5.5256 3125 

6.8019 1281 
8.1420 0845 
9.5491 0888 
11.0265 6432 
12.5778 9254 

14.2067 8716 
-05,9171 2652 
17.7129 8285 
19.5986 3199 
21.5785 6359 

23.6574 9177 
25.8403 6636 
28.1323 8467 
30.5390 0391 
33.0659 5410 

35.7192 5181 
38.5052 1440 
41.4304 7512 
44.5019 0887 
47.7270 9882 

51.1134 5376 
54.6691 2645 
58.4025 8277 
62.3227 1191 
66.4388 4750 

70.7607 8088 
75.2088 2937 
80.0637 7084 
85.0669 5938 
00.3203 0735 
95.8363 2272 
101.6281 3886 
107.7095 4580 
114.0950 2309 
120.7997 7424 

127.8397 6295 
135.2317 5110 
142.9933 3866 
151.1430 0559 
159.7001 5587 

168.6851 6366 
178.1194 2185 
188.0253 9294 
198.4266 6259 
209.3479 9572 


1.0000 0000 
2.0550 0000 
3.1680 2500 
4.3422 6638 
5.5810 9103 
6.8880 5103 
8.2068 9384 
9.7215 7300 
11.2562 5951 
12.8753 5379 
14.5834 9825 
16.3855 9065 
18.2867 9814 
20.2925 7203 
22.4086 6350 
24.6411 3999 
26.9964 0269 
29.4812 0483 
32.1026 7110 
34.8683 1801 

37.7860 7550 
40.8643 0965 
44.1118 4669 
47.5379 9825 
51.1525 8816 
54.9659 8051 
58.9891 0943 
63.2335 1045 
67.7113 5353 
72.4354 7797 

77.4194 2926 
82.6774 9787 
88.2247 6025 
94.0771 2207 
100.2513 6378 

106.7651 8879 
113.6372 7417 
120.8873 2425 
128.5361 2708 
136.6056 1407 

145.1189 2285 
154.1004 6360 
163.5759 8910 
173.5726 6850 
184.1191 6527 

195.2457 1936 
206.9842 3392 
219.3683 6679 
232.4336 2696 
246.2174 7045 
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TABLE V. 


The Amount of 1 per Annum at Compound Interest 



(1 + 1 ) W - 1 
i 


n 

6% 


7% 

7f% 

8% 

n 

1.0000 

0000 

1.0000 0000 

1.0000 0000 

1.0000 0000 

1.0000 0000 

Kl 

2.0600 

0000 

2.0650 0000 

2.0700 0000 

2.0750 0000 

2.0800 0000 

SJ 

3.1830 

0000 

3.1992 2500 

3.2149 0000 

3.2306 2500 

3.2464 0000 

£1 

4.3746 

1600 

4.4071 7463 

4.4399 4300 

4.4729 2188 

4.5061 1200 


5.6370 

9296 

5.6936 4098 

6.7507 

3901 

5.8083 9102 

5.8666 0096 

n 

6.9753 

1854 

7.0637 2764 

7.1532 

9074 

7.2440 2034 

7.3359 2904 

■i 

8.3938 

3765 

8.5228 0994 

8.6540 2109 

8.7873 2187 

8.9228 0336 

8 

9.8974 

6791 

10.0768 5648 

10.2598 0257 

10.4463 7101 

10.6366 2763 

9 

11.4913 

1598 

11.7318 5215 

11.9779 

8875 

12.2298 4883 

12.4875 5784 

10 

13.1807 

9494 

13.4944 2254 

13.8164 

4796 

14.1470 8750 

14.4865 6247 

11 

14.9716 

4264 

15.3715 6001 

15.7835 9932 

16.2081 1906 

16.6454 8746 

U 

16.8699 

4120 

17.3707 1141 

17.8884 5127 

18.4237 2799 

18.9771 2646 

in 

18.8821 

3767 

19.4998 0765 

20.1406 4286 

20.8055 0759 

21.4952 9658 


21.0150 

6593 

21.7672 9515 

22.5504 

8786 

23.3659 2066 

24.2149 2030 

ij 

23.2759 

6988 

24.1821 6933 

25.1290 2201 

26.1183 6470 

27.1521 1393 

KSI 

25.6725 

2808 

26.7540 1034 

27.8880 5355 

29.0772 4206 

30.3242 8304 

K ÎË 

28.2128 

7976 

29.4930 2101 

30.8402 

1730 

32.2580 3521 

33.7502 2569 

18 

30.9056 

5255 

32.4100 6738 

33.9990 3251 

35.6773 8785 

37.4502 4374 

19 

33.7599 

9170 

35.5167 2176 

37.3789 6479 

39.3531 9194 

41.4462 6324 

20 

36.7855 

9120 

38.8253 0807 

40.9954 9232 

43.3046 8134 

45.7619 6430 

21 

39.9927 

2668 

42.3489 5373 

44.8651 

7678 

47.5525 3244 

50.4229 2144 

22 

43.3922 

9028 

46.1010 3573 

49.0057 3916 

52.1189 7237 

65.4567 5516 

23 

46.9958 

2769 

50.0982 4205 

53.4361 

4090 

57.0278 9530 

60.8932 9557 

El 

50.8155 

7735 

54.3540 2778 

58.1766 7076 

62.3049 8744 

66.7647 5922 

U 

54.8645 

1200 

58.8870 7859 

63.2490 

3772 

67.9778 6150 

73.1059 3995 

26 

59.1563 

8272 

63.7153 7769 

68.6764 7036 

74.0762 0112 

79.9544 1515 

27 

63.7057 

6568 

68.8568 7725 

74.4838 2328 

80.6319 1620 

87.3507 6836 

28 

68.5281 

1162 

74.3325 7427 

80.6976 9091 

87.6793 0991 

95.3388 2983 

gifl 

73.6397 

9832 

80.1641 9159 

87.3465 2927 

95.2552 5816 

103.9659 3622 

u 

79.0581 

8622 

86.3748 6405 

94.4607 8632 

103.3994 0252 

113.2832 1111 

ül 

84.8016 

7739 

92.9892 3021 

102.0730 

4137 

112.1543 5771 

123.3458 6800 

22 

90.8897 

7803 

100.0335 3017 

110.2181 

5426 

121.5659 3454 

134.2135 3744 

22 

97.3431 

6471 

107.5357 0963 

118.9334 

2506 

131.6833 7963 

145.9506 2044 

24 

104.1837 

5460 

115.5255 3076 

128.2587 

6481 

142.5596 3310 

158.6266 7007 

2fi 

111.4347 

7987 

124.0346 9026 

138.2368 

7835 

154.2516 0558 

172.3168 0368 


119.1208 

6660 

133.0969 4513 

148.9134 

5984 

166.8204 7600 

187.1021 4797 

27 

127.2681 

1866 

142.7482 4650 

160.3374 

0202 

180.3320 1170 

203.0703 1981 

28 

135.9042 

0578 

153.0268 8259 

172.5610 

2017 

194.8569 1258 

220.3159 4540 

39 

145.0584 

5813 

163.9736 2995 

185.6402 

9158 

210.4711 8102 

238.9412 2103 

40 

154.7619 

6562 

175.6319 1590 

199.6351 

1199 

227.2565 1960 

259.0565 1871 

41 

165.0476 

8356 

188.0479 9044 

214.6095 

6983 

245.3007 5857 

280.7810 4021 

42 

175.9505 

4457 

201.2711 0981 

230.6322 

3972 

264.6983 1546 

304.2435 2342 

43 

187.5075 

7724 

215.3537 3195 

247.7764 

9650 

285.5506 8912 

329.5830 0530 

44 

199.7580 

3188 

230.3517 2453 

266.1208 

5125 

307.9669 9080 

356.9496 4572 

40 

212.7435 

1379 

246.3245 8GG2 

235.7493 

1084 

332.0645 1511 

386.5056 1738 

46 

226.5G81 

2462 

263.3356 8475 

306.7517 

6260 

357.9693 5375 

418.4260 6677 

47 

241.0986 

1210 

281.4525 0420 

329.2243 

8598 

385.8170 5528 

452.9001 5211 

48 

256.5645 

2882 

300.7469 1704 

353.2700 

9300 

415.7533 3442 

490.1321 6428 

49 

272.9584 

0055 

321.2954 GGC5 

378.9989 

9951 

417.9348 3451 

530.3427 3742 

BO 

290.3359 

0458 

343.1796 7198 

406.5289 

2947 

482.5299 4709 

573.7701 5642 
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r Sl« 


i-g + o 


—n 


D 

1 * 

5* 

i% 

s* 

i% 

l 

0.9966 7774 

0.9958 5062 

0.9950 2488 

0.9913 2590 

0.9900 9901 

a 

1.9900 4426 

1.9875 6908 

1.9850 9938 

1.9740 5294 

1.9703 9506 

3 

2.9801 1056 

2.9751 7253 

2.9702 4814 

2.9482 5570 

2.9409 8521 

4 

3.9668 8760 

3.9586 7804 

3.9504 9566 

3.9140 0813 

3.9019 6555 


4.9503 8631 

4.9381 0261 

4.9258 6633 

4.8713 8352 

4.8534 3124 


5.9306 1759 

5.9134 6318 

5.8963 8441 

5.8204 5454 

5.7954 7647 


6.9075 9228 

6.8847 7661 

6.8620 7404 

6.7612 9323 

6.7281 9453 

8 

7.8813 2121 

7.8520 5969 

7.8229 5924 

7.6939 7098 

7.6516 7775 

9 

8.8518 1516 

8.8153 2915 

8.7790 6392 

8.6185 5859 

8.5660 1758 

10 

9.8190 8487 

9.7740 0164 

9.7304 1186 

9.5351 2624 

9.4713 0453 

11 

10.7831 4107 

10.7298 9374 

10.6770 2673 

10.4437 4348 

10.3676 2825 

12 

11.7439 9442 

11.6812 2198 

11.6189 3207 

11.3444 7929 

11.2550 7747 

13 

12.7016 5557 

12.6286 0280 

12.5561 5131 

12.2374 0202 

12.1337 4007 

14 

13.6561 3512 

13.5720 5257 

13.4S87 0777 

13.1225 7945 

13.0037 0304 

15 

14.6074 4364 

14.5115 8762 

14.4160 2405 

14.0000 7870 

13.8650 5252 

16 

15.5555 91G7 

15.4472 2418 

15.3399 2502 

M.8690 6056 

14.7178 7378 

17 

16.5005 8970 

16.3789 7843 

16.2586 3186 

15.7323 0885 

15.5622 5127 

18 

17.4424 4821 

17.3068 6648 

17.1727 6802 

16.5871 7111 

16.3982 6858 

19 

18.3811 7762 

18.2309 0438 

18.0823 5624 

17.4340 1820 

17.2260 0850 

20 

19.3107 8832 

19.1511 0809 

18.9874 1915 

18.2747 1445 

18.0455 5297 

21 

20.2492 9069 

20.0674 9352 

19.8839 7925 

19.1075 2361 

18.8569 8313 

1~1 

21.1786 9504 

20.98C0 7653 

20.7840 5896 

19.9331 0891 

19.6603 7934 

El 

22.1050 1167 

21.8888 7289 

21.6756 8055 

20.7515 3300 

20.4558 2113 

« 

23.0282 5083 

22.7938 9831 

22.5628 6622 

21.5628 5799 

21.2433 8726 

M 

23.9484 2275 

23.6951 6843 

23.4450 3803 

22.3671 4547 

22.0231 5570 

ül 

24.8655 3763 

24.5920 98£4 

24.3240 1794 

23.1644 5647 

22.7952 0366 

ta 

25.7796 0561 

25.4865 0506 

25.1980 2780 

23.8548 5152 

23.5596 0759 


26.6906 3682 

26.3766 0254 

26.0676 8936 

24.7383 9060 

24.3164 4316 

Sa 

27.5986 4135 

27.2630 0668 

26.9330 2423 

25.5151 3319 

25.0657 8530 

80 

28.5036 2925 

28.1457 3278 

27.7940 5397 

26.2851 3823 

25.8077 0822 

EH 

29.4056 1055 

29.0247 9612 

28.6507 9997 

27.0484 6417 

26.5422 8537 

El 

30.3045 9523 

29.9002 1189 

29.5032 8355 

27.8051 6894 

27.2695 8947 

83 

31.2005 9325 

30.7719 9524 

30.3515 2592 

28.5553 0998 

27.9896 9255 

84 

32.0936 1454 

31.6401 6122 

31.1955 4818 

29.2989 4422 

28.7026 6589 

85 

32.9836 6898 

32.5047 2486 

32.0353 7132 

30.0361 2809 

29.4085 8009 

86 

33.8707 6642 

33.3657 0109 

32.8710 1624 

30.7669 1757 

30.1075 0504 

87 

34.7549 1670 

34.2231 0481 

33.7025 0372 

31.4913 6810 

30.7995 0994 

88 

35.6361 2960 

35.0769 5084 

34.5298 5445 

32.2095 3467 

31.4846 6330 

mm 

3G.5144 1488 

35.9272 5394 

35.3530 8900 

32.9214 7179 

32.1630 3298 

Efl 

37.3897 8228 

36.7740 2881 

36.1722 2786 

33.6272 3350 

32.8346 8611 

41 

38.2622 4147 

37.6172 9009 

36.9872 9141 

34.3268 7335 

33.4996 8922 

42 

39.1318 0213 

38.4570 5236 

37.7982 9991 

35.0204 4446 

34.1581 0814 

43 

39.9984 7388 

39.2933 3013 

38.6052 7354 

35.7079 9947 

34.8100 0806 

44 

40.8622 6633 

40.1261 3788 

39.4082 3238 

36.3895 9055 

35.4554 5352 

45 

41.7231 8903 

40.9554 8999 

40.2071 9640 

37.0052 6944 

36.0945 0844 

46 

42.5812 5153 

41.7814 0081 

41.0021 8547 

37.7350 8743 

36.7272 3608 ! 

47 

43.4364 6332 

42.6038 8461 

41.7932 1937 

38.3990 9535 

37.3536 9909 

48 

44.2888 3387 

43.4229 5562 

42.5803 1778 

39.0573 4359 

37.9739 5949 

49 

45.1383 7263 

44.2386 2799 

43.3635 0028 

39.7098 8212 

38.5880 7871 

50 

45.9850 2900 

45.0509 1582 

44.1427 8635 

40.3567 6047 

39.1961 1753 
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TABLE VI 




TABLE VL 


The Présent Value of 1 per Annum at Compound Interest 



1-(1 + f)-" 
i 


D 

mm 

12 

7c 


s% 


51 

46.8289 

9236 

45.8598 

3317 

44.9181 

9537 

40.9980 

2772 

39.7981 

3617 

52 

47.6700 

9205 

46.6653 

9401 

45.6897 

4664 

41.6337 

3256 

40.394 î 

9423 

53 

48.5083 

9739 

47.4676 

1228 

46.4574 

5934 

42.2639 

2324 

40.9843 

5072 

54 

49.3439 

1767 

48.2665 

0184 

47.2213 

5258 

42.8886 

4757 

41.5686 

6408 

55 

50.1766 

6213 

49.0620 

7651 

47.9814 

4535 

43.5079 

5298 

42.1471 

9216 

M 

51.0066 

3999 

49.8543 

5003 

48.7377 

5657 

44.1218 

8647 

42.7199 

9224 

BT 

51.8338 

6046 

50.6433 

3612 

49.4903 

0505 

44.7304 

9465 

43.2871 

2102 

68 

52.6583 

3268 

51.4290 

4840 

50.2391 

0950 

45.3338 

2369 

43.8486 

3468 

fl 

53.4800 

0580 

52.2115 

0046 

50.9811 

8855 

45.9519 

1939 

44.4045 

8879 

El 

54.2990 

6890 

52.9907 

0584 

51.7255 

6075 

46.5248 

2716 

44.9550 

3841 

ei 1 

55.1153 

5106 

53.7666 

7800 

52.4632 

4453 

47.1125 

9198 

45.5000 

3803 

62 

55.9289 

2133 

54.5394 

3035 

53.1972 

5824 

47.6952 

5847 

46.0390 

4161 

63 

56.7397 

8870 

55.3089 

7627 

53.9276 

2014 

48.2728 

7085 

40.5739 

0258 

64 

57.5479 

6216 

56.0753 

2905 

54.6543 

4839 

48.8454 

7296 

47.1028 

7385 

65 

58.3534 

5065 

56.8385 

0194 

55.3774 

6109 

49.4131 

0826 

47.6266 

0777 

66 

59.1562 

6311 

57.5985 

0814 

56.09G9 

7621 

49.9758 

1984 

48.1451 

5621 

67 

59.9564 

0842 

58.3553 

6078 

56.8129 

1165 

50.5336 

5040 

48.6585 

7050 

El 

60.7538 

9543 

59.1090 

7296 

57.5252 

8522 

51.0866 

4228 

49.1669 

0149 

El 

61.5487 

3299 

59.8596 

5770 

58.2341 

1465 

51.6348 

3745 

49.6701 

9949 

70 

62.3409 

2989 

60.6071 

2798 

58.9394 

1756 

52.1782 

7752 

50.1685 

1435 

71 

63.1304 

9490 

61.3514 

9672 

59.6412 

1151 

52.7170 

0374 

50.6618 

9539 

72 

63.9174 

3678 

62.0927 

7680 

60.3395 

1394 

53.2510 

5699 

51.1503 

9148 

73 

64.7017 

6423 

62.8309 

8103 

61.0343 

4222 

53.7804 

7781 

51.6340 

5097 

74 

65.4834 

8595 

63.5601 

2216 

61.7257 

1366 

54.3053 

0638 

52.1129 

2175 

El 

66.2626 

1058 

64.2082 

1292 

62.4136 

4543 

54.8255 

8253 

52.5870 

5124 

T« 

67.0391 

4676 

65.0272 

6596 

63.0981 1 

5466 

55.3413 

4575 

53.0564 

8637 

77 

67.8131 

0308 

65.7532 

9388 

63.7792 

5836 

55.8526 

3520 

53.5212 

7364 

78 

68.5844 

8812 

66.4763 

0924 

64.45G9 

7350 

56.3594 

8966 

53.9814 

5905 

El 

69.3533 

1042 

67.1963 

2453 

65.1313 

1691 

56.8619 

4762 

54.4370 

8817 

u 

70.1195 

7849 

67.9133 

5221 

65.8023 

0538 

57.3600 

4721 

54.8882 

0611 

H 

70.8833 

0082 

68.6274 

0467 

66.4699 

5561 

57.8538 

2623 

55.3348 

5753 

82 

71.6444 

8587 

69.3384 

9426 

67.1342 

8419 

58.3433 

2216 

55.7770 

8666 

63 

72.4031 

4206 

70.0466 

3326 

67.7953 

0765 

58.8285 

7215 

56.2149 

3729 

84 

73.1592 

7780 

70.7518 

3393 

68.4530 

4244 

59.3096 

1304 

56.6484 

5276 


73.9129 

0146 

71.4541 

0846 

69.1075 

0491 

59.7864 

8133 

57.0776 

7600 


74.6640 

2139 

72.1534 

6898 

69.7587 

1135 

60.2592 

1321 

57.5026 

4951 

87 

75.4126 

4591 

72.8499 

2759 

70.40G6 

7790 

60.7278 

4457 

57.9234 

1535 

88 

76.1587 

8329 

73.5434 

9633 

71.0514 

2086 

61.1924 

1097 

58.3400 

1520 

89 

76.9024 

4182 

74.2341 

8720 

71.6929 

5608 

61.6529 

4768 

58.7524 

9030 

•o 

77.6436 

2972 

74.9220 

1212 

72.3312 

9958 

62.1094 

8965 

59.1608 

8148 

91 

78.3823 

5520 

75.6069 

8300 

72.9664 

6725 

62.5620 

7152 

59.5652 

2919 

92 

79.1186 

2645 

76.2891 

1168 

73.5984 

7487 

63.0107 

2765 

59.9655 

7346 

93 

79.8524 

5161 

76.9684 

0995 

74 2273 

3818 

63.4554 

9210 

60.3619 

5392 

94 

80.5838 

3882 

77.6448 

8955 

74.8530 

7282 

63.8963 

9861 

60.7544 

0982 

95 

81.3127 

9616 

78.3185 

0218 

75.4756 

9434 

04.3334 

8065 

61.1429 

8002 

96 

82.0393 

3172 

78.9894 

3950 

76.0952 

1825 

6-1.7667 

7140 

61.5277 

0299 

97 

82.7634 

5354 

79.6575 

3308 

76.7116 

5995 

65.1963 

0375 

61.9086 

1682 

98 

83.4851 

6964 

80.3228 

54.50 

77.3250 

3478 

65.6221 

1028 

62.2857 

5923 

El 

84.2044 

8802 

80.98.54 

1524 

77.9353 

5799 

66.0442 

2333 

62.6591 

6755 


84.9214 

1603 

81.6452 

2677 

78.5426 

4477 

66.4626 

7492 

63.0288 

7877 
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MATHEMATICS OF FINANCE 


TABLE VI. The Présent Value of 1 per Annum at Compound Interest 

°"I» “ a' 


n 

i|% 

i|% 

1?c* 

*g /o 

i|% 


n 

0.9888 7515 

0.9876 5432 

0.9864 3650 

0.9852 2167 

0.9828 0098 

mm 

1.9667 4923 

1.9631 1538 

1.9594 9346 

1.9558 8342 

1.9486 9875 

11 

2.9337 4460 

2.9265 3371 

2.9193 5237 

2.9122 0042 

2.8979 8403 

mi 1 

3.8899 8230 

3,8780 5798 

3.8061 9222 

3.8543 8465 

3.8309 4254 

■1 

4.8355 8200 

4.8178 3504 

4.8001 8962 

4.7826 4497 

4.7478 5508 


5.7706 6205 

5.7460 0992 

5.7215 1874 

5.6971 8717 

5.6489 9762 


6.6953 3948 

6.6627 2585 

6.6303 5140 

6.5982 1396 

6.5346 4133 

II 

7.6097 3002 

7.5681 2429 

7.5268 6712 

7.4859 2508 

7.4050 5297 

wn 

8.5139 4810 

8.4623 4498 

8.4112 0308 

8.3605 1732 

8.2604 9432 

10 

9.4081 0690 

9.3455 2591 

9.2835 5421 

9.2221 8455 

9.1012 2291 

11 

10.2923 1832 

10.2178 0337 

10.1440 7320 

10.0711 1779 

9.0274 9181 

U 

11.1666 9302 

11.0793 1197 

10.9929 2054 

10.9075 0521 

10.7395 4969 

1S 

12.0313 4044 

11.9301 8466 

11.8302 5454 

11.7315 3222 

11.5376 4097 

14 

12.8863 6880 

12.7705 5275 

12.6562 3136 

12.5433 8150 

12.3220 0587 

16 

13.7318 8509 

13.6005 4592 

13.4710 0504 

13.3432 3301 

13.0928 8046 

16 

14.5679 9514 

14.4202 9227 

14.2747 2754 

14.1312 6405 

13.8504 9677 

1T 

15.3948 0360 

15.2299 1829 

15.0675 4874 

14.9076 4931 

14.5950 8282 

16 

16.2124 1395 

16.0295 4893 

15.8696 1651 

15.6725 G089 

15.3268 6272 

16 

17.020 9 2850 

16.8193 0759 

16.6210 7671 

16.4201 6837 

16.0460 5673 

SD 

17.8204 4845 

17.5993 1613 

17.3820 7320 

17.1686 3879 

10.7528 8130 

21 

18.6110 7387 

18.3696 9495 

18.1327 4792 

17.9001 3673 

17.4475 4919 

22 

19.3929 0371 

19.1305 6291 

18.8732 4086 

18.6208 2437 

18.1302 6948 

23 

20.1660 3580 

19.8820 3744 

19.6036 9012 

19.3308 6145 

18.8012 4764 

24 

20.9305 6693 

20.6242 3451 

20.3242 3193 

20.0304 0537 

19.4606 8565 


21.6865 9276 

21.3572 6865 

21.0350 0067 

20.7196 1120 

20.1087 8196 

26 

22.4342 0792 

22.0812 5299 

21.7361 2890 

21.3986 3172 

20.7457 3166 

27 

23.1735 0598 

22.7962 9925 

22.4277 4737 

22.0676 1740 

21.3717 2644 

26 

23.9045 7946 

23.5025 1778 

23.1099 8508 

22.7267 1671 

21.9869 5474 

26 

24.6275 1986 

24.2000 1756 

23.7829 6925 

23.3760 7558 

22.5916 0171 

80 

25.3424 1766 

24.8889 0623 

24.4468 2540 

24.0158 3801 

23.1858 4934 

81 

26.0493 6233 

25.5692 9010 

25.1016 7734 

24.6461 4582 

23.7698 7650 

82 

26.7481 4236 

26.2412 7418 

25.7476 4719 

25.2671 3874 

24.3438 5897 

88 

27.4397 4522 

26.9049 0215 

26.3848 5543 

25.8789 5442 

24.9079 6951 

kh 

28.1233 5745 

27.5604 5644 

27.0134 2089 

26.4817 2849 

25.4623 7789 

ri 

28.7993 6460 

28.2078 5822 

27.6334 6080 

27.0755 9458 

26.0072 6100 

n 

29.4678 5127 

28.8472 0737 

28.2450 9080 

27.6606 8431 

26.5427 5283 

87 

30.1289 0114 

29.4787 8259 

28.8484 2496 

28.2371 2740 

27.0690 4455 

86 

30.7825 9692 

30.1025 0133 

29.4435 7579 

28.8050 5163 

27.5862 8457 

wrm 

31.4290 2044 

30.7185 1983 

30.0306 5430 

29.3645 8288 

28.0946 2857 1 

o 

32.0682 5260 

31.3269 3316 

30.6097 6996 

29.9158 4520 

28.5942 2955 

41 

32.7903 7340 

31.9278 3522 

31.1810 3070 

30.4589 6079 

29.0852 3789 

42 

33.3254 6195 

32.5213 1874 

31.7445 4332 

30.9940 5004 

29.5678 0135 

43 

33.9435 9649 

33.1074 7530 

32.3004 1264 

31.5212 3157 

30.0420 6522 

U 

34.5548 5438 

33.6863 9536 

32.8487 4243 

32.0406 2223 

30.5081 7221 

46 

35.1593 1212 

34.2581 6825 

33.3896 3495 

32.5523 3718 

30.96G2 6261 

46 

35.7570 4536 

34.8228 8222 

33.9231 9108 

33.0564 8983 

31.4164 7431 

47 

36.3481 2891 

35.3806 2442 

34.4495 1031 

33.5531 9195 

31.8589 4281 

48 

36.9326 3674 

35.9314 8091 

34.9686 9081 

34.0425 5365 

32.2938 0129 

46 

37.5106 4202 

36.4755 3670 

35.4808 2941 

34.5246 8339 

32.7211 8063 

60 

38.0822 1708 

37.0128 7574 

35.9860 2161 

34.9996 8807 

33.1412 0946 
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TABLE VL The Présent Value of 1 per Annum at Compound Interest 

1 - (1 + i)~ n 

' °Z\i - i 


n 

1;% 

ij% 

i|% 

ij% 

if% 

n 

38.6474 

3345 

37.5435 

8099 

36.4843 

6164 

35.4676 

7298 

33.5540 

1421 

u 

39.2063 

6188 

38.0677 

3431 

36.9759 

4243 

35.9287 

4185 

33.9597 

1913 

M 

39.7590 

7232 

38.5854 

1660 

37.4608 

5566 

36.3829 

9690 

34.3584 

4633 

U 

40.3056 

3394 

39.0967 

0776 

37.9391 

9178 

36.8305 

3882 

34.7503 

1579 


40.8461 

1514 

39.6016 

8667 

38.4110 

3998 

37.2714 

6681 

35.1354 

4550 


41.3805 

8358 

40.1004 

3128 

38.8764 

8826 

37.70.58 

7863 

35.5139 

5135 

67 

41.9091 

0613 

40.5930 

1855 

39.3356 

2344 

38.1338 

7058 

35.8859 

4727 

58 

42.4317 

4896 

41.0795 

2449 

39.7885 

3114 

38.5555 

3751 

36.2515 

4523 

69 

42.9485 

7746 

41.5600 

2419 

40.2352 

9582 

38.9709 

7292 

36.6108 

5526 

60 

43.4596 

5633 

42.0345 

9179 

40.6760 

0081 

39.3802 

6889 

36.9639 

8552 

61 

43.9650 

4952 

42.5033 

0054 

41.1107 

2829 

39.7835 

1614 

37.3110 

4228 

n 

44.4648 

2029 

42.9662 

2275 

41.5395 

5935 

40.1808 

0408 

37.6521 

3000 

M 

44.9590 

3119 

43.4234 

2988 

41.9625 

7396 

40.5722 

2077 

37.9873 

5135 

64 

45.4477 

4407 

43.8749 

0217 

42.3798 

5101 

40.9578 

5298 

38.3168 

0723 

68 

45.9310 

2009 

44.3209 

8022 

42.7914 

G832 

41.3377 

8618 

38.6405 

9678 

66 

46.4089 

1975 

44.7614 

6195 

43.1975 

0266 

41.7121 

0461 

38.9588 

1748 

67 

46.8815 

0284 

45.1965 

0503 

43.5980 

2075 

42.0808 

9125 

39.2715 

0509 

EU 

47.3488 

2852 

45.6261 

7840 

43.9931 

2429 

42.4442 

2783 

39.5789 

3375 

M 

47.8109 

5527 

46.0505 

4056 

44.3828 

5997 

42.8021 

9490 

39.8810 

1597 

70 

48.2679 

4094 

4G.4C96 

75G2 

44.7673 

0946 

43.1548 

7183 

40.1779 

0267 

Tl 

48.7198 

4270 

46.8836 

3024 

45.1465 

4448 

43.5023 

3678 

40.4696 

8321 

T* 

49.1667 

1714 

47.2924 

7431 

45,5206 

3573 

43.8446 

6G77 

40.7504 

4542 

78 

49.6086 

2016 

47.6962 

7093 

45.8896 

5300 

44.1819 

3771 

41.0382 

7560 

74 

50.0456 

0708 

48.09,50 

8240 

46.2536 

6511 

44.5142 

2434 

41.3152 

5857 

7» 

50.4777 

3259 

48.4889 

7027 

46.6127 

3994 

44.8416 

0034 

41.5874 

7771 

76 

50.9050 

5077 

48.8779 

9533 

46.9669 

4445 

45.1641 

3826 

41.8550 

1495 

77 

51.3276 

1510 

49.2622 

1761 

47.31G3 

4471 

45.4819 

0962 

42.1179 

5081 

78 

51.7454 

7847 

49.6416 

9640 

47.6610 

0588 

45.7949 

8485 

42.3763 

6443 

79 

52.1586 

9317 

50.0164 

9027 

48.0009 

9224 

46.1034 

3335 

42.6303 

3359 

80 

52.5673 

1092 

50.3866 

5706 

48.3303 

6719 

46.4073 

2349 

42.8799 

3474 

81 

52.9713 

8286 

50.7522 

5389 

48.6671 

9328 

46.7067 

2265 

43.1252 

4298 

81 

53.3709 

5957 

51.1133 

3717 

48.9935 

3221 

47.0016 

9720 

43.3663 

3217 j 

88 

53.7660 

9104 

61.4699 

6264 

49.3154 

4484 

47.2923 

1251 

43.6032 

7486 | 

84 

54.1568 

2674 

51.8221 

8532 

49.6329 

9122 

47.5786 

3301 

43.8301 

4237 

88 

64.5432 

1557 

52.1700 

5958 

49.9462 

3055 

47.8607 

2218 

44.0650 

0479 

86 

54.9253 

0588 

52.5136 

3909 

50.2552 

2125 

48.1386 

4254 

44.2899 

3099 

87 

55.3031 

4549 

52.8529 

7688 

50.5600 

2096 

48.4124 

5571 

44.5109 

8869 


55.6767 

8169 

53.1881 

2531 

50.8606 

8653 

48.6822 

2237 

44.7282 

4441 


56.0462 

6126 

53.5191 

3611 

51.1572 

7401 

48.9480 

0234 

44.9417 

6355 


56.4116 

3041 

53.8460 

6035 

51.4498 

3873 

49.2098 

5452 

45.1516 

1037 


56.7729 

3490 

54.1689 

4850 

51.7384 

3524 

49.4678 

3696 

45.3578 

4803 


57.1302 

1992 

54.4878 

5037 

52.0231 

1738 

49.7220 

0686 

45.5605 

3860 


57.4835 

3021 

54.8028 

1518 

52.3039 

3823 

49.9724 

2055 

45.7597 

4310 

94 

57.8329 

0997 

'55.1138 

9154 

52.5809 

5016 

50.2191 

3355 

45.9555 

2147 

96 

58.1784 

0294 

55.4211 

2744 

52.8542 

0484 

50.4622 

0054 

46.1479 

3265 

96 

58.5200 

5235 

55.7245 

7031 

53.1237 

5324 

50.7016 

7541 

46.3370 

3455 

97 

58.8579 

0096 

56.0242 

6698 

53.3896 

4561 

50.9370 

1121 

46.5228 

8408 


AQ 1 01Q 

qiha 

Aft *30*09 

Rtr.ft 

BS C\r> lO 

S IBB 

51 17(X1 

6034 

46 7055 

371S 

*8 

99 

59.5223 

6446 

56.6126 

0610 

53.9106 

5998 

51.3990 

7422 

46.8850 

4882 

inn 

59.8490 

6251 

56.9013 

3936 

54.1658 

7914 

51.6247 

0367 

47.0614 

7301 
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MATHEMATICS OF FINANCE 


TABLE VL The Présent Value of 1 per Annum at Compound Interest 

f . l-(l+i).- n 





0 9803 9216 
1.9415 6094 
2,8838 8327 
3.8077 2870 
4.7134 5951 
5.6014 3089 
6.4719 9107 
7.3254 8144 
8.1622 3671 
8.9825 8501 

9.7868 4805 
10.5753 4122 
11.3483 7375 
12.1062 4877 
12.8492 6350 

13.5777 0931 
14.2918 7188 
14.9920 3125 
15.6784 6201 
16.3514 a334 
17.0112 0916 
17.6580 4820 
18.2922 0412 
18.9139 2560 
19.5234 5647 

20.1210 3576 
20.7068 9780 
21.2812 7236 
21.8443 8466 
22.3964 5555 
22.9377 0152 
23.4683 3482 
23.9885 6355 
24.4985 9172 
24.9986 1933 

25.4888 4248 
25.0694 5341 
26.4106 4060 
26.9025 8883 
27.3554 7924 

27.7994 8945 
28.2317 935.8 
28.6615 6233 
29.0709 6307 
29.4901 5987 

29.N'»23 1360 
30.2865 8196 
30.6731 1957 
31.0520 7801 
31.4236 0589 


0.9779 9511 
1.9344 6955 
2.8698 9687 
3.7847 4021 
4.6794 6253 

5.5544 7680 
6.4102 4626 
7.2471 84G1 
8.0657 0622 
8.8662 1635 

9.6491 1134 
10.4147 7882 
11.1635 9787 
11.8959 3924 
12.6121 6551 

13.3126 3131 
13.9976 8343 
14.6676 6106 
15.3228 9590 
15.9637 1237 
16.5904 2775 
17.2033 5232 
17.8027 8955 
18.3890 3624 
18.9623 8263 

19.5231 1230 
20.0715 0376 
20.6078 2764 
21.1323 4977 
21.6453 2985 
22.1470 2186 
22.6376 7419 
23.1175 2977 
23.5868 2618 
24.0457 9577 

24.4946 6579 
24.9336 .5818 
25.3629 0118 
25.7828 7646 
26.1935 2221 

26.5951 3174 
26.9879 0390 
27.3720 3316 
27.7477 0969 
28.1151 1950 
23.4744 4450 
28.8258 6259 
29.1695 4777 
29.5056 7019 
20.8343 9027 


0.9756 0976 
1.9274 2415 
2.8560 2356 
3.7619 7421 
4.6458 2850 

5.5081 2536 
6.3493 9060 
7.1701 3717 
7.9708 6553 
8.7520 6393 
9.5142 0871 
10.2577 6460 
10.9831 8497 
11.6909 1217 
12.3813 7773 

13.0550 0266 
13.7121 9772 
14.3533 6363 
14.9788 9134 
15.5891 6229 

16.1845 4857 
16.7654 1324 
17.3321 1048 
17.8849 8583 
18.4243 7642 

18.9.506 1114 
19.4610 1087 
19.9648 8866 
20.4535 4991 
20.9302 9259 
21.3954 0741 
21.8191 7706 
22.2918 8094 
22.7237 8628 
23.1451 5734 

23.5562 5107 
23.9573 1812 
21.3486 0304 
24.7303 4443 
25.1027 7505 

25.4661 2200 
25.8206 0683 
26.1664 4569 
26.5038 4945 
26.8330 2388 

27.1.541 6962 
27.4674 8255 
27.7731 5371 
28.0713 6947 
28.3623 1168 


0.9732 3601 
1.9204 2434 
2.8422 6213 
3.7394 2787 
4.6125 8186 

5.4623 6678 
6.2894 0806 
7.0943 1441 
7.8776 7826 
8.6400 7616 
9.3820 6926 
10.1042 0366 
10.8070 1086 
11.4910 0814 
12.1566 9892 

12.8045 7315 
13.4351 0769 
14.0487 6GG1 
14.6460 0157 
15.2272 5213 

15.7929 4612 
16.3434 9987 
16.8793 I8G1 
17.4007 9670 
17.9083 1795 

18.4022 5592 
18.8829 7413 
19.3508 2640 
19.8001 5708 
20.2493 0130 

20.6805 8520 
21.1003 2623 
21.5088 3332 
21.9064 0712 
22.2933 4026 

22.6699 1753 
23.0364 1609 
23.3931 0568 
23.7402 4884 
24.0781 0106 

24.4069 1101 
24.7269 2069 
25.0383.6563 
25.3414 7507 
25.6364 7209 

25.9235 7381 
26.2029 91$4 
26.4749 3094 
26.7395 9215 
26.9971 6998 


0.9708 7379 
1.9134 6970 
2.8286 1135 
3.7170 9840 
4.5797 0719 

5.4171 9144 
6.2302 8296 
7.0196 9219 
7.7861 0892 
8.5302 0284 
9.2526 2411 
9.9540 0399 
10.6349 5533 
11.2960 7314 
11.9379 3509 

12.5611 0203 
13.1661 1847 
13.7535 1308 
14.3237 9911 
14.8774 7486 

15.4150 2414 
15.9369 16G4 
16.4436 0839 
16.9355 4212 
17.4131 4769 

17.8768 4242 
18.3270 3147 
18.7641 0823 
19.1884 5459 
19.0004 4135 

20.0004 2849 
20.3887 6553 
20.7657 9178 
21.1318 3668 
21.4872 2007 

21.8322 5250 
22.1672 3544 
22.4924 6159 
22.8082 1513 
23.1147 7197 

23.4123 9997 
23.7013 5920 
23.9819 0213 
24.2542 7392 
24.5187 1254 
24.7754 4907 
25.0247 0783 
25.2667 0664 
25.5016 5693 
25.7297 6401 
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TABLE VL The Présent Value of 1 per Annum at Compound Interest 


tfn.. = 










31.7878 4892 
32.1449 4992 
32.49.50 4894 
32.8382 8327 
33.1747 8752 
33.5046 9365 
33.8281 3103 
34.1452 2650 
34.4561 0441 
34.7608 8668 

35.0596 9282 
35.3526 4002 
35.6398 4316 
35.9214 I486 
36.1074 6555 

36.4681 0348 
36.7334 3478 
36.993 3 6351 
37.2485 9168 
37.4986 192 J 
37.7437 4441 
37.9840 6314 
38.2196 6075 
38.4506 5662 
38.6771 1433 

38.8991 3170 
39.1167 9578 
39.3301 9194 
39.5394 0386 
39.7445 1359 

39.9456 0156 
40.1427 4063 
40.3300 2611 
40.5255 1579 
40.7112 8999 

40.8934 2156 
41.0719 8192 
41.2470 4110 
41.4186 6774 
41.5869 2916 

41.7518 9133 
41.9136 1985 
42.0721 7545 
42.2276 2299 
42.3800 2254 

42.5294 3386 
42.6759 1555 
42.8195 2505 
42.9603 1867 
43.0983 5164 


30.1558 8877 
30.4703 0687 
30.7778 0623 
31.0785 3910 
31.3726 5438 
31.6602 9768 
31.9416 1142 
32.2167 3489 
32.4858 0429 
32.7489 5285 

33.0063 1086 
33.2580 0573 
33.5041 6208 
C3.7449 0179 
33.9803 4405 

34.2106 0543 
34.4357 9903 
34.G5G0 3905 
34.8714 3183 
35.0820 8492 

35.2881 0261 
35.4895 8691 
35.0866 3756 
35.8793 5214 
36.0678 2605 

36.2521 5262 
36.4324 2310 
36.0087 2675 
36.7811 5085 
36.9497 8079 

37.1147 0004 
37.2759 9026 
37.4337 3130 
37.5880 0127 
37.7388 7655 

37.886*4 3183 
38.0307 4018 
38.1718 7304 
38.3099 0028 
38.4448 9025 

38.5769 0978 
38.7060 242.3 
38.8322 9754 
38.9557 9221 
39.0765 6940 

39.1946 8890 
39.3102 0920 
39.4231 8748 
39.5336 7968 
39.6417 4052 


28.6461 5774 
28.9230 8072 
29.1932 4948 
29.4568 2876 
29.7139 7928 

29.9648 5784 
30.2096 1740 
30.4484 0722 
30.6813 7290 
30.9086 5649 

31.1303 9657 
31.3467 2836 
31.5577 8377 
31.7636 9148 
31.9645 7705 

32.1605 6298 
32.3517 6876 
32.5383 1099 
32.7203 0340 
32.8978 5698 

33.0710 7998 
33.2400 7803 
33.4049 5417 
33.5658 0895 
33.7227 4044 

33.8758 4433 
34.0252 1398 
34.1709 4047 
34.3131 1265 
34.4518 1722 

34.5871 3875 
34.7191 5976 
34.8479 6074 
34.9736 2023 
35.0902 1486 

35.2158 1938 
35.3325 0671 
35.4463 4801 
35.5574 1269 
35.6657 6848 

35.7714 8144 
35.8746 1604 
35.9752 3516 
36.0734 0016 
36.1691 7089 

36.2626 0574 
36.3537 6170 
36.4426 9434 
36.5294 5790 
36.6141 0526 


27.2478 5400 
27.4918 2871 
27.7292 7368 
27.9003 6368 
28.1852 6879 

28.4041 5454 
28.6171 8203 
28.8245 0806 
29.0262 8522 
29.2226 6201 

29.4137 8298 
29.5997 8879 
29.7808 1634 
29.9569 9887 
30.1284 6605 

30.2953 4409 
30.4577 5581 
30.6158 2074 
30.7626 5522 
30.9193 7247 
31.0650 8270 
31.2068 9314 
31.3449 0816 
31.4792 2930 
31.6099 5558 

31.7371 8304 
31.8610 0540 
31.9815 1377 
32.0987 9685 
32.2129 4098 

32.3240 3015 
32.4321 4613 
32.5373 6850 
32.6397 7469 
32.7394 4009 

32.8364 3804 
32.9308 3994 
33.0227 1527 
33.1121 3105 
33.1991 5489 

33.2838 4905 
33.3662 7644 
33.4464 9776 
33.5245 7202 
33.6005 5671 

33.6745 0775 
33.7464 7056 
33.8165 2512 
33.8846 9598 
33.9510 4232 


25.9512 2719 
26.1662 3999 
26.3749 9028 
26.5776 6047 
26.7744 2764 
26.9654 6373 
27.1509 3566 
27.3310 0549 
27.5058 3058 
27.6755 6367 

27.8403 5307 
28.0003 4279 
28.1556 7261 
28.3064 7826 
28.4528 9152 

28.5950 4031 
28.7330 4884 
28.8670 3771 
28.9971 2399 
29.1234 2135 
29.2460 4015 
29.3650 8752 
29.4806 6750 
29.5928 8106 
29.7018 2628 
29.8075 9833 
29.9102 8964 
30.0099 8994 
30.1067 8635 
30.2007 6345 

30.2920 0335 
30.3805 8577 
30.4005 8813 
30.5500 8556 
30.6311 5103 

30.7098 5537 
30.7802 6735 
30.S604 5374 
30.9324 7936 
31.0024 0714 

31.0702 9820 
31.1302 1184 
31.2002 0567 
31.2623 3560 
31.3226 5592 

31.3812 1934 
31.4380 7703 
31.4932 7867 
31.5468 7250 
31.5989 0534 
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MATHEMATICS OF FINANCE 


TABLE VL The Présent Value of 1 per Annum at Compound Interest 

l-(l + iV n 
a n\i - i 











0.9661 8357 
1.8996 9428 
2.8016 3698 
3.6730 7921 
4.5150 5238 

5.3285 5302 
6.1145 4298 
6.8739 5554 
7.6076 8651 
8.3166 0532 

9.0015 5104 
9.6633 3433 
10.3027 3849 
10.9205 2028 
11.5174 1090 
12.0941 1681 
12.6513 2059 
13.1896 8173 
13.7098 3742 
14.2124 0330 

14.6979 7420 
15.1671 2484 
15.6204 1047 
16.0583 6760 
16.4815 1459 

16.8903 5226 
17.2853 6451 
17.6670 1885 
18.0357 6700 
18.3920 4541 

18.7362 7576 
19.0688 6547 
19.3902 0818 
19.7006 8423 
20.0006 6110 
20.2904 9381 
20.5705 2542 
20.8410 8736 
21.1024 9987 
21.3550 7234 

21.5991 0371 
21.8348 8281 
22.0626 8870 
22.2827 9102 
22.4954 5026 

22.7009 1813 
22.8994 3780 
23.0912 4425 
23.2765 6450 
23.4556 1757 


0.9615 3846 
1.8860 9467 
2.7750 9103 
3.6298 9522 
4.4518 2233 

5.2421 3686 
6.0020 5467 
6.7327 4487 
7.4353 3161 
8.1108 9578 

8.7604 7671 
9.3850 7376 
9.9856 4785 
10.5631 2293 
11.1183 8743 
11.6522 9561 
12.1656 6885 
12.6592 9697 
13.1339 3940 
13.5903 2634 

14.0291 5995 
14.4511 1533 
14.8568 4167 
15.2469 6314 
15.6220 7994 

15.9827 6918 
16.3295 8575 
16.6630 6322 
16.9837 1463 
17.2920 3330 

17.5881 9356 
17.8735 51-50 
18.1467 4567 
18.4111 9776 
18.6616 1323 

18,9082 8195 
19.1425 7880 
19.3678 6423 
19.5844 8484 
19.7927 7388 

19.9930 5181 
20.1856 2674 
20.3707 9494 
20.5488 4129 
20.7200 3970 
20.8846 5356 
21.0429 3612 
21.1951 3088 
21.3414 7200 
21.4821 8462 


0.9569 3780 
1.8726 6775 
2.7489 6435 
3.5875 2570 
4.3899 7674 

5.1578 7248 
5.8927 0094 
6.5968 8607 
7.2687 9050 
7.9127 1818 

8.5289 1692 
9.1185 8078 
9.6828 5242 
10.2228 2528 
10.7395 4573 

11.2340 1505 
11.7071 9143 
12.1599 9180 
12.5932 9359 
13.0079 3045 

13.4047 2388 
13.7844 2476 
14.1477 7489 
14.4954 7837 
14.8282 0896 

15.1466 1145 
15.4513 0282 
15.7428 7351 
16.0218 8853 
16.2888 8854 

16.5443 9095 
16.7888 9086 
17.0228 6207 
17.2467 5796 
17.4610 1240 

17.6660 4058 
17.8622 3979 
18.0499 9023 
18.2296 5572 
18.4015 8442 

18.5661 0949 
18.7235 4975 
18.8742 1029 
19.0183 8305 
19.1563 4742 

19.2883 7074 
19.4147 0884 
19.5356 0654 
19.6512 9813 
19.7620 0778 


0.9523 8095 
1.8594 1043 
2.7232 4803 
3.5*59 5050 
4.3294 7667 

5.0756 9206 
5.7863 7340 
6.4632 1276 
7.1078 2168 
7.7217 3493 

8.3064 1422 
8.8632 5164 
9.3935 7299 
9.8986 4094 
10.3796 5804 

10.8377 6956 
11.2740 G625 
11.6835 8630 
12.0853 2086 
12.4622 1034 

12.8211 5271 
13.1630 0258 
13.4885 7388 
13.7986 4179 
14.0939 4457 

14.3751 8530 
14.6430 3362 
14.8981 2726 
15.1410 7358 
15.3724 5103 

15.5928 1050 
15.8026 7667 
16.0025 4921 
16.1929 0401 
16.3741 9429 

16.5468 5171 
16.7112 8734 
16.8678 9271 
17.0170 4067 
17.1590 8635 

17.2943 6796 
17.4232 0758 
17.5459 1198 
17.6627 7331 
17.7740 6982 

17.8800 6650 
17.9810 1571 
18.0771 5782 
18.1687 2173 
18.2559 2546 


0.9478 6730 
1.8463 1971 
2.6979 3338 
3.5051 5012 
4.2702 8448 

4.9955 3031 
5.6829 6712 
6.3345 6599 
6.9521 9525 
7.5376 2583 

8.0925 3633 
8.6185 1785 
9.1170 7853 
9.5896 4790 
10.0375 8094 

10.4621 6203 
10.8646 0856 
11.2460 7447 
11.6076 5352 
11.9503 8249 

12.2752 4406 
12.583 1 6973 
12.8750 4240 
13.1516 98:5 
13.4139 32GG 

13.6624 9541 
13.8980 9991 
14.1214 2172 
14.3331 0116 
14.5337 4517 
14.7239 2907 
14.9041 9817 
15.0750 6936 
15.2370 3257 
15.3905 5220 

15.5360 6843 
15.6739 9851 
15.8047 3793 
15.9286 6154 
16.0461 2469 

16.1574 6416 
16.2629 9920 
16.3630 3242 
16.4578 5063 
16.5477 2572 
16.6329 1537 
16.7136 6386 
16.7902 0271 
16.8627 5139 
16.9315 1790 
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TABLE VI. The Présent Value of 1 per Annum at Compound Interest 


l -( 1 + f ?-n 

n\t i 


' 4 % 

4% 

4g% 

6% 

4 % 

23.6286 

1630 

21.6174 

8521 

19.8679 

5003 

18.3389 

7663 

16.9066 9943 

23.7957 

6454 

21.7475 

8193 

19.9693 

3017 

18.4180 

7298 

17.0584 8287 

23.9572 

6043 

21.8726 

7493 

20.0663 

4466 

18.4934 

0284 

17.1170 4538 

24.1132 

9510 

21.9929 

5667 

20.1591 

8149 

18.5651 

4556 

17.1725 5486 

24.2640 

5323 

22.1086 

1218 

20.2480 

2057 

18.6334 

7196 

17.2251 7048 

24.4097 

1327 

22.2189 

1940 

20.3330 

3404 

18.6985 

4473 

17.2750 4311 

24.5504 

4760 

22.3267 

4943 

20.4143 

8664 

18.7605 

1879 

17.3223 1575 

24.6864 

2281 

22.4295 

6676 ' 

20.4922 

3602 

18.8195 

4170 

17.3671 2393 

24.8177 

9981 

22.5284 

2957 

20.5667 

3303 

18.8757 

5400 

17.4095 9614 

24.9447 

3412 

22.6234 

8997 

20.0380 

2204 

18.92C2 

8952 

17.4498 5416 

25.0673 

7596 

22.7148 

9421 

20.7062 

4118 

18.CS02 

7574 

17.4880 1343 

25.1858 

7049 

22.8027 

8289 

20.7715 

226G 

19.0288 

3404 

17.5211 8334 1 

25.3003 

5796 

22.8872 

9124 

20.8339 

9298 

19.0750 

8003 

17.5584 6702 

25.4109 

7388 

22.9685 

4927 

20.8937 

7319 

19.1191 

2384 

17.5009 6457 

25.5178 

4916 

23.0466 

8199 

20.9509 

7913 

19.1610 

7033 

17.6217 6737 

25.6211 

1030 

23.1218 

0961 

21.0057 

2165 

19.2010 

1936 

17.6509 6433 

25.7208 

7951 

23.1940 

4770 

21.0581 

C684 

19.2390 

6600 

17.6786 3917 

25.8172 

7489 

23.2635 

0740 

21.1082 

3621 

19.2753 

0101 

17.7048 7125 

25.9104 

1052 

23.3002 

9558 

21.1562 

0690 

19.3098 

1048 

17.7297 3579 

26.0003 

9664 

23.3945 

1498 

21.2021 

1187 

19.3426 

7665 

17.7533 0400 

26.0873 

3975 

23.4562 

6440 

21.2460 

4007 

19.3739 

7776 

17.7756 4366 

26.1713 

4275 

23.5156 

3885 

21.2880 

7662 

19.4037 

8834 

17.7968 1864 

26.2525 

0508 

23.5727 

2966 

21.3283 

0298 

19.4321 

7937 

17.8168 8970 

26.3309 

2278 

23.6276 

2468 

21.3667 

9711 

19.4592 

1845 

17.8359 1441 

26.4066 

8868 

23.6804 

0834 

21.4036 

3360 

19.4849 

6995 

17.8539 4731 

26.4798 

9244 

23.7311 

6187 

21.4388 

8383 

19.5094 

9519 

17.8710 4010 

26.5506 

2072 

23.7799 

6333 

21.4726 

1611 

19.5328 

5257 

17.8872 4180 

26.6189 

5721 

23.8268 

8782 

21.5048 

9579 

19.5550 

9768 

17.9025 9887 

26.6849 

8281 

23.8720 

0752 

21.5357 

8545 

19.5762 

8351 

17.9171 5532 

26.7487 

7567 

23.9153 

9185 

21.5653 

4493 

19.5964 

6048 

17.9309 5291 

26.8104 

1127 

23.9571 

0754 

21.5936 

3151 

19.6156 

7665 

17.9440 3120 

26.8699 

6258 

23.9972 

1879 

21.6207 

0001 

19.6339 

7776 

17.8564 2768 

26.9275 

0008 

24.0357 

8730 

21.6466 

0288 

19.6514 

0739 

17.9681 7789 

26.9830 

9186 

24.0728 

7240 

21.6713 

9032 

19.6680 

0704 

17.9703 1554 

27.0368 

0373 

24.1085 

3116 

21.6951 

1035 

19.6838 

1623 

17.9898 7255 

27.0886 

9926 

24.1428 

1842 

21.7178 

0895 

19.6988 

7260 

17.9998 7919 

27.1388 

3986 

24.1757 

8694 

21.7395 

3009 

19.7132 

1200 

18.0093 6416 

27.1872 

8489 

24.2074 

8745 

21.7603 

1588 

19.7268 

6857 

18.0183 5466 

27.2340 

9168 

24.2379 

6870 

21.7802 

0658 

19.7398 

7483 

18.0268 7645 

27.2793 

1564 

24.2672 

7759 

21.7992 

4075 

19.7522 

6174 

18.0349 5398 

27.3230 

1028 

24.2954 

5923 

21.8174 

5526 

19.7640 

5880 

18.0426 1041 

27.3652 

2732 

24.3225 

5695 

21.8348 

8542 

19.7752 

9410 

18.0498 6769 

27.4060 

1673 

24.3486 

1245 

21.8515 

6499 

19.7859 

9438 

18.0567 4G62 

27.4454 

2680 

24.3736 

6582 

21.8675 

2631 

19.7961 

8512 

18.0632 6694 

27.4835 

0415 

24.3977 

5559 

21.8828 

0030 

19.8058 

9059 

18.0694 4734 

27.5202 

9387 

24.4209 

1884 

21.8974 

1655 

19.8151 

3390 

18.0753 0553 

27.5558 

3948 

24.4431 

9119 

21.9114 

0340 

19.8239 

3705 

18.0808 5833 

27.5901 

8308 

24.4646 

0692 

21.9247 

8794 

19.8323 

2100 

18.0861 2164 

27.6233 

6529 

24.4851 

9896 

21.9375 

9612 

19.S403 

0571 

18.0911 1055 

27.6554 

2540 

24.5049 

9900 

21.9498 

5274 

19.8479 

1020 

18.0958 3939 
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MATHEMATICS OF FINANCE 


TABLE VL The Présent Value of 1 per Annum at Compotmd Interest 

1-<1+*T" 
a Hl«-- i - 


n 

6% 

6|% 

7% 

i\% 

8% 

1 

0.9433 9623 

0.9389 6714 

0.9345 7944 

0.9302 3256 

0.9259 2593 

l 

1.8333 9267 

1.8206 2642 

1.8080 1817 

1.7955 6517 

1.7832 6475 

4 

2.6730 1195 

2.G484 7551 

2.6243 1604 

2.6005 2574 

2.5770 9699 

4 

3.4651 0561 

3.4257 9860 

3.3872 1126 

3.3493 2627 

3.3121 2684 

5 

4.2123 6379 

4.1556 7944 

4.1001 9744 

4.0458 8490 

3.9927 1004 

6 

4.9173 2433 

4.8410 1356 

4.7665 3966 

4.6938 4642 

4.6228 7966 

7 

5.5823 8144 

5.4845 1977 

5.3892 $£40 

5.2966 0132 

5.2063 7006 

8 

0.2097 9381 

6.0887 5096 

5.9712 9851 

5.8573 0355 

5.7466 3894 

9 

6.8016 9227 

6.6561 0419 

6.5152 3225 

6.3788 8703 

6.2468 8791 

10 

7.3600 8705 

7.1888 3022 

7.0235 8154 

6.8640 8096 

6.7100 8140 

11 

7.8868 7458 

7.6890 4246 

7.4986 7434 

7.3154 2415 

7.1389 6426 

12 

8.3838 4394 

8.1587 2532 j 

7.9426 8630 

7.7352 7827 

7.5360 7802 

13 

8.8526 8296 

8.5997 4208 

8.3576 5074 

8.1258 4026 

7.9037 7594 

14 

9.2949 8393 

9.0138 4233 

8.7454 6799 

8.4891 5373 

8.2442 3698 

16 

9.7122 4899 

9.4026 6885 

9.1079 1401 

8.8271 1974 

8.5594 7809 

16 

10.1058 9527 

9.7677 6418 

9.4466 4860 

9.1415 0674 

8.8513 6916 

17 

10.4772 5969 

10.1105 7670 

9.7632 2299 

9.4339 5976 

9.1216 3811 

18 

10.8276 0348 

10.4321 6G3S 

10.0590 8691 

9.7060 0908 

9.3718 8714 

19 

11.1581 1649 

10.7317 1022 

10.3355 9524 

9.9590 7821 

9.6035 9920 

30 

11.4699 2122 

11.0185 0725 

10.5940 1425 

10.1944 9136 

9.8181 4741 

31 

11.7640 7662 

11.2849 8333 

10.8355 2733 

10.4134 8033 

10.0168 0316 

33 

12.0415 8172 

11.5351 9562 

11.0612 40.50 

10.6171 9101 

10.2007 4306 

33 

12.3033 7898 

11.7701 3673 

11.2721 8738 

10.8060 8931 

10.3710 5895 

34 

12.5503 5753 

11.9907 3871 

11.4693 3400 

10.9829 6680 

10.5287 5828 

36 

12.7833 5616 

12.1978 7672 

11.6535 8318 

11.1469 4586 

10.6747 7619 

36 

13.0031 6619 

12.3923 7251 

11.8257 7867 

11.2994 8452 

10.8099 7795 

37 

13.2105 3414 

12.5749 9766 

11.9807 0904 

11.4413 8095 

10.9351 6477 

38 

13.4061 6428 

12.7464 7668 

12.1371 1125 

11.5733 7763 

11.0510 7849 

3-1 

13.5907 2102 

12.9074 8981 

12.2776 7407 

11.6961 6.524 

11.1584 0601 

KM 

13.7648 3115 

13.0586 7591 

12.4090 4118 

11.8103 8627 

11.2577 8334 

si 

13.9290 8599 

13.2006 3465 

12.5318 1419 

11.9166 3839 

11.3497 9939 

n 

14.0840 4339 

13.3339 2925 

12.6465 5532 

12.0154 7757 

11.4349 9944 

o 

14.2302 2961 

13.4590 8830 

12.7537 9002 

12.1074 2099 

11.5138 8837 

34 

14.3681 4114 

13.5706 0832 

12.8540 0936 

12.1929 4976 

11.5869 3367 

M 

14.4982 4636 

13.68G9 5673 

12.9476 7230 

12.2725 1141 

11.6545 6822 

n 

14.6209 8713 

13.7905 6970 

13.0352 0776 

12.3465 2224 

11.7171 9279 

37 

14.7367 8031 

13.8878 5887 

13.1170 1660 

12.4153 6953 

11.7751 7851 

38 

14.8460 1916 

13.9792 1021 

13.1934 7345 

12.4794 1351 

11.8288 6899 

39 

14.9490 7468 

14.0649 8611 

13.2649 2846 

12.5389 8931 

11.8785 8240 

E-l 

15.0462 9687 

14.1455 2687 

13.3317 0884 

12.5944 0866 

11.9246 1333 

41 

15.1380 1592 

14.2211 5199 

13.3941 2041 

12.6459 6155 

11.9672 3457 

43 

15.2245 4332 

14.2921 6149 

13.4524 4898 

12.6939 1772 

12.0066 9867 

43 

15.3Q61 7294 

14.3588 3708 

13.5069 6167 

12.7885 2811 

12.0432 3951 

44 

15.3831 8202 

14.4214 4327 

13.5579 0810 

12.7800 2615 

12.0770 7362 

46 

15.4558 3209 

14.4802 2842 

13.6055 2159 

12.8186 2898 

12.1084 0150 

46 

15.5243 6990 

14.5354 2575 

13.6500 2018 

12.8545 3858 

12.1374 0880 

47 

15.5890 2821 

14.5872 5422 

13.6916 0704 

12.8879 4287 

12.1642 6741 

48 

15.6500 2661 

14.6359 1946 

13.7304 7443 

12.9190 1662 

12.1891 3649 

49 

15.7075 7227 

14.6816 1451 

13.7667 98.53 

12.9479 2244 

12.2121 6341 

60 

15.7018 6004 

14.7245 2067 

13.8007 4629 

12.9748 1157 

12.2334 8464 
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TABLE VII 


TABLE VTL The Annuity Whose Présent Value at Compound Interest is 


1 _ i _ . 1 

"S,.- 1-d+0- *S1I 


n 

h 

h % 

h 

i% 

i% 

i 

1.0033 3333 

1.0041 6667 

1.0050 0000 

1.0087 5000 

1.0100 0000 

s 

0.5025 0139 

0.5031 2717 

0.5037 5312 

0.5065 7203 

0.5075 1244 

3 

0.3355 5802 

0.3301 1496 

0.3366 7221 

0.3391 8361 

0.3400 2211 

4 

0.2520 8680 

0.2526 0958 

0.2531 3279 

0.2554 9257 

0.2562 8109 

8 

0.2020 0444 

0.2025 0693 

0.2030 0997 

0.2052 8049 

0.2060 3980 

6 

0.1686 1650 

0.1691 0564 

0.1695 9546 

0.1718 0789 

0.1725 4837 

7 

0.1447 6824 

0.1452 4800 

0.1457 2854 

0.1479 0070 

0.1486 2828 

8 

0.1268 8228 

0.1273 5512 

0.1278 2886 

0.1299 7190 

0.1306 9029 

9 

0.1129 7118 

0.1134 3876 

0.1139 0736 

0.1160 2868 

0.1167 4037 

10 

0.1018 4248 

0.1023 0596 

0.1027 7057 

0.1048 7538 

0.1055 8208 

11 

0.0927 3736 

0.0931 9757 

0.0936 5903 

0.0957 5111 

0.0964 5408 

12 

0.0851 4990 

0.08.56 0748 

0.0860 6643 

0.0881 4860 

0.0888 4879 

13 

0.0787 2989 

0.0791 8532 

0.0796 4224 

0.0817 1669 

0.0824 1482 

14 

0.0732 2716 

0.0736 8082 

0.0741 3609 

0.0762 0453 

0.0769 0117 

15 

0.0684 0777 

0.0689 1045 

0.0693 6436 

0.0714 2817 

0.0721 2378 

16 

0.0642 8557 

0.0647 3655 

0.0651 8937 

0.0G72 4965 

0.0679 4400 

17 

0.0606 0389 

0.0010 5387 

0.0615 0579 

0.0635 6346 

0.0642 5806 

18 

0.0573 3140 

0.0577 8053 

0.0582 3173 

0.0602 8756 

0.0609 8205 

19 

0.0544 0348 

0.0548 5191 

0.0553 0253 

0.0573 5715 

0.0580 5175 

20 

0.0517 6844 

0.0522 1630 

0.0526 6645 

0.0547 2042 

0.0554 1532 

21 

0.0493 8445 

0.0498 3183 

0.0.502 8163 

0.0523 3541 

0.0.530 3075 

22 

0.0472 1726 

0.0476 6427 

0.0481 1380 

0.0501 6779 

0.0508 6371 

23 

0.0452 3861 

0.0456 8531 

0.0461 3405 

0.0481 8921 

0.0188 8581 

21 1 

0.0434 2492 

0.0438 7139 

0.0443 2061 

0.0403 7604 

0.0470 7347 

25 

0.0417 5640 

0.0422 0270 

0.0426 5186 

0.0447 0813 

. 0.0154 0675 

2S 

0.0402 1630 

0.0406 6247 

0.0411 1163 

0.0431 6959 

0 0 438 6888 

« 

0.03S7 9035 

0.0392 3645 

0.0396 8505 

0.0417 4520 

0.0424 4553 

23 

0.0374 6632 

0.0379 1239 

0.0383 6167 

0.0404 2300 

0.0111 2444 

29 

0.0362 3367 

0.0366 7974 

0.0371 2914 

0.0391 9243 

0.0398 9502 

30 

0.0350 8325 

0.0355 2936 

0.0359 7892 

0.0380 4431 

0 0387 4811 

31 

0.0340 0712 

0.0344 5330 

0.0349 0304 

0.0369 7068 

0.0376 7573 

32 

0.0329 9830 

0.0334 4458 

0.0338 9453 

0.0359 6454 

0.0366 7089 

33 

0.0320 5067 

0.0324 9708 

0.0329 4727 

0.0350 1976 

0.0357 2744 

34 

0.0311 5885 

0.0316 0540 

0.0320 5586 

0.0341 3092 

0.0348 3997 

35 

0.0303 1803 

0.0307 6176 

0.0312 1550 

0.0332 9324 

0.0340 0368 

36 

0.0295 2399 

0.0299 7090 

0.0304 2194 

0.0325 0244 

0.0332 1431 

37 

0.0287 7291 

0.0292 2003 

0.0296 7139 

0.0317 5173 

0.0324 6805 

33 

0.0280 6141 . 

0.0285 0875 

0.028*) 6045 

0.0310 4671 

0.0317 6150 

39 

0.0273 8644 

0.0278 3402 

0.0282 8607 

0.0303 7531 

0.0310 9160 

U 

0.0267 4527 

0.0271 9310 

0.0276 4552 

0.0297 3780 

0.0304 5560 

41 

0.0261 3543 

0.0263 8352 

0.0270 3631 

0.0291 3169 

0.0298 5102 

42 

0.0255 5466 

0.0260 0303 

0.0264 5622 

0.0285 5475 

0.0292 7563 

43 

0.0250 0095 

0.0254 4961 

0.0259 0320 

0.0280 0493 

0.0287 2737 

44 

0.0244 7246 

0.0249 2141 

0.0253 7541 

0.0274 8039 

0.0282 0441 

45 

0.0239 6749 

0.0244 1675 

0.0248 7117 

0.0269 7943 

0.0277 0505 

46 

0.0234 8451 

0.0239 3409 

0.0243 8894 

0.0265 0053 

0.0272 2775 

47 

0.0230 2213 

0.0234 7204 

0.0239 2733 

0.0260 4228 

0.0267 7111 

48 

0.0225 7905 

0.0230 2929 

0.0234 8503 

0.0256 0338 

0.0263 3384 

49 

0.0221 5410 

0.0226 0468 

0.0230 6087 

0.0251 0265 

0.0259 1474 

50 

0.0217 4618 

0.0221 9711 

0.0226 537C 

0.0247 7900 

0.0255 1273 
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MATHEMATICS OF FINANCE 


TABLE VIL The Annuity Whose Présent Value at Compound Interest is 1 


— = « =j + -L 


D 

i* 

h % 

s* 


i% 

*1 

0.0213 5429 

0.0218 0557 

0.0222 6269 

, 0.0243 9142 

0.0251 2680 

BS 

0.0209 7751 

0.0214 2916 

0.0218 8675 

0.0240 1899 

0.0247 5603 

53 

0.0206 1499 

0.0210 6700 

0.0215 2507 

0.0236 6084 

0.0243 9956 

54 

0.0202 6592 

0.0207 1830 

0.0211 7686 

0.0233 1619 

0.0240 5658 

05 

0.0199 2958 

0.0203 8234 

0.0208 4139 

0.0229 8430 

0.0237 2637 

05 

0.0196 0529 

0.0200 5843 

0.0205 1797 

0.0226 6449 

0.0234 0823 

57 

0.0192 9241 

0.0197 4593 

0.0202 0598 

0.0223 5611 

0.0231 0156 


0.0189 9035 

0.0194 4426 

0.0199 0481 

0.0220 5858 

0.0228 0573 


0.0186 9856 

0.0191 5287 

0.0196 1392 

0.0217 7135 

0.0225 2020 

60 

0.0184 1652 

0.0188 7123 

0.0193 3280 

0.0214 9390 

0.0222 4445 

61 

0.0181 4377 

0.0185 9888 

0.0190 6096 

0.0212 2575 

0.0219 7800 

62 

0.0178 7984 

0.0183 3536 

0.0187 9796 

0.0209 6644 

0.0217 2041 

63 

0.0176 2432 

0.0180 8025 

0.0185 4337 

0.0207 1557 

0.0214 7125 

64 

0.0173 7681 

0.0178 3315 

0.0182 9681 

0.0204 7273 

0.0212 3013 

65 

0.0171 3695 

0.0175 9371 

0.0180 5789 

0.0202 3754 

0.0209 9667 

66 

0.0169 0438 

0.0173 6158 

0.0178 2627 

0.0200 0968 

0.0207 7052 

67 

0.0166 7878 

0.0171 3639 

0.0176 0163 

0.0197 8879 

0.0205 5136 

68 

0.0164 5985 

0.0169 1788 

0.0173 8366 

0.0195 7459 

0.0203 3888 

69 

0.0162 4729 

0.0167 0574 

0.0171 7206 

0.0193 6677 

0.0201 3280 

70 

0.0160 4083 

0.0164 9971 

0.0169 6657 

0.0191 0506 

0.0199 3282 

71 

0.0158 4021 

0.0162 9952 

0.0167 6693 

0.0189 6921 

0.0197 3870 

72 

0.0156 4518 

• 0.0161 0493 

0.0165 7289 

0.0187 7897 

0.0195 5019 

73 

0.0154 5553 

0.0159 1572 

0.0163 8422 

0.0185 9411 

0.0193 6706 

74 

0.0152 7103 

0.0157 3165 

0.0162 0070 

0.0184 1441 

0.0191 8910 

75 

0.0150 *9147 

0.0155 5253 

0.0160 2214 

0.0182 3966 

0.0190 1609 

76 

0.0149 1666 

0.0153 7816 

0.0158 4832 

0.0180 6967 

0.0188 4784 

77 

0.0147 4641 

0.0152 0836 

0.0156 7908 

0.0179 0426 

0.0186 8416 

78 

0.0145 8056 

0.0150 4295 

0.0155 1423 

0.0177 4324 

0.0185 2488 

ni 

0.0144 1892 

0.0148 8177 

0.0153 5360 

0.0175 8645 

0.0183 6984 

Efl 

0.0142 6135 

0.0147 2464 

0.0151 9704 

0.0174 3374 

0.0182 1885 

81 

0.0141 0770 

0.0145 7144 

0.0150 4439 

0.ai72 8494 

0.0180 7180 

82 

0.0139 5781 

0.0144 2200 

0.0148 9552 

0.0171 3992 

0.0179 2851 

83 

0.0138 1150 

0.0142 7020 

0.0147 5028 

0.01G9 9854 

0.0177 8886 

84 

0.0136 6881 

0.0141 3301 

0.0146 0855 

0.0168 6067 

0.0176 5273 

U 

0.0135 2944 

0.0139 9500 

0.0144 7021 

0.0167 2619 

0.0175 1998 

m 

0.0133 9333 

0.0138 5935 

0.0143 3513 

0.0165 9497 

0.0173 9050 

87 

0.0132 6038 

0.0137 2685 

0.0142 0320 

0.0164 6691 

0.0172 6417 

89 

0.0131 3040 

0.0135 9740 

0.0140 7431 

0.0163 4190 

0.0171 4089 

89 

0.0130 0349 

0.0134 7088 

0.0139 4837 

0.0162 1982 

0.0170 2056 

90 

0.0128 7930 

0.0133 4721 

0.0138 2527 

0.0161 0060 

0.0169 0306 

91 

0.0127 5797 

0.0132 2629 

0.0137 0493 

0.0159 8413 

0.0167 8832 

92 

0.0126 3925 

0.0131 0803 

0.0135 8724 

0.0158 7031 

0.0166 7624 

93 

0.0125 2310 

0.0129 9234 

0.0134 7213 

0.0157 5908 

0.0165 6673 

El 

0.0124 0944 

0.0128 7915 

0.0133 5950 

0.0156 5033 

0.0164 5971 

tri 

0.0122 9819 

0.0127 6837 

0.0132 4930 

0.0155 4401 

0.0163 5511 

96 

0.0121 8928 

0.0126 5992 

0.0131 4143 

0.0154 4002 

0.0162 5284 

97 

0.0120 8263 

0.0125 5374 

0.0130 3583 

0.0153 3829 

0.0161 5284 

98 

0.0119 7818 

0.0124 4976 

0.0129 3242 

0.0152 3877 

0.0160 5503 

99 

0.0118 7585 

0.0123 4790 

0.0128 3115 

0.0151 4137 

0.0159 5936 

100 

0.0117 7559 

0.0122 4811 

0.0127 3194 

0.0150 4604 

0.0158 6574 
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TABLE VII. The Annuity Whose Présent Value at Compound Interest is 


1 _ i _ . 1 

«Sll"l-(l+«r" s K\i 


F 

i|% 

‘5 

% 


% 

i|% 

ij% 

(MM 

1.0112 6000 

1.0125 

0000 

1.0137 

5000 

1.0150 0000 

1.0175 0000 


0.6084 6323 

0.5093 

9441 

0.5103 

3597 

0.5112 7792 

0.5131 6295 


0.3408 6130 

0.3417 

0117 

0.3425 

4173 

0.3433 8296 

0.3450 6746 


0.2570 7068 

0.2578 

6102 

0.2586 

5243 

0.2594 4478 

0.2610 3237 


0.2068 0034 

0.2075 

6211 

0.2083 

2510 

0.2090 8932 

0.2106 2142 


0.1732 6034 

0.1740 

3381 

0.1747 

7877 

0.1755 2521 

0.1770 2256 


0.1493 5762 

0.1500 

8872 

0.1508 

2157 

0.1515 5616 

0.1530 3059 

■rw 

0.1314 1071 

0.1321 

3314 

0.1328 

5758 

0.1335 8402 

0.1350 4292 

Sf m 

0.1174 6432 

0.1181 

7055 

0.1188 

8J00 

0.1196 0982 

0.1210 5813 

10 

0.1062 9131 

0.1070 

0307 

0.1077 

1737 

0.1084 3418 

0.1098 7534 

11 

0.0971 5984 

0.0978 

6839 

0.0985 

7973 

0.0992 9384 

0.1007 3038 

ia 

0.0895 5203 

0.0902 

5831 

0.0909 

6761 

0.0916 7999 

0.0931 1377 

13 

0.0831 1626 

0.0838 

2100 

0.0845 

2903 

0.0852 4036 

0.0866 7283 

14 

0.0776 0138 

0.0783 

0515 

0.0790 

1216 

0.0797 2332 

0.0811 5562 

10 

0.0728 2321 

0.0735 

2646 

i 

o 

3351 

0.0749 4436 

0.0763 7739 

îe 

0.0686 4363 

0.0093 

4672 

0.0700 

5383 

0.0707 6508 

0.0721 9958 

1T 

0.0649 5698 

0.0656 

6023 

0.0663 

6733 

0.0670 7966 

0.0685 1623 

18 

0.0616 8113 

0.0623 

8479 

0.0630 

9301 

0.0638 0578 

0.0652 4492 

î» 

0.0587 5120 

0.0594 

5548 

0.0601 

6437 

0.0608 7847 

0.0623 2061 


0.0561 1531 

0.0568 

2039 

0.0575 

3031 

0.0582 4574 

0.0596 9122 

*1 

0.0537 3145 

0.0544 

3748 

0.0551 

4881 

0.0558 6550 

0.0573 1464 

O 

0.0515 6525 

0.0522 

7238 

0.0529 

8507 

0.0537 0331 

0.0551 5638 

ri 

0.0495 8833 

0.0502 

9666 

0.0510 

1080 

0.0517 3075 

0.0531 8796 

94 

0.0477 7701 

0.0484 

8665 

0.0492 

0235 

0.0499 2410 

0.0513 8565 

90 

0.0461 1144 

0.0468 

2217 

0.0475 

3981 

0.0482 6345 

0.0497 2952 


0.0445 7479 

0.0452 

8729 

0.0460 

0635 

0.0467 3196 

0.0482 0269 

n 

0.0431 5273 

0.0438 

6677 

0.0145 

8763 

0.0453 1527 

0.0467 9079 

B 

0.0418 3299 

0.0425 

4863 

0.0132 

7134 

0.0440 0108 

0.0454 8151 


0.0406 0498 

0.0113 

2228 

0.0120 

4689 

0.0427 7878 

0.0442 6424 

BIB 

0.0394 5963 

0.0401 

7854 

0.0409 

0511 

0.0416 3919 

0.0431 2975 


0.0383 8866 

0.0391 

0942 

0.0398 

3798 

0.0405 7430 

0.0420 7005 


0.0373 8535 

0.0381 

0791 

0.0388 

3850 

0.0395 7710 

0.0410 7812 

B 'là 

0.0364 4349 

0.0371 

6786 

0.0379 

0053 

0.0386 4144 

0.0401 4779 

84 

0.0355 5763 

0.0362 

8387 

0.0370 

1864 

0.0377 6189 

0.0392 7363 

85 

0.0347 2299 

0.0354 

5111 

0.0361 

8801 

0.0309 3363 

0.0384 5082 


0.0339 3529 

0.0346 

6533 

0.0354 

0438 

0.0361 5240 

0.0376 7507 


0.0331 9072 

0.0339 

2270 

0.0346 

6394 

0.0354 1437 

0.0369 4257 


0.0324 8589 

0.0332 

1983 

0.0339 

6327 

0.0347 1613 

0.0362 4990 

89 

0.0318 1773 

0.0325 

5365 

0.0332 

0931 

0.0340 5463 . 

0.0355 9399 

40 

0.0311 8349 

0.0319 

2141 

0.0326 

0931 

0.0334 2710 

0.0349 7209 

. 41 

0.0305 8069 

0.0313 

2063 

0.0320 

7078 

0.0328 3106 

0.0343 8170 

49 

0.0300 0709 

0.0307 

4906 

0.0315 

0118 

0.0322 6426 

0.0338 2057 

43 

0.0294 6064 

0.0302 

0466 

0.0309 

5936 

0.0317 2465 

0.0332 8666 

44 

0.0289 3949 

0.0296 

8557 

0.0304 

4257 

0.0312 1038 

0.0327 7810 

! 45 

0.0284 4197 

0.0291 

9012 

0.0299 

4941 

0.0307 1976 

0.0322 9321 

48 

0.0270 6652 

0.0287 

1675 

0.0224 

7836 

0.0302 5125 

0.0318 3043 

47 

0.0275 1173 

0.0282 

6406 

0.0290 

2799 

0.0298 0342 

0.0313 8836 

48 

0.0270 7632 

0.0278 

3075 

0.0285 

9701 

0.0293 7500 

0.0309 6569 

4« 

0.0266 5910 

0.0274 

1563 

0.0281 

8424 

0.0289 6478 

0.0305 6124 

80 

0.0262 5898 

0.0270 

1763 

0.0277 

8857 

0.0285 7108 

0.0301 7391 
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TABLE VH. The Annuity Whose Présent Value at Compound Interest is 1 


1 = i . . 1 

°bTi " 1 -(! +»')"" 5 n\i 


B 

i|% 

i\% 

i|% 


if% 

n 

• 0.0258 7494 

0.0266 3571 

0.0274 0900 

0.0281 9469 

0.0298 0269 

« 

0.0255 0606 

0.0262 6897 

0.0270 4461 

0.0278 3287 

0.0294 4665 

58 

0.0251 5149 

0.0259 1653 

0.0266 9453 

0.0274 8537 

0.0291 0492 

64 

0.0248 1043 

0.0255 7760 

0.0263 5797 

0.0271 5138 

0.0287 7672 

60 

0.0244 8213 

0.0252 5145 

0.0260 3418 

0.0268 3018 

0.0284 6129 

66 

0.0241 6592 

0.0249 3739 

0.0257 2249 

0.0265 2106 

0.0281 5795 

97 

0.0238 6116 

0.0246 3478 

0.0254 2225 

0.0262 2341 

0.0278 6600 

68 

0.0235 6726 

0.0243 4303 

0.0251 3287 

0.0259 3661 

0.0275 8503 

69 

0.0232 8366 

0.0240 6158 

0.0248 5380 

0.0256 6012 

0.0273 1430 

60 

0.0230 0985 

0.0237 8993 

0.0245 8452 

0.0253 9343 

0.0270 5336 

61 

0.0227 4534 

0.0235 2758 

0.0243 2455 

0.0251 3604 

0.0268 0172 

62 

0.0224 8969 

0.0232 7410 

0.0240 7344 

0.0248 8751 

0.0265 5892 

68 

0.0222 4247 

0.0230 2904 

0.0238 3076 

0.0246 4741 

0.0263 2455 

44 

0.0220 0329 

0.0227 9203 

0.0235 9612 

0.0244 1534 

0.0260 9821 

65 

0.0217 7178 

0.0225 6268 

0.0233 6914 

0.0241 9094 

0.0258 7952 

66 

0.0215 4758 

0.0223 4065 

0.0231 4949 

0.0239 7386 

0.0256 6813 

67 

0.0213 3037 

0.0221 2560 

0.0229 3682 

0.0237 6376 

0.0254 6372 

68 

0.0211 1985 

0.0219 1724 

0.0227 3082 

0.0235 6033 

0.0252 6596 

69 

0.0209 1571 

0.0217 1527 

0.0225 3122 

0.0233 6329 

0.0250 7459 

70 

0.0207 1769 

0.0215 1941 

0.0223 3773 

0.0231 7235 

0.0248 8930 

71 

0.0205 2552 

0.0213 2941 

0.0221 5009 

0.0229 8727 

0.0247 0985 

71 

0.0203 3896 

0.0211 4601 

0.0219 6806 

0.0228 0779 

0.0245 3600 

78 

0.0201 5779 

0.0209 6600 

0.0217 9140 

0.0226 3368 

0.0243 6750 

74 

0.0199 8177 

0.0207 9215 

0.0216 1991 

0.0224 6473 

0.0242 0413 

O 

0.0198 1072 

0.0206 2325 

0.0214 5336 

0.0223 0072 

0.0240 4570 

78 

0.0196 4442 

0.0204 5910 

0.0212 9157 

0.0221 4146 

0.0238 9200 

77 

0.0194 8269 

0.0202 9953 

0.0211 3435 

0.0219 8676 

0.0237 4284 

78 

0.0193 2536 

0.0201 4435 

0.0209 8151 

0.0218 3645 

0.0235 9806 


0.0191 7226 

0.0199 9341 

0.0208 3290 

0.0216 C036 

0.0234 5748 

u 

0.0190 2323 

0.0198 4652 

0.0206 8836 

0.0215 4832 

0.0233 2093 

m 9 

0.0188 7812 

0.0197 0356 

0.0205 4772 

0.0214 1019 

0.0231 8828 

82 

0.0187 3678 

0.0195 6437 

0.0204 1086 

0.0212 7583 

0.0230 5936 

88 

0.0185 9908 

0.0194 2881 

0.0202 7762 

0.0211 4509 

0.0229 3406 

84 

0.0184 6489 

0.0192 9675 

0.0201 4789 

0.0210 1784 

0.0228 1223 

86 

0.0183 3409 

0.0191 6808 

0.0200 2153 

0.0208 C396 

0.0226 9375 

86 

0.0182 0654 

0.0190 4267 

0.0198 9843 

0.0207 7333 

0.0225 7850 

87 

0.0180 8215 

0.0189 2041 

0.0197 7847 

0.0206 5584 

0.0224 6636 

88 

0.0179 6081 

0.0188 0119 

0.0196 6155 

0.0205 4138 

0.0223 5724 

K~1 

0.0178 4240 

0.0186 8490 

0.0195 4756 

0.0204 2984 

0.0222 5102 

cfl 

0.0177 2684 

0.0185 7146 

0.0194 3641 

0.0203 2113 

0.0221 47GO 

91 

0.0176 1403 

0.0184 6076 

0.0193 2799 

0.0202 1516 

0.0220 4690 

92 

0.0175 0387 

0.0983 5271 

0.0192 2222 

0.0201 1182 

0.0219 4882 

93 

0.0173 9629 

0.0182 4724 

0.0191 1902 

0.0200 1104 

0.0218 5327 

94 

0.0172 9119 

0.0181 4425 

0.0190 1829 

0.0199*1273 

0.0217 6017 1 

90 

0.0171 8851 

0.0180 4366 

0.0189 1997 

0.0198 1681 

0.0216 6944 

96 

0.0170 8816 

0.0179 4540 

0.0188 2397 

0.0197 2321 

0.0215 8101 

97 

0.0169 9007 

0.0178 4941 

0.0187 3022 

0.0196 3186 

0.0214 9480 

98 

0.0168 9418 

0.0177 5560 

0.0186 3866 

0.0195 4268 

0.0214 1074 

99 

0.0168 0041 

0.0176 6391 

0.0185 4921 

0.0194 5560 

0.0213 2876 

100 

0.0167 0870 

0.0175 7428 

0.0184 6181 

0.0193 7057 

0.0212 4880 
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TABLE VH. The Annuity Whose Présent Value at Compound Interest is 1 

1 = i . 1 

a »fl«* " 1 -(l+i) - " s Hj; 


n 

2% 

olr/ 


2|% 

3% 

l 

1.0200 0000 

1.0225 0000 

1.0250 0000 

1.0275 0000 

1.0300 0000 

a 

0.5150 4950 

0.5169 3758 

0.5188 2716 

0.5207 1825 

0.5226 1084 

9 

0.3467 5467 

0.3484 4458 

0.3501 3717 

0.3518 3243 

0.3535 3036 

4 

0.2626 2375 

0.2642 1893 

0.2658 1788 

0.2674 2059 

0.2690 2705 

0 

0.2121 5839 

0.2137 0021 

0.2152 4686 

0.2167 9832 

0.2183 5457 

• 

0.1785 2581 

0.1800 3496 

0.1815 4997 

0.1830 7083 

0.1845 9750 

7 

0.1545 1196 

0.1560 0025 

0.1574 9543 

0.1589 9747 

0.1605 0635 

8 

0.1365 0980 

0.1379 8462 

0.1394 6735 

0.1409 5795 

0.1424 5639 

9 

0.1225 1544 

0.1239 8170 

0.1254 5689 

0.1269 4095 

0.1284 3386 

10 

0.1113 2653 

0.1127 8768 

0.1142 5876 

0.1157 3972 

0.1172 3051 

11 

0.1021 7794 

0.1036 3649 

0.1051 0596 

0.1065 8629 

0.1080 7745 

12 

0.0945 5960 

0.0960 1740 

0.0974 8713 

0.0989 6871 

0.1004 6209 

13 

0.0881 1835 

0.0895 7686 

0.0910 4827 

0.0925 3252 

0.0940 2954 

14 

0.0826 0197 

0.0840 6230 

0.0855 3653 

0.0870 2457 

0.0885 2634 

19 

0.0778 2547 

0.0792 8852 

0.0807 6646 

0.0822 5917 

0.0837 6658 

16 

0.0736 5013 

0.0751 1663 

0.0765 9899 

0.0780 9710 

0.0796 1085 

17 

0.0699 6984 

0.0714 4039 

0.0729 2777 

0.0744 3186 

0.0759 5253 

18 

0.0667 0210 

0.0681 7720 

0.0696 7008 

0.0711 8063 

0.0727 0870 

19 

0.0G37 8177 

0.0652 6182 

0.0G67 6062 

0.0682 7802 

0.0698 1388 

20 

0.0011 5672 

0.0626 4207 

0.0641 4713 

0.0656 7173 

0.0672 1571 

21 

0.0587 8477 

0.0602 7572 

0.0617 8733 

0.0633 1941 

0.0648 7178 

22 

0.0566 3140 

0.0581 2821 

0.0596 4661 

0.0611 8640 

0.0627 473J 

23 

0.0546 6810 

0.0561 7097 

0.0576 9638 

0.0592 4410 

0.0608 1390 

24 

0.0528 7110 

0.0543 8023 

0.0559 1282 

0.0574 6863 

0.0590 4742 

29 

0.0512 2044 

0.0527 3599 

0.0542 7592 

0.0558 3997 

0.0574 2787 

26 

0.0490 9923 

0.0512 2134 

0.0527 6875 

0.0543 4116 

0.0559 3829 

27 

0.0182 9309 

0.0498 2188 

0.0513 7687 

0.0529 5776 

0.0545 6421 

26 

0.0469 8967 

0.0485 2525 

0.0500 8793 

0.0516 7738 

0.0532 9323 

29 

0.0157 7836 

0.0473 2081 

0.048S 9127 

0.0504 8935 

0.0521 1467 

30 

0.0446 4992 

0.0461 9934 

0.0477 7764 

0.0493 8442 

0.0510 1C26 

31 

0.0435 9635 

0.0451 5280 

0.0467 3900 

0.0483 5453 

0.0499 9803 

32 

0.0426 1061 

0.0441 7415 

0.0457 6831 

0.0473 9263 

0.0490 4662 

33 

0.0416 8653 

0.0432 5722 

0.0448 5938 

0.0464 9253 

0.0481 5612 

34 

0.0408 1867 

0.0423 9655 

0.0440 0675 

0.0456 4875 

0.0473 2196 

30 

0.0400 0221 

0.0415 8731 

0.0432 0558 

0.0448 5645 

0.0465 3929 

36 

0.0392 3285 

0.0408 2522 

0.0424 5158 

0.0441 1132 

0.0458 0379 

37 

0.0385 0678 

0.0401 0643 

0.0417 4090 

0.0434 0953 

0.0451 1162 

38 

0.0378 5207 

0.0394 2753 

0.0410 7t)12 

0.0-127 4764 

0.0444 5934 

39 

0.0371 7114 

0.0387 8543 

0.0404 3615 

0.0421 2256 

0.0438 4385 

40 

0.0365 5575 

0.0381 7738 

0.0398 3623 

0.0415 3151 

0.0432 6238 

41 

0.0359 7188 

0.0376 0087 

0.0392 6786 

0.0409 7200 

0.0427 1241 

42 

0.0354 1729 

0.0370 5364 

0.0387 2876 

0.0404 4175 

0.0421 9167 • 

43 

0.0348 8993 

0.0365 3364 

0.0382 1688 

0.0399 3871 

0.0416 9811 

44 

0.0343 8794 

0.0360 3901 

0.0377 3037 

0.0394 6100 

0.0412 2985 

40 

0.0339 0962 

0.0355 6805 

0.0372 6752 

0.0390 0693 

0.0407 8518 

. *« 

0.0334 5342 

0.0351 1921 

0.0368 2676 

0.0385 7493 

0.0403 0254 

47 

0.0330 1792 

0.0346 9107 

0.0364 0669 

0.0381 6358 

0.0399 6051 

48 

0.0326 0184 

0.0342 8233 

0.0360 0599 

0.0377 7158 

0.0395 7777 

49 

0.0322 0396 

0.0338 9179 

0.0356 2348 

0.0373 9773 

0.0392 1314 

90 

0.0318 2321 

0.0335 1836 

0.0352 5806 

0.0370 4092 

0.0388 6550 
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MATHEMATICS OF FINANCE 


TABLE VIL The Annuity Whose Présent Value at Coxnpound Interest is 1 


1 i -i+-L 

a ü\i "l-(l+i)- n " 


n 

2% 

2j% 

2~ r ; 

2 

>0 

3% 

61 

0.0314 5856 

0.0331 6102 

0.0349 0870 

0.0367 0014 

0.0385 3382 

62 

0.0311 0909 

0.0328 1884 

0.0345 7446 

0.0363 7444 

0.0382 1718 

63 

0.0307 7392 

0.0324 9094 

0.0342 5449 

0.0360 6297 

0.0379 1471 ! 

64 

0.0304 522G 

0.0321 7654 

0.0339 4799 

0.0357 6491 

0.0370 2558 

66 

0.0301 4337 

0.0318 7489 

0.0336 5419 

0.0354 7953 

0.0373 4907 

66 

0.0298 4650 

0.0315 8530 

0.0333 7243 

0.0352 0612 

0.0370 8447 

67 

0.0295 6120 

0.0313 0712 

0.0331 0204 

0.0349 4404 

0.0368 3114 

66 

0.0292 8667 

0.0310 3977 

0.0328 4244 

0.0346 9270 

0.0365 8848 

62 

0.0290 2243 

0.0307 8268 

0.0325 9307 

0.0344 5153 

0.0363 5593 

60 

0.0287 6797 

0.0305 3533 

0.0323 5340 

0.0342 2002 

0.0361 3296 

61 

0.0285 2278 

0.0302 9724 

0.0321 2294 

0.0339 9767 

0.0359 1908 

62 

0.0282 8643 

0.0300 6795 

0.0319 0120 

0.0337 8402 

0.0357 1385 j 

63 

0.0280 5848 

0.02C8 4704 

0.0316 8790 

0.0335 7866 

0.0355 1682 

64 

0.0278 3855 

0.0296 3411 

0.0314 8249 

0.0333 8118 

0.0353 2760 

66 

0.0276 2624 

0.0294 2878 

0.0312 8463 

0.0331 9120 

0.0351 4581 

66 

0.0274 2122 

0.0292 3070 

0.0310 9398 

0.0330 0837 

0.0349 7110 

67 

0.0272 2316 

0.0290 3955 

0.0309 1021 

0.0328 3236 

0.0348 0313 

63 

0.0270 3173 

0.02S8 5500 

0.0307 3300 

0.0326 6285 

0.0346 4159 

69 

0.0268 4005 

0.0280 7677 

0.0305 6200 

0.0324 9955 

0.0344 8618 1 

70 

0.0260 6765 

0.0285 0458 

0.0303 9712 

0.0323 4218 

0.0343 3663 

71 

0.0264 9440 

0.0283 3816 

0.0302 3790 

0.0321 9048 

0.0341 9266 

72 

0.0263 2683 

0.0281 7728 

0.0300 8417 

0.0320 4420 

0.0340 5404 

73 

0.0261 6454 

0.0280 2169 

0.0299 3568 

0.0319 0311 

0.0339 2053 

74 

0.0260 0730 

0.0278 7118 

0.0297 9222 

0.0317 6698 

0.0337 9191 

76 

0.0258 5508 

0.0277 2554 

0.0296 5358 

0.0316 3560 

0.0336 6796 

76 

0.0257 0751 

0.0275 8457 

0.0295 1956 

0.0315 0878 

0.0335 4849 

77 

0.0255 6447 

0.0274 4808 

0.0293 8997 

0.0313 8633 

0.0334 3331 

78 

0.0254 2576 

0.0273 1589 

0.0292 6463 

0.0312 6806 

0.0333 2224 

79 

0.0252 9123 

0.0271 8784 

0.0291 4338 

0.0311 5382 

0.0332 1510 

80 

0.0251 6071 

0.0270 6376 

0.0290 2605 

0.0310 4342 

0.0331 1175 [ 

81 

0.0250 3405 

0.0269 4350 

0.0289 1248 

0.0309 3674 

0.0330 1201 

82 

0.0249 1110 

0.0268 2692 

0.0288 0254 

0.0308 3361 

0.0329 1576 

83 

0.0247 9173 

0.0267 1387 

0.0286 0608 

0.0307 3389 

0.0328 2284 

84 

0.0246 7581 

0.0266 0423 

0.0285 9218 

0.0306 3747 

0.0327 3313 

85 

0.0245 6321 

0.0264 9787 

0.0284 9310 

0.0305 4420 

0.0326 4650 

86 

0.0244 5381 

0.0263 9467 

0.0283 9633 

0.0304 5397 

0.0325 6284 

mm 

0.0243 4750 

0.0262 9452 

0.0283 0255 

0.0303 6667 

0.0324 8202 

1T1 

0.0242 4416 

0.0261 9730 

0.0282 1165 

0.0302 8219 

0.0324 0393 

BU 

0.0241 4370 

0.0261 0291 

0.0281 2353 

0.0302 0041 

0.0323 2848 

KJ 

0.0240 4602 

0.0260 1126 

0.0280 3809 

0.0301 2125 

0.0322 5556 

n 

0.0239 5101 

0.0259 2224 

0.0279 5523 

0.0300 4460 

0.0321 8508 

#92 

0.0238 5859 

0.0258 3577 

0.0278 7486 

0.0299 7038 

0.0321 1694 

93 

0.0237 6868 

0.0257 5176 

0.0277 9690 

0.0298 9850 

0.0320 5107 

94 

0.0236 8118 

0.0256 7012 

0.0277 2126 

0.0298 2887 

0.0319 8737 

96 

0.0235 9602 

0.0255 9078 

0.0276 4786 

0.0297 6141 

0.0319 2577 

96 

0.0235 1313 

0.0255 1366 

0.0275 7662 

0.0296 9605 

0.0318 6619 

97 

0.0234 3242 

0.0254 3868 

0.0275 0747 

0.0296 3272 

0.0318 0856 

98 

0.0233 5383 

0.0253 6578 

0.0274 4034 

0.0295 7134 

0.0317 5281 

99 

0.0232 7729 

0.0252 9489 

0.0273 7517 

0.0295 1185 

0.0316 9886 

100 

0.0232 0274 

0.0252 2594 

0.0273 1188 

0.0294 5418 

0.0316 4667 
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TABLE VH. The Annuity Whose Présent Value at Compound Interest is 1 

1 = i . 1 

°n\i 1-(1 H-» - )-" s Sl i 


n 

3|% 

4% 

4 \% 

5% 


n 

1.0350 0000 

1.0400 0000 

1.0*50 0000 

1.0500 0000 

1.0550 0000 

ü 

0.5264 0049 

0.5301 9608 

0.5339 9756 

0.5378 0488 

0.5416 1800 

MM 

0.3569 3418 

0.3603 4854 

0.3637 7336 

0.3672 0856 

0.3706 5407 

Kl 

0.2722 5114 

0.2754 9005 

0.2787 4365 

0.2820 1183 

0.2852 9449 

ftj 

0.2214 8137 

0.2246 2711 

0.2277 9164 

0.2309 7480 

0.2341 7644 

n 

0.1876 6821 

0.1907 6190 

0.1938 7830 

0.1970 1747 

0.2001 7895 

Kl 

0.1635 4449 

0.1666 0961 

0.1697 0147 

0.1728 1982 

0.1759 6442 | 

8 

0.1454 7665 

0.1485 2783 

0.1516 0965 

0.1547 2181 

0.1578 6401 

mm 

0.1314 4601 

0.1344 9299 

0.1375 7447 

0.1406 9008 

0.1438 3946 

WM 

0.1202 4137 

0.1232 9094 

0.1263 7882 

0.1295 0458 

0.1326 6777 

11 

0.1110 9197 

0.1141 4904 

0.1172 4818 

0.1203 8889 

0.1235 7065 

12 

0.1034 8395 

0.1065 5217 

0.1096 6619 

0.1128 2541 

0.1160 2923 

13 

0.0970 6157 

0.1001 4373 

0.1032 7535 

0.1064 5577 

0.1096 8426 

14 

0.0915 7073 

0.0946 6897 

0.0978 2032 

0.1010 2397 

0.1042 7912 

El 

0.0868 2507 

0.0899 4110 

0.0931 1381 

0.0963 4229 

0.0996 2560 

i*i 

0.0826 8483 

0.0858 2000 

0.0890 1537 

0.0922 6991 

0.0955 8254 

17 

0.0790 4313 

0.0821 9852 

0.0854 3758 

0.0886 9914 

0.0920 4197 

18 

0.0758 1684 

0.0789 9333 

0.0822 3690 

0.0855 4622 

0.0889 1992 

19 

0.0729 4033 

0.0761 3802 

0.0794 0734 

0.0827 4501 

0.0861 5006 

EJ 

0.0703 6108 

0.0735 8175 

0.0768 7614 

0.0802 4259 

0.0836 7933 

91 

0.0680 3659 

0.0712 8011 

0.0746 0057 

0.0779 9611 

0.0814 6478 

22 

0.0659 3207 

0.0691 9881 

0.0725 4565 

0.0759 7051 

0.0794 7123 

23 

0.0640 1880 

0.0673 0906 

0.0706 8249 

0.0741 3682 

0.0776 6965 

El 

0.0622 7283 

0.0055 8683 

0.0689 8703 

0.0724 7090 

0.0760 3580 

O 

0.0606 7404 

0.0640 1196 

0.0674 3903 

0.0709 5246 

0.0745 4935 

n 

0.0592 0540 

0.0625 6738 

0.0660 2137 

0.0695 6432 

0.0731 9307 

87 

0.0578 5241 

0.0612 3854 

0.0647 1946 

0.0682 9186 

0.0719 5228 

ES 

0.0566 0265 

0.0600 1298 

0.0635 2081 

0.0671 2253 

0.0708 1440 

d 

0.0554 4538 

0.0588 7993 

0.0624 1461 

0.0660 4551 

0.0697 6857 

Wm 

0.0543 7133 

0.0578 3010 

0.0613 G 154 

0.0650 5144 

0.0688 0539 

si 

0.0533 7240 

0.0568 5535 

0.0604 4345 

0.0641 3212 

0.0679 1665 

El 

0.0524 4150 

0.0559 4859 

0.0595 6320 

0.0632 8042 

0.0670 9519 

mm 

0.0515 7242 

0.0551 0357 

0.0587 4453 

0.0624 9004 

0.0663 3469 

Si 

0.0507 5966 

0.0543 1477 

0.0579 8191 

0.0617 5545 

0.0656 2958 

U 

0.0499 9835 

0.0535 7732 

0.0572 7045 

0.0610 7171 

0.0649 7493 

n 

0.0492 8416 

0.0528 8688 

0.0366 0578 

0.0604 3446 

0.0643 6635 

37 

0.0486 1325 

0.0522 3957 

0.0559 8402 

0.0598 3979 

0.0637 9993 

WM 

0.0479 8214 

0.0516 3192 

0.0554 0169 

0.0592 8423 

0.0632 7217 

El 

0.0473 8775 

0.0510 6083 

0.0.548 5567 

0.0587 6462 

0.0627 7991 

WM 

0.0468 2728 

0.0505 2349 

0.0543 4315 

0.0582 7816 

0.0623 2034 

41 

0.0462 9822 

0.0500 1738 

0.0538 6158 

0.0578 2229 

0.0618 9090 

42 

0.0457 9828 

0.0495 4020 

0.0534 0808 

0.0573 9471 

0.0G14 8927 

43 ' 

0.0453 2539 

0.0490 8989 

0.0529 8235 

0.0569 9333 

0.0611 1337 

44 

0.0448 7768 

0.0486 6454 

0.0525 8071 

0.0566 1625 

0.0607 6128 

45 

0.0444 5343 

0.0482 0246 

0.0522 0202 

0.0562 6173 

0.0604 3127 

46 

0.0440 5108 

0.0478 8205 

0.0518 4471 

0.0559 2820 

0.0601 2175 

47 

0.0436 6919 

0.0475 2189 

0.0515 0734 

0.0556 1421 

0.0598 3129 

Kl 

0.0433 0646 

0.0471 8065 

0.0511 8858 

0.0553 1843 

0.0595 5854 

El 

0.0429 6167 

0.0468 5712 

0.0.508 8722 

0.05.50 3965 

0.0593 0230 

ta 

0.0426 3371 

0.0465 5020 

0.0506 0215 

0.0547 7674 

0.0590 6145 
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MATHEMATICS OF FINANCE 


TABLE VU. The Annuity Whose Présent Value at Compound Interest is 1 


*n\i l-d + O 


= « + ~r~ 





3|% 

4% 

4|% 

5% 

0.0423 2156 

0.0462 5885 

0,0.503 

3232 

0.0545 2867 

0.0420 2429 

0.0459 8212 

0.0500 

7679 

0.0542 9450 

0.0417 4100 

0.0457 1915 

0.0498 

3469 

0.0540 7334 

0.0414 7090 

0.0454 6910 

0.0496 

0519 

0.0538 6438 

0.0412 1323 

0.0452 3124 

0.0493 

8754 

0.0536 6686 

0.0409 6730 

0.0450 0487 

0.0491 

8105 

0.0534 8010 

0.0407 3245 

0.0447 8932 

0.0489 

8506 

0.0533 0343 

0.0405 0810 

0.0445 8401 

0.0487 

9897 

0.0531 3626 

0.0402 9366 

0.0443 8836 

(*.0486 

2221 

0.0529 7802 

0.0400 8862 

0.0442 0185 

0.0484 

5420 

0.0528 2818 

0.0398 9249 

0.0440 2398 

0.0482 

9462 

0.0526 8627 

0.0397 0480 

0.0438 5430 

0.0481 

4284 

0.0525 5183 

0.0395 2513 

0.0436 9237 

0.0479 

9848 

0.0524 2442 

0.0393 5308 

0.0435 3780 

0.0478 

6115 

0.0523 0365 

0.0391 8826 

0.0433 9019 

0.0477 

3047 

0.0521 8915 

0.0390 3031 

0.0432 4921 

0.0476 0608 

0.0520 8057 

0.0388 7892 

0.0431 1451 

0.0474 

8765 

0.0519 7757 

0.0387 3375 

0.0429 8578 

0.0473 

7487 

0.0518 7986 

0.0385 9453 

0.0428 6272 

0.0472 

6745 

0.0517 8715 

0.0384 6095 

0.0427 4506 

0.0471 

6511 

0.0516 9915 

0.0383 3277 

0.0426 3253 

0.0470 

6759 

0.0516 1563 

0.0382 0973 

0.0425 2489 

0.0469 

7465 

0.0515 3633 

0.0380 9160 

0.0424 2190 

0.0468 

8G0G 

0.0514 6103 

0.0379 7810 

0.0423 2334 

0.0468 0159 

0.0513 8953 

0.0378 6919 

0.0422 2900 

0.0467 

2104 

0.0513 2161 

0.0377 6450 

0.0421 3809 

0.0466 

4422 

0.0512 5709 

0.0376 6390 

0.0420 5221 

0.0465 

7094 

0.0511 9580 

0.0375 6721 

0.0419 6939 

0.0465 0104 

0.0511 3756 

0.0374 7426 

0.0418 9007 

0.0464 

3434 

0.0510 8222 

0.0373 8489 

0.0418 1408 

0.0463 

7069 

0.0510 2962 

0.0372 9894 

0.0417 4127 

0.0463 0995 

0.0509 7963 

0.0372 1628 

0.0416 71.50 

0.0462 

5197 

0.0609 3211 

0.0371 3676 

0.0416 0463 

0.0461 

9663 

0.0508 8694 

0.0370 6025 

0.0415 4054 

0.0461 

4379 

0.0508 4399 

0.0369 8662 

0.0414 79Ô9 

0.0460 

9334 

0.0508 0316 

0.0369 1576 

0.0414 2018 

0.0460 4510 

0.0507 6433 

0.0368 4756 

0.0413 6370 

0.0459 9915 

0.0507 2740 

0.0367 8190 

0.0413 0953 

0.0459 5522 

0.0506 9228 

0.0367 1868 

0.0412 5758 

0.0459 

1325 

0.0506 5888 

0.0366 5781 

0.0412 0775 

0.0458 

7316 

0.0506 2711 

0.0365 9919 

0.0411 5995 

0.0458 3480 

0.0505 9689 

0.0365 4273 

0.0411 1410 

0.0457 

9827 

0.0505 6815 

0.0364 8834 

0.0410 7010 

0.0457 

6331 

0.0505 4080 

0.0364 3594 

0.0410 2789 

0.0457 

2991 

0.0505 1478 

0.0363 8546 

0.0409 8738 

0.0456 

9799 

0.0504 9003 

0.0363 3682 

0.0409 4850 

0.0456 

6749 

0.0504 6648 

0.0362 8995 

0.0409 1119 

0.0456 

3834 

0.0504 4407 

0.0362 4478 

0.0408 7538 

0.0456 

1048 

0.0504 2274 

0.0362 0124 

0.0408 4100 

0.0455 

8385 

0.0504 0245 

0.0361 5927 

0.0408 0800 

0.0455 

5839 

0.0503 8314 



0.0588 3495 
0.0580 2186 
0.0584 2130 
0.0582 3245 
0.0580 5458 

0.0578 8098 
0.0577 2900 
0.0575 8000 
0.0574 3959 
0.0573 0707 
0.0571 8202 
0.0570 6400 
0.0569 5258 
0.0568 4737 
0.0567 4800 
0.0566 5413 
0.0565 6544 
0.0564 8163 
0.0564 0242 
0.0563 2754 

0.0562 5675 
0.0561 8982 
0.0561 2652 
0.0560 6665 
0.0560 1002 

0.0559 5Q45 
0.0559 0577 
0.0558 5781 
0.0558 1243 
0.0557 6948 

0.0557 2884 
0.0556 9036 
0.0556 5395 
0.0556 1947 
0.0555 8683 

0.0555 5593 
0.0555 2667 
0.0554 9896 
0.0554 7273 
0.0554 4788 

0 0554 2435 
0.0554 0207 
0.0553 8096 
0.0553 6097 
0.0553 4204 

0.0553 2410 
0.0553 0711 
0.0552 9101 
0.0552 7577 
0.0552 6132 
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TABLE VU. The Annuity Whose Présent Value at Compound Interest is 1 


1 _ i = . , _1_ 

a nii 1-(1 +i)- n 1 


n 

6% 

6j% 

7% 

7j% 

8% 

1 

1.0600 0000 

1.0650 0000 

1.0700 0000 

1.0750 0000 

1.0800 0000 

i 

0.5454 3689 

0.5492 6150 

0.5530 9179 

0.5589 2771 

0.5607 6923 

3 

0.3741 0981 

0.3775 7570 

0.3810 5166 

0.3845 3763 

0.3880 3351 

4 

0.2885 9149 

0.2919 0274 

0.2952 2812 

0.2985 6751 

0.3019 2080 

• 

0.2373 9640 

0.2406 3454 

0.2438 9069 

0.2471 6472 

0.2504 5645 

6 

0.2033 6263 

0.2065 6831 

0.2097 9580 

0.2130 4489 

0.2163 1539 

7 

0.1791 3502 

0.1823 3137 

0.1855 5322 

0.1888 0032 

0.1920 7240 

8 

0.1610 3594 

0.1642 3730 

0.1674 6776 

0.1707 2702 

0.1740 1476 

f 

0.1470 2224 

0.1502 3803 

0.1534 8647 

0.1567 6716 

0.1600 7971 

10 

0.1358 6796 

0.1391 0469 

0.1423 7750 

0.1456 8593 

0.1490 2949 

11 

0.1267 9294 

0.1300 5521 

0.1333 5690 

0.1366 9747 

0.1400 7634 

11 

0.1192 7703 

0.1225 6817 

0.1259 0199 

0.1292 7783 

0.1326 9502 

13 

0.1129 6011 

0.1162 8255 

0.1196 5085 

0.1230 6420 

0.1265 2181 

14 

0.1075 8491 

0.1109 4048 

0.1143 4494 

0.1177 9737 

0.1212 9685 

EM 

0.1029 6276 

0.1063 5278 

0.1097 9462 

0.1132 8724 

0.1168 2954 

H 

0.0989 5214 

0.1023 7757 

0.1058 5765 

0.1093 9110 

0.1129 7687 

17 

0.0954 4480 

0.0389 0633 

0.1024 2519 

0.1060 0003 

0.1096 2943 

18 

0.0923 5654 

0.0958 5461 

0.0994 1260 

0.1030 2896 

0.1067 0210 

18 

0.0896 2083 

0.0331 5575 

0.0967 5301 

0.1004 1090 

0.1041 2763 


0.0871 8456 

0.0907 5640 

0.0943 9293 

0.0980 9219 

0.1018 5221 


0.0850 0455 

0.0886 1333 

0.0922 8900 

0.0960 2937 

0.0998 3225 


0.0830 4557 

0.0866 9120 

0.0904 0577 

0.0941 8687 

0.0980 3207 

B ■ fl 

0.0812 7848 

0.0849 6078 

0.0887 1393 

0.0925 3528 

0.0964 2217 

B f fl 

0.0796 7900 

0.0833 9770 

0.0871 8902 

0.0910 5008 

0.0949 7796 


0.0782 2672 

0.0819 8148 

0.0858 1052 

0.0897 1067 

0.0936 7878 


0.0769 0435 

0.0806 9480 

0.0845 6103 

0.0884 9961 

0.0925 0713 

17 

0.0756 9717 

0.0795 2288 

0.0834 2573 

0.0874 0204 

0.0914 4809 

18 

0.0745 9255 

0.0784 5305 

0.0823 9193 

0.0864 0520 

0.0904 8891 

mm 

0.0735 7961 

0.0774 7440 

0.0814 4865 

0.0854 9811 

0.0896 1854 

EM 

0.0726 4891 

0.0765 7744 

0.0805 8640 

0.0846 7124 

0.0888 2743 

31 

0.0717 9222 

0.0757 5393 

0.0797 9091 

0.0839 1628 

0.0881 0728 

31 

0.0710 0234 

0.0749 9665 

0.0790 7292 

0.0832 2599 

0.0874 5081 

33 

0.0702 7293 

0.0742 9924 

0.0784 0807 

0.0825 0397 

0.0868 5163 

34 

0.0695 9843 

0.0736 5610 

0.0777 9674 

0.0820 1461 

0.0863 0411 

EM 

0.0689 7386 

0.0730 6226 

0.0772 3396 

0.0814 8291 

0.0858 0326 ! 

ES 

0.0683 9483 

0.0725 1332 

0.0767 1531 

0.0809 9447 

0.0853 4467 

37 

0.0678 5743 

0.0720 0534 

0.07G2 3685 

0.0805 4533 

0.0849 2440 j 

Kl 

0.0873 5812 

0.0715 3480 

0.0757 9505 

0.0801 3197 

0.0845 3894 

Hfl 

0.0808 9377 

0.0710 98.54 

0.0753 8676 • 

0.0797 5124 

0.0841 8513 

40 

0.0664 6154 

0.0706 9373 

0.0750 0914 

0.0794 0031 

0.0838 6016 

41 

0.0660 5883 

0.0703 1770 

0.0746 5962 

0.0790 7663 

0.0835 6149 

41 

0.0656 8342 

0.0699 6842 

0.0743 3591 

0.0787 7789 

0.0832 8684 

43 

0.0653 3312 

0.0606 4352 

0.0740 3590 

0.0785 0201 

0.0830 3414 

44 

0.0650 0600 

0.0693 4119 

0.0737 5769 

0.0782 4710 

0.0828 0152 1 

48 

0.0647 0050 

0.0690 5968 

0.0734 9957 

0.0780 1146 

0.0825 8728 

48 

0.0644 1485 

0.0687 9743 

0.0732 5996 

0.0777 9353 

0.0823 8991 

47 

0.0641 4768 

0.0685 5300 

0.0730 3744 

0.0775 9190 

0.0822 0799 

48 

0.0638 9766 

0.0683 2506 

0.0728 3070 

0.0774 0527 

0.0820 4027 

41 

0.0636 6356 

0.0681 1240 

0.0726 3853 

0.0772 3247 

0.0818 8557 

mm 

0.0634 4429 

0.0679 1393 

0.0724 5985 

0.0770 f241 

0.0817 4286 
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TABLE Vm. The Amount of 1 at Compound IntereBt for Fractional Periods 

1 

(1 + i)> 


D 



mm 

i» 

i% 

mm 

1.0016 6528 

1.0020 8117 

1.0024 9688 

1.0043 6547 

1.0049 8756 


1.0011 0088 

1.0013 8696 

1.0016 6390 

1.0029 0820 

1.0033 2228 


1.0008 3220 

1.0010 4004 

1.0012 4766 

1.0021 8030 

1.0024 9068 

mm 

1.0005 5479 

1.0006 9324 

1.0008 3160 

1.0014 5304 

1.0016 5977 

il 

1.0002 7735 

1.0003 4656 

1.0004 1571 

1.0007 2626 

1.0008 2954 

13 

1.0002 5602 

1.0003 1990 

1.0003 8373 

1.0006 7037 

1.0007 6570 

16 

1.0001 2800 

1.0001 6994 

1.0001 918"» 

1.0003 3513 

1.0003 8276 

62 

1.0000 6400 

1.0000 7996 

1.0000 9592 

1.0001 6755 

1.0001 9137 

P 

i|% 

ij% 

i|% 


i|% 

2 

1.0056 0927 

1.0062 3059 

1.0068 5153 

1.0074 7208 

1.0087 1205 

a 

1.0037 3602 

1.0041 4943 

1.0045 6249 

1.0049 7521 

1.0057 9963 

4 

1.0028 0081 

1.0031 1046 

1.0034 1992 

1.0037 2909 

1.0043 4658 

6 

1.0018 6627 

1.0020 7257 

1.0022 7865 

1.0024 8452 

1.0028 9562 

12 

1.0009 3270 

1.0010 3575 

1.0011 3868 

1.0012 4149 

1.0014 4677 

13 

1.0008 6092 

1.0009 5604 

1.0010 5104 

1.0011 4594 

1.0013 3540 

26 

1.0004 3037 

1.0004 7790 

1.0005 2538 

1.0005 7280 

1.0006 6748 

62 

1.0002 1516 

1.0002 3892 

1.0002 6266 

1.0002 8630 

1.0003 3368 

p 

2% 

2j% 

2|% 

aj% 

3% 

2 

1.0099 5050 

1.0111 8742 

1.0124 2284 

1.0136 5675 

1.1148 8916 

3 

1.0066 2271 

1.0074 4444 

1.0082 6484 

1.0090 8390 

1.019J 0163 

4 

1.0049 6293 

1.0055 7815 

1.0061 9225 

1.0068 0522 

1.0074 1707 

• 

1.0033 0589 

1.0037 1532 

1.0041 2392 

1.0045 3168 

1.0049 3862 

12 

1.0016 5158 

1.0018 5594 

1.0020 5984 

1.0022 6328 

1.0024 6627 

13 

1.0015 2444 

1.0017 1305 

1.0019 0124 

1.0020 8900 

1.0022 7634 

26 

1.0007 6193 

1.0008 5616 

1.0009 5017 

1.0010 4396 

1.0011 3752 

52 

1.0003 8089 

1.0004 2799 

1.0004 7497 

1.0005 2184 

1.0005 6860 

P 

3j% 

4% 

4j% 

5% 

i\% 

2 

1.0173 4950 

1.0198 0390 

1.0222 5242 

1.0246 9508 

1.0271 3193 

3 

1.0115 3314 

1.0131 5941 

1.0147 8046 

1.0163 9636 

1.0180 0713 

4 

1.0080 3745 

1.0098 5341 

. 1.0110 6499 

1.0122 7224 

1.0134 7518 

6 

1.0057 5004 

1.0065 5820 

1.0073 6312 

1.0081 6485 

1.0089 6340 

12 

1.0028 7090 

1.0032 7374 

1.0036 7481 

1.0040 7412 

1.0044 7170 

13 

1.0026 4977 

1.0030 2153 

1.0033 9165 

1.0037 6014 

1.0041 2701 


1.0013 2401 

1.0015 0963 

1.0016 9439 

1.0018 7831 

1.0020 6138 

■23$ 

1.0006 6179 

1.0007 5453 

1.0008 4684 

1.0009 3871 

1.0010 3016 

mË tm 



7% 

7|% 

8% 

H'1 

1.0295 6302 

1.0319 8837 

1.0344 0804 

1.0368 2207 

1.0392 3048 

3 

1.0196 1282 

1.0212 1347 

1.0228 0912 

1.0243 9981 

1.0259 8557 

4 

1.0146 7385 

1.0158 6828 

1.0170 58.53 

1.0182 4460 

1.0194 2655 

6 

1.0097 5880 

1.0105 5107 

1.0113 4020 

1.0121 2638 

1.0129 0946 

12 

1.0048 6755 

1.0052 6169 

1.0056 5415 

1.0060 4492 

1.0064 3403 

13 

1.0044 9228 

1.0048 5597 

1.0052 1808 

1.0055 7863 

1.0059 3764 


1.0022 4363 

1.0024 2504 

1.0026 0564 

1.0027 8544 

1.0029 6443 

62 

1.0011 2118 

1.0012 1179 

1.0013 0197 

1.0013 9175 

1.0014 8112 
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TABLE IX. Nominal Rate of Interest j with Frequency of Conversion p 
Corresponding to Effective Rate of Interest t 

1 
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TABLE X. Àmount at End of Year at Compound Interest of p Instalments 
Each of 7 Deposited at End of Each Mh Part of a Year 

P 






î (p) 

— = sZ' = 

J u>) 111 

1 _ i 

P S T\ î 

i|,- * l( i + i)#-i] 

KH 

BB 

h 

!» 

1.0008 3264 
1.0011 1029 
1.0012 4913 
K0013 8799 
1.0015 2686 
1.0015 3754 
1.0016 0164 
1.0016 3369 

1.0010 4058 
1.0013 8761 
1.0015 6115 
1.0017 3471 
1.0019 0829 
1.0019 2164 
1.0020 0176 
1.0020 4183 

1.0012 4844 
1.0016 6482 
1.0018 7305 
1.0020 8131 
1.0022*8960 
1.0023 0563 
1.0024' 2182 
1.0024 4985 

1.0021 8274 
1.0029 1102 
1.0032 7529 
1.0036 3967 
1.0040 0411 
1.0040 3215 
1.0042 0039 
1.0042 8452 

ij% 

ij% 

i!c^ 

O '° 

ij% 

1.0028 0463 
1.0037 4068 
1.0042 0892 
1.0046 7730 
1.0051 4583 
1.0051 8188 
1.0053 9818 
1.0055 0634 

1.0031 1529 
1.0041 5516 
1.0046 7537 
1.0051 9575 
1.0057 1632 
1.0057 5637 
1.0059 9669 
1.0061 1687 

1.0034 2576 
1.0045 6942 
1.0051 4158 
1.0057 1395 
1.0062 8654 
1.0063 3060 
1.0065 9495 
1.0067 2715 

1.0037 3604 
1.0049 8346 
1.0056 0755 
1.0062 3191 
1.0068 5652 
1.0069 0458 
1.0071 9296 
1.0073 3717 

2% 


2 j% 

2j% 

1.0049 7525 
1.0066 3733 
1.0074 6856 
1.0083 0125 
1.0091 3389 
1.0091 9796 
1.0095 8243 
1.0097 7470 

1.0055 9371 
1.0074 6292 
1.0083 9839 
1.0093 3444 
1.0102 7107 
1.0103 4314 
1.0107 7565 
1.0109 9195 

1.0062 1142 
1.0082 8761 
1.0003 2677 
1.0103 6665 
1.0114 0725 
1.0114 8732 
1.0119 6786 
1.0122 0819 

1.0068 2837 
1.0091 1141 
1.0102 5422 
1.0113 9789 
1.0125 4243 
1.0126 3051 
1.0131 5908 
1.0134 2343 

«î* 

4% 


5% 

1.0086 7475 
1.0115 7748 
1.0130 3094 
1.0144 8578 
1.0159 4203 
1.0160 5410 
1.0167 2674 
1.0170 6316 

1.0099 0195 
1.0132 1713 
1.0148 7744 
1.0165 3957 
1.0182 0351 
1.0183 3158 
1.0191 0023 
1.0194 8470 

1.0111 2621 
1.0148 5328 
1.0167 2026 
1.0185 8953 
1.0204 6109 

1 1.0206 0515 
1.0214 6980 
1.0219 6231 

1.0123 4754 
1.0164 8597 
1.0185 5942 
1.0206 3570 
1.0227 1479 
1.0228 7484 
1.0238 3548 
1.0243 1602 

6% 


7% 

7j% 

1.0147 8151 
1.0197 4104 
1.0222 2688 
1.0247 1676 
1.0272 1070 
1.0274 0270 
1.0285 5526 
1.0291 3186 

1.0159 9419 
1.0213 6348 
1.0240 5523 
1.0267 5172 
1.0294 5294 
1.0296 6093 
1.0309 0941 
1.0315 3404 

1.0172 0402 
1.0229 8254 
1.0258 8002 
1.0287 8298 
1.0316 9143 
1.0319 1538 
1.0332 5978 
1.0339 3242 

1.0184 1103 
1.0245 9826 
1.0277 0129 
1.0308 1059 
1.0339 2617 
1.0341 6609 
1.0356 0640 
1.0363 2705 



1.0024 

1.0033 

1.0037 

1.0041 

1.0045 

1.0046 

1.0047 

4.0048 



1.0043 

1.0058 

1.0065 

1.0072 

1.0079 

1.0080 

1.0083 

1.0085 



1.0074 

1.0099 

1.0111 

1.0124 

1.0136 

1.0137 

1.0143 

1.0146 



1.0135 

1.0181 

1.0203 

1.0226 

1.0249 

1.0251 

1.0261 

1.0267 



1.0196 

1.0262 

1.0295 

1.0328 

1.0361 

1.0364 

1.0379 

1.0387 
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TABLE XI. American Expérience Table of Mortality 



10 100,000; 749 

11 99,251 746 

12 98,505 743 

97,762 740 
97,022 737 

96,285 735 

95,550 732 
94,818 729 

94,089 727 

93,362 725 

92,637 723 

21 I 91,914 722 

22 91,192 721 

28 90,471 720 

24 89,751 719 

20 89,032 718 

26 88,314 718 

27 87,596 718 

28 86,878 718 

29 86,160 719 

30 85,441 720 

31 84,721 721 

32 84,000 723 

33 83,277 726 

34 82,551 729 

30 81,822 732 

36 81,090 737 

37 80,353 742 

38 79,611 749 

39 78,862 756 

40 78,106 765 

41 77,341 774 

42 76,567 785 

43 75,782 797 

44 74,985 812 

45 74,173 828 

46 73,345 848 

47 72,497 870 

48 71,627 896 

49 70,731 927 

00 69,804 962 

01 68,842 1,001 

02 67,841 1,044 


Com¬ 

plété 

expec¬ 
tation 
of life 


0.007 490(0.992 510 48.72 
0.007 516.0.992 484 48.08 
0.007 543Î0.992 457 47.45 
0.007 569'0.992 431 46.80 
0.007 59610.992 404 46.16 

0.007 63410.992 366 45.50 
0.007 661,0.992 339 44.85 
0.007 688 0.992 312 44.19 
0.007 727 0.992 273 43.53 
0.007 765 0.992 235. 42.87 

0.007 805^0.992 195' 42.20 
0.007 855,0.992 145j 41.53 
0.007 906 0.992 0941 40.85 
0.007 958 0.992 042 40.17 
0.008 011 0.991 989 39.49 

0.008 065 0.991 935 38.81 
|0.008 130.0.991 870 38.12 
0.008 197 0.991 803 37.43 
0.008 264 0.991 730 36.73 
0.008 345 0.991 655 36.03 

0.008 427'0.991 573 35.33 
0.008 5100.991490 34.63 
0.008 607 0.991 393' 33.92 
0.008*718 0.991 282Î 33.21 
0.008 83l'0.991 169 32.50 

0.008 946 0.991054 31.78 
0.009 089 0.990 911 31.07 
0.009 234 jo.990 776 30.35 
0.009 408,0.990 592 29.62 
0.009 586 0.990 414 28 90 

0.009 794 0.990 206 28.18 
0.010 008 0.989 992 27.45 
0.010 252 0.989 748 26.72 
0.010 517'0.989 483 26.00 
0.010 829 0.989 171 25.27 

0.011 163 0.988 837 24.54 
0.011 562 0.988 438 23.81 
0.012 00010.988 000 23.08 
0.012 509.0.987 491 22.36 
0.013 106'0.986 894 21.63 

0.013 781 lo.986 219 20.91 
0.014 54110.985 459 20.20 
0.015 389'0.984 611 19.49 



Num- 

ber 

of 

de&ths 


Yearly 
proba¬ 
bilité of 
dying 


Yearly 
proba¬ 
bil ity of 
living 


Com¬ 
plété 
expec¬ 
tation 
of life 


03 

66,797 

1,091 

04 

65,706 

1,143 

00 

64,563 

1,199 

56 

63,364 

1,260 

67 

62,104 

1,325 

08 

60,779 

1,394 

69 

59,385 

1,468 

60 

57,917 

1,546 

J* 

56,371 

1,628 

62 

54,743 

1,713 

63 

53,030 

1,800 

64 

51,230 

1.889 

66 

49,341 

1.980 

66 

47,361 

2,070 

67 

45,291 

2,158 

68 

43,133 

2,243 

69 

40,890 

2,321 

70 

38,569 

2,391 

71 

36,178 

2,448 

72 

33,730 

2,487 

73 

31,243 

2,505 

74 

28,738 

2,501 

75 

26,237 

2,476 

76 

23,761 

2,431 

77 

21,330 

2,369 

78 

18,961 

2,291 

79 | 

16,670 

2,196 

80 

14,474 

2,091 

81 

12,383 

1,964 

82 

10,419 

1,816 

83 

8,603 

1,648 

84 

6,955 

1,470 

80 

5,485 

1,292 

86 

4,193 

1,114 

87 

3,079 

933 

88 

2,146 

744 

89 

1,402 

555 

90 

847 

385 

91 

462 

246 

92 

216 

137 

93 

79 

58 

94 

21 

18 

90 

3 

3 


1,199 0.018 57110.981 429| 17.40 
1,260 0.019 885 0.980 115 16 72 
1,325 0.021 335 0.978 665 16.05 


1,546 0.026 693:0.973 307, 14.10 


1.980 0.040 129,0.959 871' 11.10 


2,291 0.120 827 0.879 173 : 
2,196 0.131 734 0.868 266 
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TABLE XII. Commutation Columns, American Expérience Table, 3^% 


Age 

X 

D * 

N* 

c * 

m 2 

El 


10 

70 891.9 

1 575 535.3 

513.02 

17 012.91 

22.2245 

0.24845 

11 

67 981.5 

1 504 643.4 

493.69 

17 099.89 

22.1331 

0.25154 

12 

65 189.0 

1 436 661.9 

475.08 

16 606.20 

22.0384 

0.25474 

1S 

02 509.4 

1 371 472.9 

457.16 

16131.12 

21.9403 

0.25806 

14 

59 938.4 

1 308 963.5 

439.91 

15 673.96 

21.8385 

0.26151 

18 

54 471.6 

1 249 025.0 

423.88 

15 234.05 

21.7329 

0.26508 

16 

55 104.2 

1 191 553.4 

407.87 

14 810.17 

21.6230 

0.26877 

17 

52 832.9 

1 136 449.2 

392.47 

14 402.30 

21.5102 

0.27261 

18 

50 653.9 

1 083 616.2 

378.15 

14 009.83 

21.3926 

0.27659 

16 

48 562.8 

1 032 962.4 

364.36 

13 631.68 

21.2707 

0.28071 

20 

40 556.2 

984 399.6 

351.07 

13 267.32 

21.1443 

0.28497 

21 

44 630.8 

937 843.4 

338.73 

12 916.25 

21.0134 

0.28940 

22 

42 782.8 

893 212.6 

326.82 

12 577.53 

20.8779 

0.29399 

23 

41 009.2 

850 429.9 

315.33 

12 250.71 

20.7375 

0.29873 

24 

39 307.1 

809 420.6 

304.24 

11 935.38 

20.5922 

0.30365 

ES 

37 673.0 

770 113.6 

293.55 

11 031.14 

20.4417 

0.30873 

K9H 

30 106.1 

732 439.9 

283.62 

11 337.59 

20.2858 

0.31401 

27 

34 001.5 

696 333.8 

274.03 

11 053.97 

20.1244 

0.31947 

28 

33 157.4 

601 732.4 

264.76 

10 779.94 

19.9573 

0.32512 


31 771.3 

628 575.0 

256.16 

10 515.18 

19.7843 

0.33097 

ER 

30 440.8 

596 803.6 

247.85 

10 259.02 

19.6054 

0.33702 

21 

29 163.5 

566 302.9 

239.797 

10 011.17 

19.4202 

0.34328 

32 

27 937.5 

537 199.3 

232.331 

9 771.375 

19.2280 

0.34976 

33 

20 760.5 

609 261.8 

225.406 

9 539.044 

19.0304 

0.35646 

34 

25 630.1 

482 501.3 

218.683 

9 313.638 

18.8256 

0.36339 

mm. 

24 544.7 

456 871.2 

212.157 

9 094.955 

18.6138 

0.37055 


23 502.5 

432 320.5 

206.383 

8 882.798 

18.3949 

0.37795 

37 

22 501.4 

408 824.0 

200.757 

8 676.415 

18.1688 

0.38560 

38 

21 539.7 

386 322.6 

195.798 

8 475.658 

17.9354 

0.39349 

30 

20 615.5 

364 782.9 

190.945 

8 279.860 

17.6946 

0.40163 

40 

19 727.4 

344 167.4 

186.684 

8 088.915 

17.4461 

0.41003 

41 

18 873.6 

324 440.0 

182.493 

7 902.231 

17.1901 

0.41869 

42 

18 052.9 

305 566.3 

178.828 

7 719.738 

16.9262 

0.42762 

43 

17 263.6 

287 513.4 

175.421 

7 540.910 

16.6543 

0.43681 1 

K8 

16 604.4 

270 249.8 

172.680 

7 365.489 

16.3744 

0.44628 

n 

15 773.6 

253 745.5 

170.127 

7 192.809 

16.0867 

0.45600 

46 

15 070.0 

237 971.9 

168.345 

7 022.682 

15.7911 

0.46600 

47 

14 392.1 

222 901.9 

166.872 

6 854.337 

15.4878 

0.47626 

48 

13 738.5 

208 509.8 

166.047 

6 087.400 

15.1770 

0.48677 

mm 

13 107.9 

194 771.3 

165.983 

6 521.419 

14.8591 

0.49752 


12 498.6 

181 063.4 

166.424 

6 355.436 

14.5346 

0.50849 


11 909.6 

169 164.7 

167.316 

6 189.012 

14.2041 

0.51967 

U 

11 339.5 

157 255.2 

168.601 

6 021.696 

13.8679 

0.53104 
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TABLE XII. Commutation Columns, American Expérience Table, s|% 













10 787.4 
10 252.4 
9 733.40 
9 229.60 
8 740.17 

8 264.44 
7 801.83 
7 351.65 
6 913.44 
6 486.75 

6 071.27 
5 660.85 
5 273.33 
4 890.55 
4 518.65 

4 157.82 
3 808.32 
3 470.67 
3 145.43 
2 833.42 

2 535.75 
2 253.57 
1 987.87 
1 739.39 
1 508.63 

1 295.73 
1 100.65 
923.338 
763.234 
620.465 

494.995 

386.641 

294.610 

217.598 

154.383 

103.963 
65.623 1 
38.$04 7 
20.186 9 
9.118 89 

3.222 36 
0.827 611 
0.114 232 


145 915.7 
135 128.2 
124 875.8 
115 142.4 
105 912.8 

97 172.64 
88 908.20 
81 106.38 
73 754.73 
66 841.28 

60 354.54 
54 283.27 
48 016.41 
43 3 * 3.08 
38 452.53 

33 933.88 
29 776.00 
25 967.74 
22 497.07 
19 351.64 

16 518.22 
13 982.47 
11 728.90 
9 741.028 
8 001.633 

6 492.999 
5 197.271 
4 096.624 
3 173.286 
2 410.052 

1 789.587 
1 294.592 
907.951 3 
613.341 7 
395.743 8 

241.360 9 
137.397 8 
71.774 70 
33.470 01 
13.283 09 

4.164 21 
0.941 84 
0.114 23 


170.234 

172.317 

174.646 

177.325 

180.168 

183.139 
186.340 
189.604 
192.909 
196 117 

199.109 

201.887 

204.457 

206.522 

208.022 

208.903 

208.858 

207.881 

205.039 

201.851 

196.436 

189.491 

181.253 

171.940 

161.889 

151.264 6 
140.089 1 
128.880 1 
116.958 8 
104.488 

91.615 2 
78.956 5 
67.049 0 
65.856 6 
45.199 2 

34.824 26 
25.099 29 
16.822 44 
10.385 393 
5.588 150 

2.285 484 
0.685 393 
0.110 369 


5 853.095 
5 682.861 
5 510.544 
5 335.898 
5 158.573 

4 978.405 
4 795.266 
4 608.926 
4 419.322 
4 226.413 

4 030.296 
3 831.187 
3 629.300 
3 424.843 
3 218.321 

3 010.299 
2 801.399 
2 592.538 
2 384.657 
2 179.018 

1 977.167 
1 780.731 
1 591.240 
1 409.988 
1 238.047 

1 076.158 
924.893 7 
784.804 6 
655.924 5 
538.965 7 

434.477 6 
342.862 4 
263.905 9 
196.856 9 
141.000 3 

95.801 07 
60.976 82 
35.877 52 
19.055 09 
8.669 695 

3.081 545 
.795 762 
.110 369 


13.5264 

13.1801 

12.8296 

12.4753 

12.1179 

11.7579 

11.3958 

11.0324 

10.6683 

10.3043 


9.2193 

8.8626 




8.1615 
7 8187 
7.4820 
7.1523 
6.8298 

6.5141 

0.2046 

5.9002 

5.6002 

5.3039 

5.0111 

4.7220 

4.4368 

4.1577 

3.8843 

3.6154 
3.3483 
3.0819 
2.8187 
2 5634 

2.3216 

2.0937 

1.8738 


.54258 

0.55430 

0.56615 

0.57813 

0.59022 

0.60239 


0.02692 

0.63924 

0.65155 

0.66383 

0.67607 

0.68824 

0.70030 

0.71223 


0.74698 


0.76904 

0.77972 

0.79018 

0.80048 

0.81062 

0.82064 

0.83054 

0.84032 

0.84997 

0.85940 

0.86865 

0.87774 

0.88677 

0.89578 

0.90468 

0.91332 

0.92149 

0.92920 

0.93664 


1.6580 0.94393 
1.4567 0.95074 

1.2923 0.95630 
1.1380 0.96152 
1.0000 0.96618 
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MATHEMATICS OF FINANCE 


TABLE XHL Valuation Columns, American Expérience Table, 


u. 


* + i 


’* + i 


À«e 

x 


K 

X 


K 

10 

1.042 811 

0.007 546 

BS 

1.052 185 

0.016 604 

11 

1.042 838 

0.007 573 

64 

1.053 323 

0.017 704 

ii 

1.042 866 

0.007 600 

66 

1.054 585 

0.018 922 

18 

1.042 894 

0.007 627 

66 

1.055 999 

0.020 289 

1* 

1.042 922 

0.007 654 

67 

1.057 563 

0.021 800 

IB 

1.042 962 

0.007 692 

68 

1.059 296 

0.023 474 

16 

1.042 990 

0.007 720 

69 

1.001 234 

0.025 347 

17 

1.043 019 

0.007 748 

60 

1.063 385 

0.027 425 

18 

1.043 059 

0.007 787 

61 

1.065 780 

0.029 739 

lt 

1.043 100 

0.007 826 

68 

1.068 433 

0.032 303 

80 

1.043 141 

0.007 866 

es 

1.071 365 

0.035 136 

81 

1.043 195 

0.007 917 

64 

J. 074 625 

0.038 285 

LS 

1.043 248 

0.007 969 

66 

1.078 270 

0.041 807 

US 

1.043 303 

0.008 022 

66 

1.082 304 

0.045 704 


1.043 358 

0.008 076 

67 

1.086 782 

0.050 031 

aS 

1.043 415 

0.008 130 

« 

1.091 774 

0.054 855 

66 

1.043 484 

0.008 197 

üfl 

1.097 284 

0.060 178 

87 

1.043 554 

0.008 264 

70 

1.103 403 

0.066 090 

LS. 

1.043 625 

0.008 333 

71 

1.110 117 

0.072 576 

Efl 

1.043 710 

0.008 415 

78 

1.117 388 

0.079 602 

30 

1.043 796 

0.008 498 

78 

1.125 218 

0.087 167 

SI 

1.043 884 

0.008 583 

74 

1.133 060 

0.095 323 

32 

1.043 986 

0.008 682 

75 

1.142 852 

0.104 204 

33 

1.044 102 

0.008 795 

76 

1.152 960 

0.113 971 

LÆ 

1.044 221 

0.008 910 

77 

1.164 314 

0.124 941 

ER 

1.044 343 

0.009 027 

78 

1.177 243 

0.137 433 

LS 

1.044 493 

0.009 172 

79 

1.192 031 

0.151 720 

37 

1.044 647 

0.009 320 

60 

1.209 771 

0.168 861 

88 

1.044 830 

0.009 408 

81 

1.230 099 

0.188 502 

tm 

1.045 018 

0.009 679 

88 

1.253 477 

0.211 089 


1.045 238 

0.009 891 

88 

1.280 245 

0.236 952 

41 

1.045 463 

0.010 109 

84 

1.312 384 

0.268 004 

48 

1.045 721 

0.010 359 

86 

1.353 917 

0.308 133 

43 

1.046 001 

0.010 629 

86 

1.409 469 

0.361 806 

44 

1.046 331 

0.010 947 

87 

1.484 979 

0.434 762 

46 

1.046 684 

0.011 289 

88 

1.584 244 

0.530 671 

46 

1.047 106 

0.011 697 

89 

1.713 188 

0.655 254 

47 

1.047 571 

0.012 146 

90 

1.897 500 

0.833 333 

48 

1.048 111 

0.012 668 

91 

2.213 750 

1.138 889 

49 

1.048 745 

0.013 280 

u 

2.829 873 

1.734 177 

60 

1.049 463 

0.013 974 

93 

3.893 571 

2.761 905 

61 

1.050 272 

0.014 755 

94 

7.245 000 

6.000 000 

68 

1.051 177 

0.015 629 

9S 
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TABLE XTV. Commutation Columns, Two Lives, Equal Ages. Hunter’s 
Makehamized American Expérience Table of Mortality, 3j% 


m 

i. 


Dzx 

N zt 


10 

100 Ô 81 

0.007 68 

71 006.79 

1 351 270.60 

25 312.24 

il 

99 315 

0.007 67 

67 559.44 

1280 263.81 

24 266.06 

lî 

98 553 

0.007 70 

64 276.96 

1212 704.37 

23 268.17 

13 

97 796 

0.007 72 

61 152.96 

1 148 427.41 

22 317.76 

14 

97 044 

0.007 73 

58 179.86 

1087 274.45 

21412.61 

15 

96 296 

0.007 75 

55 349.23 

1 029 094.59 

20 549.39 

16 

95 552 

0.007 76 

52 654.32 

973 745.36 

19 726.17 

17 

94 812 

0.007 78 

50 088.83 

921 091.04 

18 941.24 

18 

94 076 

0.007 81 

47 646.53 

871 002.21 

18 192.74 

18 

93 343 

0.007 83 

45320.75 

823 355.68 

17 478.18 

wm 

92 614 

0.007 86 

43 106.86 

778 034.93 

16 796.86 

si 

91 888 

0.007 88 

40 998.73 

734 928.07 

16 146.43 

SS 

91 165 

0.007 92 

38 991.41 

693 929.34 

15 525.52 

S3 

90 444 

0.007 95 

37 079.33 

654 937.93 

14 931.97 

34 

89 726 

0.007 99 

35258.85 

617858.60 

14 365.36 

wm 

89 010 

0.008 04 

33 525.00 

582 599.75 

13 823.82 

86 

88 295 

0.008 09 

31 873.04 

549 074.75 

13 305.54 

37 

87 581 

0.008 14 

30 299.13 

517 201.71 

12 809.45 

38 

86 868 

0.008 21 

28 799.80 

486 902.58 

12 334.72 

M 

86156 

0.008 27 

27 371.63 

458 102.78 

11880.44 


85 442 

0.008 35 

26 009.48 

430 731.15 

11 443.89 

31 

84 728 

0.008 43 

24 711.70 

404 721.67 

11 025.65 

32 

84 013 

0.008 53 

23 474.81 

380 009.97 

10 624.41 

33 

83 295 

0.008 63 

22 294.96 

356 535.16 

10 238.37 

34 

82 575 

0.008 75 

21 170.22 

334 240.20 

9 867.57 

ES 

81 850 

0.008 88 

20 096.73 

313 069.98 

9 509.97 

M 

81 121 

0.009 02 

19 072.80 

292 973.25 

9 165.63 

37 

80 387 

0.009 18 

18 095.86 

273 900.45 

8 833.66 


79 646 

0.009 35 

17 163.06 

255 804.59 

8 512.79 

38 

78 896 

0.009 55 

16 271.86 

238 641.53 

8 201.98 

40 

78 138 

0.009 77 

15 420.90 

222 369.67 

7 901.27 

41 

77 369 

0.010 01 

14 607.60 

206 948.77 

7 609.44 

42 

76 589 

0.010 28 

13 830.50 

192 341.17 

7 326.31 

43 

75 794 

0.010 58 

13 086.84 

178 510.67 

7 050.34 

44 

74 985 

0.010 91 

12 375.79 

165423.83 

6 781.83 

45 

74 158 

0 . 011*28 

11 694.99 

153 048.04 

6 519.53 

46 

73 311 

0.011 69 

11 042.88 

141 353.05 

6 262.90 

47 

72 443 

0.012 15 

10418.30 

130 310.17 

6 011.75 

48 

71 551 

0.012 65 

9 819.595 

119 891.87 

5 765.35 

48 

70 631 

0.013 21 

9 245.132 

110 072.28 

5 522.95 

50 

69 683 

0.013 84 

8 694.313 

100 827.14 

5 284.76 

51 

68 702 

0.014 53 

8 165.446 

92 132.83 

5 049.60 

52 

67 685 

0.015 31 

, 7 657.482 

83 967.384 

4 818.06 

53 

66 628 

0.016 17 

7 169.279 

76 309.902 

4 588.80 

54 

65 529 

0.017 12 

6 700.222 

69 140.623 

4 362.18 
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MATHEMATICS OF FINANCE 


TABLE XIV. Commutation Columns, Two Lives, Equal Ages. Hnnter’s 
Makehamized American Expérience Table of Mortality, 3^% 


Age 

z 

h 


D xx 

N xx 

M xx 

n 

64 383 

0.018 18 

6249.176 

62 440.401 

4 137.71 

66 

03 187 

0.019 36 

5815.616 

56 191.225 

3 915.47 

67 

61 936 

0.020 66 

5 398.652 

50 375.609 

3 695.17 

68 

60 626 

0.022 12 

4 997.777 

44 976.957 

3 476.86 

69 

59 253 

0.023 73 

4 612.539 

39 979.180 

3 260.63 

60 

57 812 

0.025 53 

4 242.422 

35366.641 

3 046.49 

61 

56 300 

. 0.027 52 

3 887.371 

31 124.219 

2 834.90 

69 

54 711 

0.029 74 

3 546.903 

27 236.848 

2 625.89 

63 

53 044 

0.032 20 

3 221.281 

23 689.945 

2 420.21 

64 

51 294 

0.034 94 

2 910.389 

20468.664 

2 218.25 

69 

49 459 

0.037 98 

2 614.369 

17 558.275 

2 020.65 

66 

47 536 

0.041 30 

2 333.359 

14 943.906 

1 828.05 

67 

45 526 

0.045 12 

2 067.829 

12 610.547 

1 641.42 

63 

43 429 

0.049 29 

1 818.085 

10 542.718 

1 461.60 

69 

41 246 

0.053 93 

1584.400 

8 724.633 

1 289.45 

70 

38 982 

0.059 08 

1 367.424 

7140.173 

1 125.99 

71 

38 642 

0.064 81 

1 167.328 

5 772.749 

972.13 

79 

34 235 

0.071 17 

984.544 9 

4 605.4208 

828.82 

73 

31 773 

0.078 24 

819.349 4 

3 620.875 9 

696.96 

74 

29 269 

0.086 10 

671.786 8 

2 801.526 5 

577 . 0 if 

75 

26 739 

0.094 83 

541.707 3 

2129.739 7 

469.69 

76 

24 204 

0.104 53 

428.853 7 

1 588.032 4 

375.151 

77 

21 687 

0.115 31 

332.652 1 

1 159.178 7 

293.452 

78 

19211 

0.127 29 

252.206 2 

826.526 6 

224.255 

79 

16 805 

0.140 60 

186.462 7 

574.3204 

167.041 

80 

14 495 

0.155 40 

134.032 3 

387.857 7 

120.916 

81 

12 309 

0.171 83 

93.385 61 

253.825 4 

84.801 6 

81 

10 273 

0.190 10 

02.846 87 

160.439 8 

57.420 6 

83 

8 410 

0.210 40 

40.695 54 

97.592 91 

37.394 6 

84 

6 739 

0.232 95 

25.246 62 

56.897 37 

23.322 6 

n 

5 274 

0.258 01 

14.940 03 

31.650 75 

13.869 7 

86 

4 019 

0.285 86 

8.382 428 

16.710 72 

7.81729 

87 

2 974 

0.316 81 

4.434 808 

8.328 292 

4.153 09 

88 

2 130 

0.351 20 

2.197 902 

3.893 484 

2.066 19 

H 

1 471 

0.389 41 

1.012 828 

1.695 582 

.955 492 

H 

976 

0.431 87 

.430 792 9 

.682 754 

.407 702 

91 

619 

0.479 05 

.167 420 9 

.251 962 

.158 902 

91 

374 

0.531 49 

.059 051 5 

.084 54 1 2 

.056 191 8 

93 

214 

0.589 75 

.018 679 9 

.025489 7 

.017 817 8 

94 

115 

0.654 49 

.005 211 9 

.006 809 84 

.004 981 78 

95 

58 

0.726 43 

.001280 9 • 

.001 597 94 

.001 226 58 

96 

27 

0.800 37 

.000 268 20 

.000 317 038 

.000 257 479 

97 

11 

0.895 21 

.000 043 011 

. 0 GQ 048 837 9 

.000 041 359 2 

98 

4 

0.993 92 

.000 005 495 0 

.000 005 826 82 

.000 005 293 17 

B 

1 


.000 000 331 82 

.000 000 331 82 

.000 000 320 60 
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Accumulated value of a aura, définition, 
1, 17, 32; formulas for, 3, 4, 17, 22. 

Accumulation factor, 18, 168, 195, 202, 
203. 

Accumulation of discount, 115. 

American Expérience Table, 161, 175, 
188, 207, 208, 246, 253; Hunter’s 
Makehamized, 208, 253. 

Amortization, définition, 92; premium 
on bond, 114; schedule, 92, 93, 94, 95. 

Amount at risk, 232. 

Annuitant, 165. 

Annuity certain, 48; continuous, 83; 
decreasing, 86, 87, 88; deferred, 75; 
due, 48, 79, 80; forborne, 75; graphs'of 
values, 63; immédiate, 48; increasing, 
86, 88, 89; notation, 54; relation be- 
tween symbols, 60; value of, 49, 51, 53, 
56, 58; verbal statement of value, 51, 
53, 57. 

Annuity, life, 165, 169; contingent, 48; 
decreasing, 166, 191; deferred, 165; 
due, 165, 175; forborne, 165, 175; 
immédiate, 165; increasing, 166, 191; 
joint, 193, 195, 196, 197, 198, 207; 
relation between symbols, 176, 178; 
rent payable more than once a year, 
177; survivorship, 210; temporary, 
165, 173; value of, 166; whole, 165, 
170. 

Beneficiary, 179. 

Bond, above par, 111; annuity, 92; 
bought between interest dates, 117; 
ordinary, 111, 115, 117, 119; par value, 
111 ; price at an interest payment date, 
111; price to mako a definite rate of 
interest, 111, 112, 113; rate of interest 
on, 130; redeemed in instaiments, 119; 
schedules, 114, 115, 123; serial, 119, 
121; value of, 111. 

Book value, 104, 132. 

Building and Loan associations, 97 ; 
stocks, 106, 125, 126. 

Capitalized cost, 91, 147 ; équations, 148, 
149. 

Combinations, 155. 


Commutation symbols, 168,172,185,198, 
205, 207, 208. 

Composite life of a plant, 146. 

Conversion period, 15. 

Debt, methods of payment, 91, 92, 94, 
66, 97, 98; retired by sinking fund, 102; 
unpaid principal of, 99. 

Dépréciation, 91, 132; appraisal method, 
139; charges, 132; compound interest 
method, 141 ; constant percentage 
method, 135; graphs of, 141; other 
methods of estimating, 141; schedule, 
134, 136, 138, 140, 144, 145; sinking 
fund method, 137; straight line 
method, 133; unit cost method, 143. 

Discount, 2; bonds bought at, 106; fac¬ 
tor, 18, 168, 195, 202, 203. 

Discount, compound, converted con- 
tinuously, 36; définition, 15; force of, 
36; formulas for, 17, 19, 22, 29; graphs 
of, 23; nominal rate of, 15 

Discount, exact simple, définition, 5; 
formulas for, 5; when used, 6, 7, 10. 

Discount, ordinary simple, définition, 5; 
effective rate of, 16; formula for, 4; 
graphs of, 13; rate corresponding to a 
simple interest rate, 11; when ueed, 6. 

Discounted value of a sum, définition, 1, 
17, 22; formulas for, 3, 4, 17, 22. 

Dividends, 248. 

Equation of value, 41. 

Estâtes, life, 253. 

Expectation, complété, 164; curtate, 163; 
of life, 163; value of, 164, 197. 

Fackler, 232, 238. 

Fédéral Reserve Banks, 6. 

Forsyth, 139, 207. 

Glover, Tables of applied mathematics, 
55, 192; United States Tables, 161. 

Homan’s formula, 248. 

Hunter’s tables, 208, 253. 

Illinois Standard, 237, 238. 
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Inheritance taxes, 253, 256. 

Insurance, cost of, 232; decreasing, 180, 
191; defcrred, 180; endowment, 188; 
extendcd, 250, 251; forborne, 180, 188; 
increasing, 180, 191; joint life, 200, 
201, 202, 203, 205, 207; life. 179, 188; 
ordinary, 180; paid-up, 250, 251; rela¬ 
tion between symbola, 189; survivor- 
ahip, 210; term, 179, 180, 206; value 
of, 180, 181, 183, 186; whole life, 179, 
180, 185. 

Insured, 179. 

Interest, compound, converted continu- 
ously, 35; corresponding rates, 32; 
définition, 15; extension of, 84; force 
of, 36; formulas for, 17, 19; graphs of, 
23; nominal rate, 15. 

Interest, exact simple, définition, 5; for¬ 
mula for, 5; when used, 6. 

Interest, ordinary simple, définition, 5; 
effective rate, 16; formula for, 3; 
graphs of, 13; rate corresponding to a 
given discount rate, 11; when used, 6, 
7, 10. 

Interpolation, method of, 69, 72, 74. 

Investment, 91, 105; rate in, 126, 127; 
value when return is known, 106 to 
124. 

Investment schedules, 108, 114, 115. 

Itération, method of, 69, 74. 

• 

Loading, 212. 

Makeham, 208, 253. 

Mortality, force of, 208. 

Mortality Tables, 161, 190, 200; notation 
used in, 161. 

New Jersey Standard, 242. 

New York, method of valuation in, 246. 

Newton’s Method, 69, 73. 

Ohio Standard, 235. 

Permutations, 155. 

Perpetuity, définition, 48; value of, 81. 

Plant, composite life of, 146. 

Policy, endowment-insuranee, 219; life 
annuity, 166, 215; life insurance, 179, 
216, 218; options, 250; puro endow¬ 
ment, 216; value of, 225. 


Premium, bonds sold at, 106; full pre- 
liminary term, 220, 221; gross, 213, 
221, 223; modified preliminary term, 
234, 238, 243; natural, 220; net level, 
212, 213, 215, 216, 218; net single, 168, 
182, 189, 194, 203, 212; office, 213. 

Probability, définition, 154; from obser¬ 
vation, 156; of dépendent events, 159; 
of independent cvents, 159; of life, 161; 
of mutually exclusive events, 159. 

Progressions, arithmetic, 49; géométrie, 
48, 49. 

Prospective method, 99, 226, 229, 230. 

Radix, 161. 

Rédemption value, 111. 

Remainders, 253. 

Rent, period, 48; annual, 48. 

Reserve, définition, 225; full preliminary 
term premium, 229; initial, 247, 250; 
mean, 247, 250; modified preliminary 
term premium, 234, 238, 242; net level 
premium, 229; terminal, 225, 226. 

Rétrospective method, 99, 226, 229, 230. 

Rietz, 207, 249, 250. 

Scrap value, 132, 145. 

Sets of sums, having equal value, 41; 
rate équations of, 131; replaced by a 
single sum, 45; value of, 39. 

Sinking funds, 91, 92, 100; amount in, 
101; schedule, 101, 105; to retire 
debts, 102; to restore capital invested, 
109. 

Surplus, 248. 

Surrender value, 250. 

Survivors, 210. 

Term, définition, 1; of an annuity, 48, 
165. 

Theorcm, I, 40, 168; II, 42; III, 168, 195; 
IY, 182; V, 182, 202; VI, 195, 203; 
VII, 202, 203; VIII, 202. 

Uniform seniority, law of, 207. 

Valuation, of policies, 225; symbols, 176, 
187. 

Wearing value, 132. 
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